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CHAPTER I. 
DEFINITIONS. 


1, Units. In counting separate objects the standards by 
which we count are called units; and in measuring contin- 
uous magnitudes the standards by which we measure are 
called units. 

- Thus, in counting the boys in a school, the unit is a boy; in sell- 
ing eggs by the dozen, the unit is a dozen eggs; in selling bricks by 
the thousand, the unit is a thousand bricks; in measuring short dis- 
tances, the unit is an inch, a foot, or a yard; in measuring long 
distances, the unit is a rod or a mile. 


2. Numbers. Repetitions of the unit are expressed by 
numbers. If a man, in sawing logs into boards, wishes to 
keep a count of the logs, he makes a straight mark for 
every log sawed, and his record at different times will be 
as follows: 


Meee Hi i]. IW IN | 
se IT f/f (NS [1h SPA INE 


These representative groups are named one, two, three, 
four, five, six, seven, eight, nine, ten, etc., and are known 
collectively under the general name of numbers. It is 
obvious that these representative groups will have the 
same meaning, whatever the nature of the unit counted. 
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3. Quantities. The word “quantity” (from the Latin 
quantus, how much) imphes both a unit and a number. 
Thus, if we inquire how much wheat a bin will hold, we 
mean how many bushels of wheat it will hold. 


4, Number-Symbols in Arithmetic. Instead of groups of 
straight marks, we use in Arithmetic the arbitrary sym- 
bols 1, 2, 3, 4, 5, 6, 7, 8, 9, called figures, for the numbers 
one, two, three, four, five, six, seven, eight, nine. 

The next number, ten, is indicated by writing the figure 
1 in a different position, so that it shall signify not one, but 
ten. This change of position is effected by introducing a 
new symbol, 0, called nought or zero, and signifying none. 
Thus, in the symbol 10, the figure 1, occupying the second 
place from the right, signifies a collection of ten things, and 
the zero signifies that there are no single things over. The 
symbol 11 denotes a collection of ten things and one thing 
besides. All succeeding numbers up to the number con- 
sisting of 10 tens are expressed by writing the figure for 
the number of tens they contain in the second place from 
the right, and the figure for the number of units besides 
in the first place. The number consisting of 10 tens is 
called a hundred, and the hundreds of a number are written 
in the third place from the right. The number consisting 
of 10 hundreds is called a thousand, and the thousands are 
written in the fourth place from the right; and so on. 


5. Number-Symbols in Algebra. Algebra, like Arithmetic, 
treats of numbers, and employs the letters of the alphabet in 
addition to the figures of Arithmetic to represent numbers. 
The letters of the alphabet are used as general symbols of 
numbers to which any particular values may be assigned. 
In any problem, however, a letter must be supposed to 
have the same particular value throughout the investiga- 
tion or discussion of the problem. 
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These general symbols are of great advantage in investi- 
gating and stating general laws; in exhibiting the actual 
method in which a number is made up; and in represent- 
ing unknown numbers which are to be discovered from 
their relations to known numbers. 


6. Principal Signs of Operations. The signs of the funda- 
mental operations are the same in Algebra as in Arith- 
metic, and are 

The sign + (read plus), the sign of addition. 

The sign — (read minus), the sign of subtraction. 

The sign X (read fames or into), the sign of multiplication. 

The sign + (read divided by), the sign of division. 

The multiplier is sometimes written after the sign, and 
then the sign is read multiplied by. 

The operation of division is often indicated by writing 
the dividend over the divisor with a line between them. 
- Thus $ means the same as 8 + 4. 


7. Signs of Relation, The signs of relation are =, >, <, 
which stand for the words, ‘‘is equal to,” “is greater than,” 
and ‘‘is less than,” respectively. 


8. Signs of Aggregation. The signs of aggregation are 
the bar, |; the vinculum, ; the parenthesis, (); the 
bracket, [| ]; and the brace, {?. Thus, each of the expres- 


a+b, (a+b), [a+b], {a+}, signifies that 





sions, , 7 
’ + 6)’ 
a+6 is to be treated as a single number. 
9, Signs of Contimuation. The signs of continuation are 
aOn, hs. , or dashes, -—-—--— , and are read, “and so on.” 


10. Sign of Deduction. The sign of deduction is .., and 
is read, ‘“‘ hence,” or ‘“ therefore.” 


4 ALGEBRA. 


11, The Natural Series of Numbers. Beginning with the 
number one, each succeeding number is obtained by put- 
ting one more with the preceding number. 


rs 1 v4 3 4 5 6 7 etc. 
commen ineseussanonnssislsdisinelaniontesisal susieieisesoaerol-orcesensssesiics cone ecesssiess i csacaneiseeeel a 


Thus, if from a given point marked 0, we draw a straight 
line to the right, and beginning from this point lay oft 
units of length, the successive repetitions of the unit will 
* be denoted by the natural series of numbers, 1, 2, 8, 4, ete. 


12. Positive and Negative Numbers. There are quantities 
which stand to each other in such opposite relations that, 
when we combine them, they cancel each other entirely or 
in part. Thus, six dollars gaim and six dollars loss just 
cancel each other; but ten dollars gaim and six dollars 
loss cancel each other only in part. For the six dollars 
oss will cancel six dollars of the gam and leave four 
dollars gain. 

An opposition of this kind exists in assets and debts, in 
motion forwards and motion backwards, in motion to the 
right and motion to the eft, in the degrees above and the 
degrees below zero on a thermometer. 

From this relation of quantities a question often arises 
which is not considered in Arithmetic; namely, the sub- 
tracting of a greater number from a smaller. This cannot 
be done in Arithmetic, for the real nature of subtraction 
consists in counting backwards, along the natural series of 
numbers. If we wish to subtract four from six, we start 
at six in the natural series, count four units backwards, and 
arrive at two, the difference sought. If we subtract six 
from six, we start at six in the natural series, count six 
units backwards, and arrive at zero. If we try to subtract 
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nine from six, we cannot do it, because, when we have 
counted backwards as far as zero, the natural series of 
numbers comes to an end. 


18. In order to subtract a greater number from a smaller, 
it is necessary to asswme a new series of numbers, begin- 
ning at zero and extending to the left of zero. The series 
to the left of zero must ascend from zero by the repetitions 
of the unit, precisely like the natural series to the right of 
zero; and the opposition between the right-hand series and 
the left-hand series must be clearly marked. This opposi- 
tion is indicated by calling every number in the right-hand 
series a positive number, and prefixing to it, when written, 
the sign +; and by calling every number in the left-hand 
series a negative number, and prefixing to it the sign --. 
The two series of numbers will be written thus: 


Sy. —4, —3, —2, —1, 0, +1, +2, +3, +4, --.. 
en ee ee a ee ee 


If, now, we wish to subtract 9 from 6, we begin at 6 in 
the positive series, count nine units in the negative direction 
(to the left), and arrive at — 3 in the negative series. That 
is, 6—9=—83. 

The result obtained by subtracting a greater number 
from a less, when both are positive, is always a negative 
number. 

If a and 6 represent any two numbers of the positive 
series, the expression a—b6 will denote a positive number 
when a is greater than 4; will be equal to zero when a is 
equal to &; will denote a negative number when a is less 
than 0. 

If we wish to add 9 to —6, we begin at —6, in the 
negative series, count nine units in the posvtive direction 
(to the right), and arrive at +3, in the positive series. 
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We may illustrate the use of positive and negative - 
numbers as follows: 





—5 0 8 20 
| 
D A C 


Suppose a person starting at A walks 20 feet to the 
right of A, and then returns 12 feet, where will he be? 
Answer: at C, a point 8 feet to the right of A. That is, 
20 feet —12 feet equals 8 feet. 

Again, suppose he walks from A to the right 20 feet, 
and then returns 25 feet, where will he now be? Answer: 
at D,a point 5 feet to the left of A. That is, if we con- 
sider distances measured in feet to the left of A as expressed 
by a negative series of numbers, beginning at A, 20 feet— 
25 feet equals —5 feet. Hence, the phrase, 5 feet to the left 
of A, is now expressed by the negative quantity, — 5 feet. 

ReMaRK. In Arithmetic, if the things counted are whole units, 
the numbers which count them are called whole numbers, integral num- 
bers, or integers, where the adjective is transferred from the things 
counted to the numbers which count them. But if the things counted 
are only parts of units, the numbers which count them are called 
fractional numbers, or simply fractions, where again the adjective is 
transferred from the things counted to the numbers which count 
them. 

In Algebra, if the units counted are negative, the numbers which 
count them are called negative numbers, where the adjective which 


defines the nature of the units counted is transferred to the numbers 
that count them. 


14, Numbers with the sign + or — are called algebraic 
numbers. They are unknown in Arithmetic, but play a 
very important part in Algebra. Numbers not affected 
by the signs + or — are called absolute numbers. 

Every algebraic number, as +4 or -4, consists of a 
sign ++ or — and the absolute value of the number; in this 
case 4. The sign shows whether the number belongs to 
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the positive or negative series of numbers; the absolute 
value shows the place the number has in the positive or 
negative series. 

When no sign stands before a number, the sign + is 
always understood; thus, 4 means the same as +4, a 
means the same as+a. But the sign — ws never omitted. 

Two numbers which have, one the sign + and the other 
the sign —, are said to have unlike signs. 

Two numbers which have the same absolute values, but 
unlike signs, always cancel each other when combined ; 


thus, + 4—4=0, +a—a=0. 


15, Meaning of the Signs. The use of the signs + and -—, 
to indicate addition and subtraction, must be carefully dis- 
tinguished from their use to indicate in which series, the 
positive or the negative, a given number belongs. In the 
first sense, they are signs of operations, and are common to 
both Arithmetic and Algebra. In the second sense, they 
are signs of ppposition, and are employed in Algebra 
alone. | 


16. Factors. When a number consists of the product of 
two or more numbers, each of these numbers is called a 
factor of the product. 

The sign X is generally omitted between a figure and a 
letter, or between letters; thus, instead of 63 x a X b, we 
write 63a); instead of a x b X ec, we write abe. 

The expression abe must not be confounded with a+6+e. 


If ea OB os 4: 
then — abe=2X38xXx4= 24; 
and atbte=24+3+4=9., 


Factors expressed by letters are called literal factors; 
factors expressed by figures are called numerical factors, 
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17. Coefficients. A known factor of a product which is 
prefixed to another factor, to show the number of times that — 
factor is taken, is called a coefficient. Thus, in 7c, 7 is the 
coefficient of c; in Taz, 7 is the coefficient of az, or, if ais 
known, 7a is the coefficient of z. 

By coefficient, we generally mean the numerical coefhi- 
cient with its sign. If no numerical coefficient is written, 
1 is understood. Thus, az means the same as laz, 


18. Powers. A product consisting of two or more equal 
factors is called a power of that factor. 


19. Indices or Exponents. An index or exponent is a 
number-symbol written at the right of, anda little above, 4 
number. 

If the index is a positive integral number, it shows the 
number of times the given number is taken as a factor. 


Thus, a', or simply a, denotes that o is taken once as a factor; a? 
denotes that a is taken twice as a factor: a? denotes that a is taken 
three times a8 @ factor: and o& denotes that a is taken n times asa 
factor. These are read: the first power of a; the second power of a; 
the third power of a ;, the nth power of a. 

@ is written instead of aaa. 

oo is written instead of aaa, etc, repeated n times. 


The meaning of coefficient and exponent must be care- 
fully distinguished. Thus, 
44 =B+44+4495; 
B=AaKAKEKSG, 
Ifa =3, 4a=34+34+343=12, 
B=3BxX3K3xK3=BL 
The second power of a number is generally called the didi 
that number; thus, 0 is called the square of a, because if a denotes 
the number of units of length in the side of a square, a? denotes the 
number of unite of surface in the square. The third power of a num- 
ber is generally called the cube of that number; thus, is called the 
cube of a, because if a denotes the number of unite of length in the 
edge of a cube, a denotes the number of unite of volume in the enbe, 
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20. Roots. The root of a number is one of the equal fac- 
tors of that number; the sguare root of a number is one of 
the two equal factors of that number; the ewe root of a 
number is one of the three equal factors of that number; 
and so on. The sign +/, called the radical sign, indicates 
that a root is to be found. Thus, V4, or V4, means that 
the square root of 4 is to be taken; V8 means that the 
cube root of 8 is to be taken; and so on. The symbol writ- 
ten above the radical sign is called the index of the root. 


21. Algebraic Expressions. An algebraic expression is 
a number written with algebraic symbols; an algebraic 
expression consists of one symbol, or of several symbols 
connected by signs of operation. 

A term is an algebraic expression the parts of which are 
not separated by the sign of addition or subtraction. Thus, 
dab, dxy, 8ab xX 5ary, 8ab + 5xy are terms. 

A monomial or simple expression is an expression with but 
one term. 

A polynomial or compound expression is an expression of 
two or more terms. A binomial is a polynomial of two 
terms; a trinomial, a polynomial of three terms. 

Like terms or similar terms are terms which have the same 
letters, and the corresponding letters affected by the same 
exponents. Thus, 7 a’cv* and — 5a’cx’ are like terms. 


22. The degree of a term is the sum of the exponents of 
its literal factors. Thus, 32y is of the second degree. 

A polynomial is said to be homogeneous when all its 
terms are of the same degree. Thus, 72*—52°y + xyz is 
homogeneous of the third degree. 

A polynomial is said to be arranged according to tle 
powers of some letter when the exponents of that letter 
either descend or ascend in order of magnitude. 


10 ALGEBRA. 


23. The value of an algebraic expression is the number 
which the expression represents. 


Exercise 1. 


Tis = bib = 24'¢=8) a0 4, ve 0, f= 0, finds the 
values of the following expressions : 


4ae, 8be 5ed 





1. 9a+2643¢e—2f, r Negieceteeetie eo. 0 Eh Abe 
b d € 

p Seema WA ot ak iy Be eae ee 
Zac 


3. 8abe —bed+9cede—def. 6. abc? + bed? — dea’ + f°. 
7% &+6eb? + bt— 4b —4eb'. 
SL a eee den Ce ou 








8. 
ab? ¢-—f é 
9 & 11h 2, eee 
be 6? d*— bd 
10. feet Oe 12. ae One 
ce? — b° eted+d? 


Nots. In finding the value of a compound expression the opera- 
tions indicated for each term must be performed before the operation 
indicated by the sign prefixed to the term. Indicated divisions 
should be written in the fractional form, and the sign x should be 
omitted between a figure and a letter, or between two letters. Thus, 


(6 —c) + 2x e+ 26 should be written “sy eae OG: 
c 





Simplify the following expressions : 
13. 100+ 80+ 4. 15. 25+5x4—10+5. 
14. 75—25 x 2. 16. 24—5x 4+10+8. 
17. (24—5) x (4+10+8). 
lf. a= 2;5 = 10,7 = 3,4 — 0, find the yaluc.of 
18. zyt+4a~x 2. 20. 8a+Ty+T+axy. 
19.’ xy —15b +5. 21. 66—-8y+2yxb—20. 


10. 


vil © 


12. 
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22. (66 —-8y)+2yx b+ 20. 
23. 66—(8y+2y)xb—26. 
24. 66+ (b—y)—38x+ bey + 10a. 


Exercise 2. 


. Express the sum of a and 6. 


Express the double of x. 

By how much is a greater than 5? 

If x is a whole number, find the next number above 
it. 

Write five numbers in order of magnitude, so that x 
shall be the middle number. 

What is the sum of z-tatat..... written a times? 


If the product is zy and the multiplier 2, what is the 
multiplicand ? 


A man who has a dollars spends 6 dollars; how many 
dollars has he left? 


. A regiment of men can be drawn up in a ranks of 6b 


men each, and there are c men over; of how many 
men does the regiment consist? 


Write, the sum of x and y divided by ¢ is equal to the 
product of a, 6, and m, minus six times e, plus the 
quotient of a divided by the sum of 2 and y, 


Write, six times the square of n, divided by m minus 
a, plus five 6 into the expression ¢ plus d minus a. 


Write, four times the fourth power of a, diminished by 
five times the square of a into the square of 5, and 
increased by three times the fourth power of 6. 


CHAP TH Ready 
ADDITION AND SUBTRACTION. 
INTEGRAL EXPRESSIONS. 


24, If an algebraic expression contains only ilegral 
forms, that is, contains no /etter in the denominator of 
any of its terms, it is called an integral expression. Thus, 
z+ Tcx*—c—5dec’x and 4ax — 4 bcy are integral expres- 


2° —4b—c—-2z. 
——____—_____ is a fractional expression. 
v7—ab+b 


An integral expression may have for some values of the letters a 
fractional value, and a fractional expression an integral value. If, 
for instance, a stands for ? and 6 for 4, the integral expression 


sions, but 


2a—5b-stands for $—-%=1; and the fractional expression a stands 


for 12+ 3=5. Integral and fractional expressions, therefore, are so 
named on account of the form of the expressions, and with no refer- 
ence whatever to the numerical value of the expressions when defi- 
nite numbers are put in place of the letters. 


25. Definition of Addition. The process of finding the 
result when two or more numbers are taken together is 
called addition, and the result is called the sum, 


26. Definition of Subtraction. The process of finding the 
result when one number is taken from another is called 
subtraction, and the result is called the difference or re- 
mainder. 

The number taken away is called the subtrahend; the 
number from which the subtrahend is taken is called the 
minuend. 


ADDITION AND SUBTRACTION. Ves: 


In practice the difference is found by discovering the 
number which must be added to the subtrahend to give 
the minuend. Hence the general definition of subtraction is 

The operation of finding from two given numbers, called 
minuend and subtrahend, a third number, called difference, 
which added to the subtrahend will gwe the minuend. 


27. Parentheses. for Algebraic Numbers. An algebraic 
number which is to be added or subtracted is often inclosed 
in a parenthesis, in order that the signs + and —, which 
are used to distinguish positive and negative numbers, may 
not be confounded with the + and — signs that denote the 
operations of addition and subtraction. Thus + 4+ (— 38) 
expresses the sum, and + 4—(—3) expresses the differ- 
ence, of the numbers + 4 and — 3. 


28, Addition of Algebraic Numbers. In order to add two 
algebraic numbers, we begin at the place in the series which 
the first number occupies and count, im the direction indi- 
cated by the sign of the second number, as many units as 
there are in the absolute value of the second number. 

The sum of + 4 + (+ 3) is found by counting from + 4 three units 
in the positive direction; that is, to the right, and is, therefore, + 7. 


The sum of + 4 + (— 38) is found by counting from + 4 three units 
in the negative direction; that is, to the left, and is, therefore, + 1. 


tees —5 —4 —3 —-2 —-1 0 41 42 43 44 +5 46+ 





The sum of — 4 + (+ 8) is found by counting from — 4 three units 
in the positive direction, and is, therefore, — 1. 

The sum of — 4 + (— 3) is found by counting from — 4 three units 
in the negative direction, and is, therefore, — 7. 

Hence to add two or more algebraic numbers, we have 
the following rules: 

I. If the numbers have (ike signs. Find the sum of ther 
absolute values, and prefix the common sign to the result. 
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II. If there are two numbers with unlike signs. Find 
the difference of ther absolute values, and prefix to the result 
the sign of the greater number. 


III. If there are more than two numbers with unlke 
signs. Combine the first two numbers and this result with 
the third number, and so on; or, find the sum of the 
posite numbers and the sum of the negate numbers, take 
the difference between the absolute values of these two sums, 
and prefix to the result the sign of the greater sum. 


29, The result in each case is called the sum. It is often 
called the algebraic sum, to distinguish it from the arith- 
metical sum, that is, the sum of the absolute values of the 
numbers. j 


30, Subtraction of Algebraic Numbers. In order to sub- 
tract one algebraic number from another, we begin at the 
place in the series which the minuend occupies and count, wm 
the durection opposite to that indicated by the sign of the 
subtrahend, as many units as there are in the absolute value 
of the subtrahend. 


Thus, the result of subtracting + 3 from +4 is found by counting 
from + 4 three units in the negative direction; that is, in the direction 
opposite to that indicated by the sign + before 3, and is, therefore, +1. 

The result of subtracting — 3 from + 4 is found by counting from 
+4 three units in the positive direction; that is, in the direction 
opposite to that indicated by the sign — before 3, and is, therefore, + 7. 


wo § —4 —~3 —2 —1 40 41.42 455 
i i] 1 1 l l 1 1 l 1 . 


The result of subtracting + 3 from — 4 is found by counting from 
-~4 three units in the negative direction, and is, therefore, — 7. 

The result of subtracting — 3 from — 4 is found by counting from 
— 4 three units in the positive direction, and is, therefore, — 1. 
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Collecting the results obtained in addition and subtrac- 


tion, we have 


ADDITION. 


4+44(—3)=+4-38=41. 
+44 (43)=+44438=+7. 
—44(—8)=—4—3=~—7. 


SUBTRACTION. 
+4—(48)= 44-841. 
i ee ll 5 PW ay 
—4—(+3)=—4-3=~—7. 


—44(48)=-448=-1, —4-(—8)=—443=-1. 


If we employ the general symbols a and 6 to represent 
the absolute values of any two algebraic numbers, we have 


SUBTRACTION. 
+a—(+6)=+a—6. (1) 
+a—(—b)=+a+6. (2) 
—a—(+b)=—a—b. (8) 
Sash ab, ie) 


ADDITION. 
+a+(—6b)=+a—6. 
t+a+(+6)=+a+6. 
—a+(—b)=—a—b. 
—a+(+b)=—a+6. 


From (1) and (8), it is seen that subtracting a positive 
number is equivalent to adding an equal negative number. 

From (2) and (4), it is seen that subtracting a negative 
— number is equivalent to adding an equal posite number. 


Hence, to subtract one algebraic number from another : 


Change the sign of the subtrahend, and add the subtra- 


hend to the minuend. 


This rule is consistent with the definition of subtraction 
given in § 26; for, if we have to subtract — 4 from +3, we 
must add +4 to the subtrahend, —4, to cancel it, and then 
add + 3 to obtain the minuend; that is, we must add + 7 
to the subtrahend to get the minuend, but + 7 is obtained 
by changing the sign of the subtrahend, —4, making it +4, 
and adding it to + 8, the minuend. 
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31, The Commutative Law of Addition. If we have a group 
of 3 things and another group of 4 things, we shall have a 
group of 7 things, whether we put the 3 things with the 
4 things or the 4 things with the 3 things. 


That is, 4+38=38-+4. 


If now we have — 3 to add to +4, we begin at +4 in 
the series, count three units to the left, and arrive at +1; 
and if we have + 4 to add to — 8, we begin at — 3 in the 
series, count four units to the right, and arrive at + 1. 


That is, +4+(—38)=—3+4(4 4). 


Hence, if a and 6 stand for any two numbers whatever, 
we have 
at+b=b-+a. 
This is called the commutative law of addition, and may 
be stated as follows: 


Additions may be performed in any order. 


32, The Associative Law of Addition. If we have several 
numbers to be added, the result will evidently be the same, 
whether we add the numbers in succession or arrange them 
in groups and add the sums of these groups. 


Thus, atb+e+d+e 
=a+(b+c)+(d+e) 
=(a+6)+(e+d+e). 


This is called the associative law of addition, and may 
be stated as follows: 


The terms of an expression may be grouped im any 
manner. 
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33, Addition of Integral Expressions. The addition of two 
integral expressions can be represented by connecting the 
second expression with the first by the sign +. If there 
are no like terms in the two expressions, the operation is 
algebraically complete when the two expressions are thus 
connected. 

If, for example, it is required to add m+n—~p to 
a+6-+c, the result will bea+b+c¢+(m+n—p). 


34, If, however, there are like terms in the expressions 
to be added, the like terms can be collected; that is, every 
set of like terms can be replaced by a single term with a 
coefficient equal to the algebraic sum of the coefficients of 
the like terms. 

If it is required to add 5a’+4a+3 to 2a°—3a—4, 
the result will be 


2a? —-38a—4+ (5a@+4a+8) 


=2¢—38a—4+50’?+4a+8 § 32 
= 2q?+ 5a?—8a+4a—443 S31 
= (2a? + 5a’) + (— 3a+4a)+(—4+3) § 32 
=7a’?+a—l. 


This process is more conveniently represented by arrang- 
ing the terms in columns, so that like terms shall stand in 
the same column, as follows: 


2a — 8a—4 
5?+4a+3 
T?+ a—-l 


The coefficient of a? in the result will be 5+ 2, or 7; the coeffi- 


cient of a will be —3+4+4, or 1; eand the last term is —4+3, 
or —1, 
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If we are required to find the sum of 
20 — 305+ 4a0’?+ 8 a’ + 4a°b — Tab? — 26°, 
—3a'-+ a’ — 8ab?— 48°, and 2a’ + 2076 + Gab? — 36", 


we write them in columns, as follows: 
2a?—3@¢b+4ab?+ 6 
a+ 4a°b — Tab’*?— 26° 
—8a'+ a’ — 3ab’?— 46 
2a? + 207b + 6ab? — 86° 
2a? + 4a7b — 80° 
The coefficient of a? in the result will be 2+1—3+42, or +2; 
the coefficient of a2 will be -3+4+41+42, or +4; the coefficient 
of ab? will be 4—7—346, or 0; and the coefficient of 6* will be 
1—2—4-—83, or —8. 
Exercise 3. 
Perform the additions indicated : 
- (+16)+ (11). 3. (+68) + (— 79). 
2. (— 15) + (— 25). 4. (-7)+(¢+ 4). 
B. (+88) -+(+ 18). 
6. (+ 878) + (4 709) + (— 592). 
7. A man has $5242 and owes $2758. How much is he 
worth ? 
8. The First Punic War began B.c. 264, and lasted 23 
years. When did it end? 


9. Augustus Cesar was born B.c. 63, and lived 77 years. 
When did he die? 


10. A man goes 65 steps forwards, then 37 steps backwards, 
then again 48 steps forwards. How many steps does 
he take in all? How many steps is he from where 
he started ? 


py 


OFS Ee ace are 


ii. 
12. 


13. 


ag pet ke 
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Exercise 4. 

Perform the additions indicated : 
(+ 5ab) + (— 5ab). 6. (+ 7ab) + (—5ab). 
(+ 8max)+(—2mea). 7% (4120my)+(—95 my). 
(—13mng)+(—Tmng). 8. (— 338 ab’) + (+ 1140’). 
(— 527) + (4+ 82’). 9. (—7d52zy) + (+ 20zy). 
(+ 25 my’) +(—18 my’). 10. (+ 15a?x?) + (— a2”). 
(+ 5a) + (— 88) + (+42) + (—78). 
(+ 4a’c) + (— 10ayz) + (+ 6a’e) + (— 9 2yz) 

+ (— lla’e) + 4 20zyz). 
(+ 8aty) + (— 4ab) + (— 2mn) + (+ 52*y) 

ty) + (— 42%). 


Exercise 5. 
Add the following expressions : 
5a+36+¢, 8a+386+4+ 8c, a+36+5e. 
Ta—4b+c, 6a+36—5c, —12a+4e. 
at+b—e, b+c—a, c+a—b, a+b—e. 
a+26+38c, 2a—b—2c, b-a—c, c—a—Db. 
a—26+3c+4d, 8b—4c+5d— 2a, 
5e--6d+3a—46, Td—4a+5b—A4e. 
g—4e7+5¢—38, 22°—7T2’?—Te?—142+5, - 
—2?+9a°+2+4+ 8. 
e—2e4+ 382), eteota, 42°4+ 52’, 
227+ 382—4, —32’?—2x—5. 
a + 8ab? — 307) — B, 2a°+ 50° —6ab?— 78%, 
a’ — ab’? + 26°. 
» 2ab— 8az’*+ 2a'z, 12ab— 6a'2+ 1042’, 
ax® — 8ab — da’x. 
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c§— 8°+2e?—4c4+7, 2¢+37°4+27°+5c+ 6, 
—4c*— 4c? — 5. 


827 — ay +az2—37y'+4y2—2, —D32’—zy—x2-+5 yz, 
627? — by — 62, 4y2 —5y2z+ 32’, 


—47+Y7+3y2+ 382. 
m —3m'‘n —6min?, + mn? + mn? — 5 min, 
Tm? + 4m? — 38mnt, — 2m'n®? —8mn' + 4n’, 


2mnt +2n°+ 8m, —n?+ 2m + Tmin. 
Exercise 6. 
Perform the subtractions indicated (§ 30): 
1. (+ 25) — (+4 16). 3. (—381)—(+ 58). 
2. (— 50) — (— 25). 4. (+107) —(— 98). 
. Rome was ruled by emperors from B.c. 30, to its fall, 
A.D. 476. How long did the empire last? 


. The continent of Europe les between 36° and 71° north 
latitude, and between 12° west and 63° east longi- 
tude (from Paris). How many degrees does it 
extend in latitude, and how many in longitude? 


Exercise 7. 


Perform the operations indicated : 


tag ee OO 


(+ 5x) —(-—42). 6. (+17 az*) — (— 24az%). 
(-- 8ab) — (+ 5ab). 7 (45x) — (— 8a72). 
(+ 38ab?)—(+ 100d’). 8. (—42y) —(— 5zy). 
(+15 m’?x’) — (— Tm?x*). 9. (+ 8ax) —(— 8ay). 
(— Tay) —(— 8ay). 10. (+ 2ab*y) — (+ aby). 
11. (4 927) + (527) — (4 82’). 
12. (+ 52’y) — (— 182z’y) + (— 102’y). 
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13. (+ 17 az*) — (— a2’) — (4+ 24a2%). 
14. (— 3ab) + (2mz) — (—4mz). 
15. (+ 3a) — (+ 26) —(—4e). 


' Exercise 8. 


In performing the following subtractions change the 


signs of the subtrahend mentally and add: 


iM 


Or 


1S; 


. From 2°y?— 327°? +4ay*—y’ take — 2° + 2a+y —42y 


From 6a — 25 —c take 2a —26— 8c. 


2. From 8a— 26+ 3c take 2a— 7b—c— 8. 
3. 
4. From 42* — 32° — 227—72+9 


From 72z*— 8z2—1 take 527 — 62-43. 


take 2° — 22° — 29° + Tr — 9. 
From 227 — 2az-+ 3a’ take x? —ar-+ a’. 
From 2 — 8ay— 7° + yz— 22 
take 2? + 2xy+ 5az— 37? — 22’. 
From a*® — 3a’) + 8ab? — 6° 
take — a® + 80°) — 3ab’+ 0. 
From 2 —52y+az2—y+7yz2+22 
take 2? — xy — xz + 2yz2+ 32’. 
From 2az?+ 8abz — 46°x + 120° 
take ax’? — 4aba + b2? — 5B'x — 2’. 


. From 62°—Ta’y+4ay —2y—5e+ay—4y4+2 


take 82° — Ta?y + xy’? — yy? + 92? — xy + by’ — 4. 


. From a*t— 0 take 4a°b — 6076? + 4a6°, and from the 


result take 2a*— 4076 + 6070? + 4ab? — 26%. 

4 
—4y’. Add the same two expressions, and subtract 
their difference from their sum. 

From a?b? — a®be — 8ab?ce — a®ce? + abc? — 6 8°c? 
take 2a°be — 5ab’ce + 2abe? — 5 6'e’. 
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14. 


15. 


16. 
Li. 
18. 
19. 
20. 


21. 
22. 


23. 
24. 
25. 
26. 
Zi. 
28. 


29. 


30. 
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From 12a+36—5ce—2d take 10a—6+4e— 3d, 
and show that the result is numerically correct when 
Cea eo Oe Ly ce 


What number must be added to a to make 6; and what 
number must be taken from 2a?— 6a’) + 6ab?— 2b' 
to leave a® — 7a’b — 36°? 


From 22° — 7? — 2xy+ 2 take 2? — 7? + 2ry — 2. 
From 12ac + 8cd — 9 take — Tac — 9ed+ 8. | 
From — 6a?+ 2ab — 8¢ take 4a’ + 6ab — 42’. 
From 9xy —4z%—38y+7 take 8xy —2x+ 3y+6. 


From — a’bce — ab’c + abc? — abe 


take a’be + ab’c — abe’ + abc. 
From 72?— 22+ 4 take 227+ 382—1. 


From 32? + 2ay—y’ take — a — 3xy + 3y’, and from 
the remainder take 32? + 4ay — 5y/’. 


From ax’ — by’ take cx? — dy’. 

From az + bx + by + cy take ax — bx — by + cy. 
From 52°+42—4y+3y7 take 527-824 3y+y’. 
From a0? + 12abc — 9a2z’ take 4ab? — 6aca + 8 a’2. 
From a? — 2a6+ c?— 306? take 2a? — 2a6b+- 36%. 


From the sum of the first four of the following expres- 
sions,@’+6?+e+d?, 7?+0?+e, @—-e+0'— a’, 
v&—t+eé+d, ’+c+d’ —a’, take the sum of 
the last four. 

From 22? — 27?— 2 take 3y’ + 22” — 27, and from the 
remainder take 32? — 27’ — 2’. 


From a®— 2a’e + 8ac’? take the sum Of + 2ac? 


and a’ — ac? — a’c. 
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35. Rules for removing Parentheses. From (§ 30), it ap- 
pears that 


a+(+6)=a+6. a—(+6)=a—b. 
a+(— b)=a-—6. a—(—b)=a+6. 


The same rules for removing parentheses hold true 
whether one or more terms are inclosed. Hence, when an 
expression within a parenthesis is preceded by a plus sign, 
the parenthesis may be removed. 

When an expression within a parenthesis is preceded by 
a minus sign, the parenthesis may be removed ?f the sign of 
every term within the parenthesis 1s changed. 


Thus, a+(b—c)=a+b-e. 
a—(b—c)=a—b-+e. 


86, Expressions may occur with more than one paren- 
thesis. In such cases parentheses of different shapes are 
used, and the beginner when he meets with a ( ora/[ or 
a { must look carefully for the other part, whatever may 
intervene; and all that is included between the two parts 
of each parenthesis must be treated as the sign before it 
directs, without regard to other parentheses. It is best to 
remove each parenthesis in succession, beginning with the 
mnermost one. Thus, 
(1) 5a — {—8a—([8a— (2a—a—b)—a]+a} 
=5a— j{—8a—[8a— (2a—a+b)—a]+a} 
= 5a—{—8a—[8a—2a+a—b—al+a} 
= 5a—{—8a—38a+2a—a+6b+a+a} 
=5a+38a+ 38a—2ata—b—a-—a 
=5a+3a+8a—2a+a—a—a—b 
= 8a—b. 

Notz. The sign — which is written in the above problem before 


the first term a under the vinculum is really the sign of the vinculum, 
—a—b meaning the same as — (a — D). 
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Exercise Q. 


Simplify the following expressions by removing the 


parentheses and collecting like terms: 


~ = — 
oOo wo - SS 


an) 
oO 


wow SS S&S 
Coe cos 1008 =2 6D 


oo rt Oo Tn FF WOW CS 


- (a+6)4+(6+c)—(a+e). 


(2a —b—c)—(a—2b+ 0). 
(22 —y) — (2y—z) —(22—2). 
(a—az2—y)—(6—a+y)+ (c+ 2y). 


. (22—y+82)4+(—2#—-—y— 42) —(84—2y —2). 
. (a—b+7c)—(2a+386)—(5b—4c)+(8e—a). 


1—(l—a)+(1—a+a’)—(1—a+a—a’). 


aa32b— (be ob ar 


2a—{b —(a—26)}. 


. 8a— {6+ (2a—b)—(a—Bb)}. 

. Ta—[8a— {4a—(5a—2a)}]. 

. 22-+(y—32)— {Be — 2y) +2 - Oo ee 
. {(8a—26)+ (4e—a)}—{a— (2b — 3a) —e} 


+ fa—(b—5c—a)}. 


. a—[2a+(8a—4a)|—5a—j6a—[(Ta+8a)—I9a]}. 
. 2a—(86+4 2c) —[56— (6ce—66)+5e 


— {2a— (c+ 28)}}. 


. a—[(26+ {8ce—8a—(a+b)i}+ jf2a—(6+e)}]. 

» 16—x—[Tx— {84 —(9x—82—62)}]. 

. 2a—[8b+ (26 — ce) —4c+ [2a — (86 —e—Dbyey, 
. a—[2b6+4+ {38e—8a—(a+ b)}+2a—(b+4 38ce)]. 

. a—[5b—jfa— (8e— 3b) + 2c— (a— 26 —c)}]. 
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37, Rules for Introducing Parentheses. The rules for in- 
troducing parentheses follow directly from the rules for 
removing them: 

1. Any number of terms of an expression may be put 
within a parenthesis, and the sign plus placed before it. 

2. Any number of terms of an expression may be put 
within a parenthesis, and the sign minus placed before the 
parenthesis; provided the sign of every term within the 
parenthesis is changed. 

It is usual to prefix to the parenthesis the sign of the 
first term that is to be inclosed within it. 


Exercise 10. 


Express in binomials, and also in trinomials: 
2a—8b—4c+d+3e—2f. 
a—2x4+4y—382—26+¢e. 

a’ + 8a* — 20° — 4a? +a—1. 
—8a—26+2c—5d—e—2Of. 

ax — by — cz — bx + cy +z. 

22° — 3aty + 424° — 5a’y* + ryt — 2y’. 


Express each of the above in trinomials, each tri- 
nomial having its last two terms inclosed by ner 
parentheses. 


2 PT Pe we YP 


Collect in parentheses the coefficients of 2, y, z in 

8. 2ax— 6bay+4b2— 4bx — 2cx — 8 cy. 

9. ax —ba+ 2ay+ 38y+ 4az — 3bz — 2z. 
10. az — 2by + 5cz —4bu — 3cy + az — 2cx — ay+ 4bz. 
11. 12av+12ay-+ 4by —1262—15cx + bey + 38ez. 
12. 2ax— 3 by — 7 cz — 2bx + 2cu + 8cz — 2cu — cy — cz. 


CHAPTER III. 
MULTIPLICATION 
INTEGRAL EXPRESSIONS. 


38. Definition of Multiplication. The process of finding 
the result when a given number is taken as many times as 
there are units in another number is called multiplication, 
and the result is called the product. 

This definition fails when the multiplier is a fraction, for 
we cannot take the multiplicand a fraction of a time. We 
therefore consider what extension of the meaning of multi- 
plication can be made so as to cover the case in question. 
When we multiply by a fraction, we divide the multiplicand 
into as many equal parts as there are units in the denomi- 
nator and take as many of these parts as there are units 
in the numerator. If, for instance, we multiply 8 by #, we 
divide 8 into four equal parts and take three of these parts, 
getting 6 for the product. We see that ¢ is ? of 1, and 6 
is ¢ of 8; that is, the product 6 is obtained from the mul- 
tiplicand 8 precisely as the multiplier ? is obtained from 1. 


Again, in 6 x 8 = 48, 
the multipler 6isl+t1+1+141+41, 
and the product 48 is 8+8+8+48+48+8. 


Hence we have for the general definition of multipli- 
cation, 


The operation of finding from two given numbers, called 
multyplicand and multipher, a third number called product, 
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which is formed from the multiphcand as the multipher 1s 
formed from unity. 


39, Law of Signs in Multiplication. By the definition of 
multiplication, 


since oon atl ret) an ell Cot 8 Bn end 
. 8X4H)=4494449444) 
ls, 
and 3x (—4)=(—4) + (—4) +(—4) 
=— 12. 
Again, since -3=(-1)+C)+4+C€C)), 
(8) x4=(--)4+C44C4 
= 12, 
and = (~8) x (—4)=—(—4)-(-4)-(--4) 
=+4+4+44 
=-+ 12. 


If we use a to represent the absolute value of any num- 
ber, and 4 to represent the absolute value of any other 
number, we shall have 


(+ a) xX (+ 6) =+ a8. (1) 
(+a) x (—b) =— ab. (2) 
(—a) x (+ 6) =— ab. (3) 
(—a) x (—) = +a. (4) . 


Hence, in finding the product of two algebraic numbers, 


Tnke signs give +, and unlike signs give —. 


40, It will be seen from the above cases that the absolute 
value of the product is independent of the signs of the factors, 
and that the sign of the product is independent of the order 
of the factors. 
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41, The Commutative Law of Multiplication. If we have 
five lines of dots with ten dots in a line, the whole number 


of dots will be expressed by 5 x 10. 
eeeeeeseces 
eeoseeesees 
eseeeeeees 
eeeseeesees 
eoeeteteses 


If we consider the dots as ten columns with five dots in 
a column, the number will be expressed by 10 x 5. - 


That is, 5x 10=10x 5. 
Hence, if a and 6 stand for any two positive numbers, 
ob = ba. 


42, The Distributive Law of Multiplication. The expression 
4x (5+3) means that we are to take the sum of the num- 
bers 5 and 3 four times. The process can be represented 
by placing five dots in a line, and a little to the right three 
more dots in the same line, and then placing a second, 
third, and fourth line of dote underneath the first line and 
exactly similar to it. 


There are (5+) dots in each line, and 4 lines. The 
total number of dots, therefore, is 4 x (5 4-3). 

In the left-hand group there are 4x 5 dots, and in the 
right-hand group 4.x 3 dots. The sum of these two num- 
bers (4X 5)+(4 x 3) must be equal to the total number; 
that is, 


4% (54+3)=(4% 5)+ (4% 3). (1) 
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Again, the expression 4 x (8 — 3) means that 3 is to be 
taken from 8, and the remainder to be multiplied by 4. 
The process can be represented by placing eight dots in a 
line and crossing the last three, and then placing a second, 
third, and fourth line of dots underneath the first line and 
exactly similar to it. 


e@e8e @ 
eee ®@ 
6 e738 @#@ 
ee8e @ 
eee e 
ea 2 82 @ 
eo 82 OB 
oe ea 2 G& 


The whole number of dots not crossed in each line is 
evidently (8— 3), and the whole number of lines is 4. 
Therefore the total number of dots not crossed is 


4x (8— 8). 

The total number of dots (crossed and not crossed) is 
(4 x 8), and the total number of dots crossed is (4 X 8). 
Therefore the total number of dots not crossed is 

(4 x 8)— (4x 8). 
Hence, 4x (8—38)=(4x8)—(4x 8), (2) 
If a, 6, and ¢ stand for any positive numbers, (1) becomes 
aX (6+c)=ab+ae, 
and (2) becomes 
a X (6—c)=ab—ae. 

This is the distributive law of multiplication and may be 

stated as follows: | 


In multiplying a compound expression by a simple ex- 
pression, the result is obtained by multiplying each term of 
the compound expression by the simple expression, and writ- 
ing down the successive products with the same signs as 
those of the original terms. 
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43, The Associative Law of Multiplication. The product 
of three or more factors is evidently the same in whatever 
way the factors are grouped. Thus, 

7X (8X 5) =38 X (5X 7) =5-x (TX 8) = 105. 

Hence, ¢X (aX 6)=axX (6X ce) =0b* (ec X a) =abe, 
where a, 6, and ¢ stand for any positive numbers. 

This is called the associative law of multiplication, and 
may be stated as follows: 


The factors of a product may be grouped in any manner. 


44, Since (§ 40) the absolute value of a product is inde- 
pendent of the signs of its factors, and the sign of a product 
is independent of the order of its factors, it is evident 
that the commutative, the distributive, and the associative 
laws of multiplication apply to algebraic as well as to 
arithmetical numbers. 


45, The Index Law of Multiplication. 

Since = 00; and a =0ge: § 19 
ax a? = aa Xineoe= cee ee 
ad’ Xia = aga +0 = 0) ae 

If m and m stand for any posite integers, 

wi 


since @a”™= aaa: to m factors, 


n 


and On HPO to n factors, 
a” X a" = (aaa: to m factors) X (aaa +++ to n factors) 
= aaa: to (m+n) factors, 
a Oe Te Or ence) 


The index of the product of two powers of the same num- 
ber is equal to the sum of the indices of the factors. 


46. The commutative, the distributive, the associative, 
the index laws, and the daw of signs, constitute the funda- 
mental laws of Algebra. 
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47, Multiplication of Monomials. When the factors are 
single letters, the product is represented by simply writing 
the letters without any sign between them. 

Thus, the product of a, 6, and ¢ is expressed by abc; and 
the product of 4a, 50, and 8c is 

4ax5bx38ce=4~x 5x Babe = 60abe. § 41 


Notre. We cannot write 453 for 4 x 5 x 3, because another mean- 
ing has been assigned in Arithmetic to 453; namely, 400 + 50 + 3. 
Hence between arithmetical factors the sign x must be written. 


48. By the law of signs, we have 
(— a) x (—6)=+ ab, 
and 7 (4 ab) x (— 0) =— abe; 
that is, (= a) X (6) X(— ¢) = — abe. 
Hence, the product of an even number of negative factors 


will be poszteve, and the product of an odd number of nega- 
tive factors will be negatwe. 


49. The product of a7 and a0? is 


fe COD Oa are’: 


50. To multiply one monomial by another, therefore, 


Find the product of the coefficients, and to this product 
annex the letters, gwing to each letter in the product an index 
equal to the sum of ws undices wn the factors. 


51, (abc)? means abe x abe, which equals aabbee, or a*b*c’. 
In like manner, (abc)” = abc". That 1s, 


The nth power of the product of several factors 1s equal to 
the product of the nth powers of the factors. 
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52. Polynomials by Monomials. We have (§ 42), 
a(b+c)=ab+ac; 
and, a(b—ce+d—e)=ab—ac+ad—ae. 
To multiply a polynomial by a monomial, therefore, 


Multiply each term of the polynomial by the monomial, 
and add the partial products. 


Exercise 11. 


Find the product of 


1. —17 and 8. 4. —18 and —5. 

2. — 12.8 and 25. 5. 43 and —6. 

3. 3.29 and 5.49. 6. 457 and 100. 

7. (— 358 — 417) and — 79. 

8. (7.512 — { — 2.894?) and (— 6.087 + §18.963}). 
5 g13°8 end tee 


10. — 88, 9, and — 6. 

11. — 20.9, —1.1, and 8. 

12. — 78.8, — 0.57, + 1.388, and — 27.9. 
13. — 2.906, — 2.076, — 1.49, and 0.89. 


Exercise 12. 
Find the product of 
1. 6a and — 2a. 3. 3ax and — 4by. 


2. 5mn and 9m, 4. — 8ecm and dn. 
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5. —7ab and 2ae. Sindee and Yarrt. 
6. 5m’x and 3ma’. 9. 7a, —4b, and —8e. 
7. Sa” and — 2a". 10. 8a’, 8ac, and — 4c’. 
11. 27ab, — 39 mp, and 18 ap. 
12. 6ab*y’, 2b*y’, and — 5a’y. 
13. 7m'x, 3mzx’, and — 2mg. 
14. —3pq’, 6p’*g, and 8p'q’. 
15. 2a?m'cz*, 8am’, and 4a°mz2’. 
16. 62°y2*, — 9272’, and 32*yz. 
17. 8ax, 2am, —4mz, and 0’. 
18. 7am’, 3b’n’?, —4ab, a’bn, — 26’n, and — mn. 
19. 2ab?, — 5a’b, — 3ab, and 7a. 


9. (—2— 242 + Ba’y2’ — 62*y’ + 82° y*2z) and — 82° yz. 


@ AP a PF ww 


Exercise 13. 


Find the product of 
. (4a7— 36) and 38ab. 


(8a? — 9ab) and 8a. 
(82? — 44? + 52’) and 22°y. 


(a®a — 5a’x’ + ax’ + 22") and az’y. 


(— 9a? + 3.a°b? — 40°)’ — 0°) and — 3 ab‘. 


(82° — 2a’y — Try? + y*) and — 52’y. 
(—4ay?+ 5a’y + 82°) and — 3a’y. 
(—3+ 206 + a0’) and — at. 
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53. Polynomials by Polynomials. If we have m+n+>p 
to be multiplied by a+ 6+ ¢, we may substitute J/ for the 
multiplicand m-+2-+p. Then 


(atb6+c)M=aM+bM+ cM. § 42 


If now we substitute for JZ its value m-+7-+ p, we shall 
have 


a(m+n+p)+b(m+n+p)+e(m+n+p) 
=am + an-+ap+ bm-+ bn-+ bp + em+ en + ep. 


That is, to find the product of two polynomials, 


Multiply every term of the multiplicand by each term of 
the multwpher, and add the partial products. 


04, In multiplying polynomials, it is a convenient ar- 
rangement to write the multiplher under the multiplicand, 
and place hke terms of the partial products in columns. 


(1) 5a — 6 b 
Sse ao 
15a? — 18ab 

— 20ab + 246? 


15a? — 88ab + 246° 


We multiply 5a, the first term of the multiplicand, by 3a, the 
first term of the multiplier, and obtain 15a’; then —6), the second 
term of the multiplicand, by 3a, and obtain — 18a. The first line 
of partial products is 15a?—18ab. In multiplying by —4), we 
obtain for a second line of partial products — 20ab + 246?, which is 
put one place to the right, so that the hke terms — 18 ab and — 20ab 
may stand in the same column. We then add the coefficients of the 
like terms, and obtain the complete product in its simplest form. 
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(2) Multiply 42+ 3+ 52? — 62° by 4— 62? — 5a. 


Arrange both multiplicand and multiplier according to 
the ascending powers of a. 


38+ 427+ 52°— 62° 
4— 5a2— 62 


12+ 162+ 2027 — 242° 
— 152 — 2027 — 252° + 302* 
— 1827 — 242° — 302* + 362° 


12+ 2-182? — 732° + 862° 


(3) Multiply 1+ 22+ xt — 32’ by 2 —2— 22. 
Arrange according to the descending powers of z. 


s—382+22¢4+1 


v—2Qxr —2 
e—3e74+22'+ 2 
— 2a5 + 62° —42?— 24 
— 22" + 62?—427—2 
z'— 52° + 7a+227—62r4—2 


(4) Multiply a? + 6’+ ¢? — ab —be—ac by a+b+e. 


Arrange according to descending powers of a. 


Yf—ab—act+ B— be+ ¢ 


a+ 6+ e 
a —a’*b —are+abi— abc+ac 
+ a’b —ab’— abe + 6 — be+ be? 
+ ae — abe—ac + Be —bce?+ 


a’ — 8abe + 6° + 


Note. The student should observe that, with a view to bringing 
luke terms of the partial products in columns, the terms of the multi- 
plicand and multiplier are arranged in the same order. 
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Exercise 14. 


Multiply : 
1. x?—4 by x? +5. 3. a+ a7x’?+ x* by a? — x’. 
2. y—6 by y+ 138. 4. x +ay+y by z—-y. 


5. 24—y by 4 2y. 
6. 22°+42°+ 8x-+ 16 by 38x -6. 
7 #@+a?+xe—lbyx—l. 8. 2? —8axr by x+3a. 


9. 


26° + 3ab — a’ by —5b+ Ta. 


10. 2a+6 by a+ 26. 12. @—ab+0? by a+b. 
11. @+ab4+B0 bya—b. 18. 2ab— 50 by 8a? —4ab. 


14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 


— a+ 20°b— B by 4a°+ 8ab. 
v7+ab+ bh by @&—ab+ 6". 

a’ — 30°b + 8ab’ — B by a’ — 2ab+ 6’. 
x+2y —382 by x—2y+ 38z. 
227+ 3ay +47 by 32? —42y+ yz. 
2+ ay+y by 2+ 224 27. 
v+6?+c—ab—ace—be byat+b+e. 
Y’—sytytety+tlbyz+y—-l. 


Arrange the multiplicand and multiplier according to 
the descending powers of a common letter, and multiply : 


22. 
23. 
24. 
25. 
26. 


5a + 42° + 2 — 24 by 2? + 11 — 42. 

e+ lle— 42? — 24 by 2’?+5+4 4z. 

a+ 2 —4e—11+422' by 2 —224+8. 

— §at—a? —a+a2°+ 182° by v’—2—- 2a. 
8a+a%—22’-—4 by 224424 32°41. 
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27. da‘ + 2a7b? + ab’ — 3.a°d by 5a*b — 2ab? + 3070? + Of. 
28. 4a'y —32arz*— 8a°y’+ l6a*y’ by ay’ + 4a’y' +4 ary’. 
29. 3m*>+ 8n>+ 9mn? + 9m'n by 6m'’n> — 2mnt 

— 6m'n? + 2m*n. 


30. 6a° + 8a%bt — 2ab>+ b by 4a — 2Qab?— 3b 


Find the product of: 

31. «—38,x—1,24+1, and2+8. 

$2. 2@—24+1,2?+2-+1, and c*—2+1. 

33. a?+ab+ 6’, a —ab-+ 86, and at — a’? + Ot. 

34. 4a°—407b+ ab’, 4a°+ 3800+ 6, and 207) 4+ 8B. 

35. «ta, x+2a, x— 3a, x— 4a, and x+ 5a. 

36. 907+ 8’, 270° — B*, 27a? + 0, and 8lat — 9a’b? + Ot. 

37. From the product of y—2yz—2 and y+ 2yz-— 2 
take the product of y? — yz — 22 and y?+ yz — 22. 

38. Find the dividend when the divisor = 3 a? — ab — 367, 


the quotient = a6 — 26’, the remainder = — 2ad* 
— 68°. 


The multiplication of polynomials may be indicated by 
inclosing each in a parenthesis and writing them one after 
the other. When the operations indicated are actually per- 
formed, the expression is said to be semplified. 


Simplify : 
39. (a+b—c)(ate—b)\(b+e—a)a+b-+c). 
40. (a+6)(6+c)—(e+d)(d+a)—(a+c)(6—d). 


41. (a+b6+c+d)+(a—b—c+dy 
+(a—b+c—d)+(a+b—c-—dy. 
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42. 
43. 
44. 
45. 


46. 
47. 


48. 


49. 
50. 


51. 
52. 
53. 
54. 
55. 
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(a+6+c)—a(b+ec—a)—b(a+e—b)—c(a+b—c). 
(a — b)x—(b+c)a—{(b—«x)(b —a) — legai  Whek 
(m + n)m — jm — nj’ — (n —m) nj. 
(a—b+c)—fa(e—a—6b)—[b(a+6+e) 
—e(a—b—c)}f. 

(p+ a')r— (p+ a)(pir — 93 — gtr — p}). 


(Qay’ — 4y*)(a* — y*) — {8ay— 2Y fh f3a(z'*+y’) 
—2y(y¥ + 32y— x’ )hy. 


at — {2.ab —[—(a + {0 —e} (a — {0 —e}) + 2a8) 
—4bei —(b + c)?. 


fac —(a — b6)(6+ c)i}— bf{b —(a—e)}. 


f(a — b)x— cy} — 2fa(w—y) — ba} 
— {8axr — (5c — 2a) yy}. 


(w —1)(@ — 2) — 82(x + 8)4 2$(x+ 2)(4+1)—3}. 
{(2a+ 6)? + (a— 26)} x §{(8a— 26) —(2Qa—36)}. 
4(a—36)(a+ 36) — 2(a— 66) — 2(a? + 607). 
oe + yy — 2ary(a@ + ya — y) — (a — yf. 
16 (a? + b*)(a? — 6’) — (2a — 8)(2a + 8)(4a? + 9) 

4+. (2b — 8)(2b + 8)(40? + 9). 


CHAPTER LY, 
DIVISION. 
INTEGRAL EXPRESSIONS. 


55. Definition of Division. In division the product and 
one factor are given, and the other factor is required. We 
may therefore take for the general definition of division 


_ The operation by which when the product and one factor 
are given the other factor is found. 


With reference to this operation the product is called 
the dividend, the given factor the divisor, and the required 
factor the quotient. 


56. Law of Signs for Division. 

Since (+a) X (+5)=+0d, ©». +ab+(+a)=+4+4. 
Since (+ a) x (— 6) =-- ab, «. —ab+(+a)=— 
Since (— a) X (+ 6) =— ab, .. —ab+(—a)=+ 
Since (— a) X (— 6) = + ab, Rae OF 
That is, if the dividend and divisor have lke signs, the 


quotient has the sign ++; and if they have unlike signs, 
the quotient has fie sign —. Hence, in division, 


Inke signs gwe +; unlike signs give —. 
57. Index Law for Division, If we have to divide a’ by 


a’, a° by a, a* by a, a’ by a’, we write them as follows: 
5 


a aaaaa ; es 
= = a= = a; 
a aa 

a’ aaaaaa 4 rear 
7 == ——- — aad Cay § Agee al 9 fi F 


a aAaaa 
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a aAAaa 3 4-1 
mals = 100 = == 
a a 

a? aa 1 1 1 








a ganda) aaa ae 


58. To divide one monomial by another, therefore, 


Write the dwidend over the divisor with a line between 
them: wf the expressions have common factors, remove the 
common factors. 








2 5 
Thus, AY — Day; aa Tab SEY 
2 a 


3 qi} uae laa ry 


8 qi ae: 3 neg 





In the last example, (p —4)—(p—6)=p —4—p+6=2 and 
(r+3)—(r—1l)=r4+3-—r41=4. 

Note. Since a*+a"=1, and by the rule = a*-" = q@® it ‘lowe 
that a@®=1. Hence, any letter in the quotient with zero for an index 
may be omitted without affecting the quotient. 


59, To divide a polynomial by a monomial, we have, by the 
distributive law, the following rule: 


Divide each term of the dividend by the divisor, and add 
the partial quotients. 


This 8ab + 4ac—6bad _ Sab, 4a¢7) 6 ad 


2a | 2a" Ga “ae 
=46+2c—3d. 
9atba —120%x’? —8a°x_9atb*x 12a0%bx? 3ax 
3.a°z Baez 8az Bar 


= 30°)’ —4abzr — 1. 
6 ait! =i 4 sn oa 62 4 Tee ry 3 pint? 9 antl 
o gent D gin-l 2, an -1 
Norr. Here we have 4n+1—(2n—1)=4n+4+1—- 2n41=2n+42, 
and 3n —(2n— 1) =3n—2n4+1=n +41, as indices of x in the first 
and last terms of the quotient respectively. 





1, £264 
san 
9 — 3840 
= 8 
+8840 
+30 
4. 2588. 
Te 


1 4 
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Exercise 15. 


Perform the operations indicated : 














5, 106.33 
ay 
9. = 42.488) 
ert 845 
2204 
(Bahl 
+94 
Bar 0070! 
a8 


11. 


12. 


Exercise 16. 


Perform the operations indicated : 



































+ ab 7 10ab 
+a ah 2he 
—@ —x# 
= ab Ais l2am 
+a ee 2m 
—ab 35 abe 
. 10. 

—a 5bd 
6ma A abx 
2x Baby 
12a‘ aed 
a Ame — 3a’ 

19, amis! 21. 

5 aba 
20. = i 22. 
xyz 


13. 


14. 


15. 


16. 


17. 


18. 


+ 6.8508 
—61 

— 7.1560 
+ 824 

— 3.14159 


— 0.31831 
— 81.4159 


33 bmx 
4 ax? 
ab 


abe 








52 


MVP Xx 


— 8a’b'ctd® 


Sapp co 


$54,453 72 


12am Pe. 
4m'nép'¢? 


np 


4] 
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23. (4a7bz* xX 10.07b%z) + 5 a°b?2’. 

24. (21 ax’y'2’ + 3xy"z)(— 2ax*y’2). 

25. 104 ab*x® + (91 a°b'x" = Ta‘b*r). 

26. (24a0°b*x + 3.470’) + (85a°b’2’ + — 5a*bz). 
27. 85ait! + Bat? 28. 84a"-*+ 12a? 


60. To divide One Polynomial by Another. 


If the divisor (one factor) = a+b-+e, 
and the quotient (other factor) = ntp+q, 
( an+bn+en 
then the dividend (product) = } + ap + bp + ep 
bes aq + bq + eq. 


The first term of the dividend is an; that is, the product 
of a, the first term of the divisor, by n, the first term of 
the quotient. The first term ” of the quotient is therefore 
found by dividing an, the first term of the dividend, by a, 
the first term of the divisor. 

If the partial product formed by multiplying the entire 
divisor by 7 is subtracted from the dividend, the first term 
of the remainder ap is the product of a, the first term of 
the divisor, by p, the second term of the quotient; that is, 
the second term of the quotient is obtained by dividing the 
first term of the remainder by the first term of the divisor. 
In like manner, the third term of the quotient is obtained 
by dividing the first term of the new remainder by the 
first term of the divisor; and so on. Hence we have the 
following rule: 

Arrange both the dividend and divisor in ascending or 
descending powers of some common letter. 

Divide the first term of the dwidend by the first term of 


the dwisor. 
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Write the result as the first term of the quotient. 

Multiply all the terms of the dwisor by the first term of 
the quoteent. 

Subtract the product from the dindend. 

If there be a remainder, consider it as a new dividend 
and proceed as before. 


61. It is of fundamental importance to arrange the divi- 
dend and divisor 7 the same order with respect to a com- 
mon letter, and to keep this order throughout the operation. 

The beginner should study carefully the processes in the 
following examples: 


(1) Divide 2?+ 182+ 77 by +7. 


vt+18a¢+ Bie tf 
e+ Tx z+11 
llz+ 77 
ll2z+ 77 


Notr. The student will notice that by this process we have in 
effect separated the dividend into two parts, #7 + 7x and lla + 77, 
and divided each part by «+7, and that the complete quotient is 
the sum of the partial quotients # and 11. Thus, 

e?+18e@4+77=0? + 7e4+11le4+77 =(¢ + 72) + (1124+ 77); 
_ wt 4+18e@4+ 77 oF + Te Ile+77 


=2+11. 
ei ow | x+7 a+] 


(2) Divide 4a‘z*? — 4a7x* + 2° — a® by 2’ — a’. 
Arrange according to descending powers of a. 
xv —4a?ct + 4atz*?—a’la’?— a 
Bes) aa 
— 8a7r' + 4a‘r? — af 

Yr trees Sa Ys il 


ain’ — ae 





Cri Oo 
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(3) Divide 22a7b?+ 154* + 3a‘ — 100°) — 22ab 
by @ +808? — 2ab. 
Arrange according to descending powers of a. 
3a* — 10a°b + 2207}? — 22a? + 1564) at =—Bab— se 
50 = "60°b 9a 38a7—4ab+ 586? 
— 40°b6+ 1807)? — 22ab 
—  40°>-- ow laa 
5a7b? — 10ab?+ 150+ 
5 a’b® — 10ab®? + 15 


(4) Divide 52°—2+1—32* by 1+ 82? —2z. 
Arrange according to ascending powers of 
1l— #+52? —382*/1— 227432 
1—22+32 i 
x—38a°+ 52% —32* 
x—20?+ 32° 
— #+22°— 32 
— # + 22° — 32% 


(5) Divide 2° + 2+ 2 — 8xyz by e+y+z. 


Arrange according to descending powers of a, 


xv —B8yze+y+te|eat+ty+z 
w+ ya? + 2x? Pierre 


— yx — 20° —8yze +y¥> +2 
— Yn = Pu — YE 
—z+ ye—Qyzr+y+ 2 





— 20" . — yw — 22 
Yu, y+ evant ye 
ya 4+. y ae YZ 


— ya+e?nr—ye+e 
— yon ~—Y¥2—Y2 

2a +y2+ 2 

ae oar + ye? 2 


Divide 
ibe 


ww wo DO D WD & Ff F&F & S&S SS SY SF SK 
PwendrE SCO ORR TP OW DY HE OS 


© MH AST RP w W 


DIVISION. 
Exercise 17. 


2 —Tx+12 by x—8. 
2w+2—12 by x+9. 

222 — 4? +38a2—9 by 22—3. 

6a° + 142? —4x%-+ 24 by 227+ 6. 
om +2+92°—1 by 8x—1. 
72° + 582 — 242? — 21 by Tx — 8. 
2° —1 by x—1. 

a’ — 2ab’+ 6° by a— Ob. 

a —8ly* by x—3y. 

a—y by «—y. 


. &+326° by a+ 20. 

. 2a*+ 27ab? — 815* by a+ 80. 

- + lls’—122—52°+6 by 3+ 2°— 32. 
. — 92+ 2? —1l6a—4 by v’? +4442. 

- 86+ 2*— 182 by 6427+ 52. 

. 2+ 64 by 2? 4+4274+8. 

. @+ a+ 57 — 854 — 242’ by 2 —8+ Az. 
. l—x—82?—2# by 142274 2". 

. @&—2e+1 by #—2x+1. 

. a+ 2070’? + 9b by a? — 2064 36’. 

P Aad — 8+ 49 by 24+ 2a? + Ber. 

. a — 248 by a —3. 

. 184*+ 822? + 40 — 672 — 452° by 827 +5—44 
. &—b6ry— 92’ —y by # +4482, 


45 


46 


25. 
26. 
27. 
28. 
29. 


30. 
ol. 
32. 
33. 


34. 
35. 
36. 
37. 


38. 


39. 


40. 
41. 
42. 
43. 
44. 
45. 
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a +- 9x74? — O2’y —4y* by x — 82y+ 27’. 
e+ ay +y* by 2—ay+y’. 
Lat ay pe ae a by 22+ a—y. 
22? — 37° + xy —xe—4yz2—2 by 24+ 38y+2. 
12+ 8227 + 106 2* — 702° — 1122° — 38 
by 3 — 52+ 72". 
e+ y by a — ay + xy —ay+y. 
224+ 22°y? — 2ay — Tay — x by 22° +47 — xy. 
162* + 42°77? + y* by 42° 2ay + y’. 
32.a°b + 8a*b* — ab’ — 407b* — 56 a'b? 
by 0° — 4076 + 6a’. 
1+ 52° —62* by 1—2+ 382". 
1 — 52a*b* — 51 a°b* by 4b? + 8 ab —1. 
a'y — xy" by vy + 2ay* — 22°? — y'. 
w+ lb xy? + 1d a°y* + ¥° — 6a°y — bay’ — 202° 
by «° — 38a°y + 3827 — 7’. 
a' + 2a°b* — 2a'b® — 2a°d — 6a’d® — 3 ab ® 
by a’ — 207) — ab’. 
81 ay -++ 182°y° — 542°y? — 182%y* — 18 xy8 — 9y' 
by 3a*+ vy + y. 
a‘ + 20°) + 80°b? + 8ab® + 165* by a? + 40". 
846 — x° + 21 2%y? — 24ay* by Bay —#—y’, 
16a‘ + 96' + 870? by 40°+ 36? — 4ab. 
a’ + 6'+ c—B8abe by a+b+e. 
a’ + 86%+ c®—6abe by @ +40'+ & —ac—2Qab—2be. 
a+ 6+ ¢+380°b+3ab’? bya+b+e. 
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62. The operation of division may be shortened in some 
cases by the use of parentheses. Thus: 


w+(a+6+c)2’+ (ab+ac-+ be)x+abe|x +6 
e@+t( +5 )# xv’+(ate)x+ae 
(a + e)2?+(ab+ac-+ be)x 
(a + e)a?+(ab + be)x 
acx + abe 
acx + abe 


Exercise 18. 
Divide 
1. a(b+c)+0(a—c)+c(a—b)+abe byat+b+e. 


2. ®-—(a+b+e)2*°+ (ab+ac-+ be) x — abe 
by x? — (a+ 6)x+ ab. 


a — 2ax’? + (a? + ab — 8’)x—a’b + ab’ by x—a +. 
at —(a®? —b—c) x’ — (b—c)axr+ be by & —ar+e. 
y—(m+n+p)y’ +(mn-+ mp + np) y —mnp by y—p. 
a+ (5+ a)a®—(4—5a+ 6)x—(4a+56)x+ 4b 
by 27+ 52 —4. 
7. x—(atb+e+d)a°+(ab+ac+ad-+be+bd-+ ed) x? 
— (abe + abd + acd + bed) x + abcd 
by 2*— (a+ c)x-+ a0. 
8. 2 —(m—c)a*+(n—em+d)a>+(r+en—dm)# 
+ (er+dn)x-+ dr by 2° — ma? + nx+r. 


9. 2 — met + na®— nz? + mex —1 by x—1. 


10. (a@+y)+3(e#+y)24+3(2+y)2?4+2 
by (@+y)*+2@+y)er?. 


rie pa Be 


CHAPTER V. 
SIMPLE EQUATIONS. 


63, Equations. An equation is a statement in symbols 
that two expressions stand for the same number. ‘Thus, 
the equation 32+ 2=8 states that 32+ 2 and 8 stand for 
the same number. 


64, That part of the equation which precedes the sign 
of equality is called the first member, or left side, and that 
which follows the sign of equality is called the second mem- 
ber, or right side. 


65. The statement of equality between two algebraic 
expressions, if true for all values of the letters involved, 
is called an identical equation; but if true only for certain 
particular values of the letters involved, it is called an 
equation of condition, Thus, (a+ 0)? =a?+ 2ab+ 6’, which 
is true for ad/ values of a and 4, is an zdentical equation ; 
and 3x -+ 2= 8, which is true only when 2 stands for 2, is 
an equation of condition. 

For brevity, an identical equation is called an identity, 
and an equation of condition is called simply an equation. 


66. We often employ an equation to discover an unknown 
number from its relation to known numbers. We usually 
represent the unknown number by one of the /as¢ letters of 
the alphabet, as x, y, z; and, by way of distinction, we use 
the first letters, a, 6, c, etc., to represent numbers that are 
supposed to be known, though not expressed in the number- 
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symbols of Arithmetic. Thus, in the equation az+b=<e, 
x is supposed to represent an unknown number, and a, 6, 
and ¢ are supposed to represent known numbers. 


67. Simple Equations. An integral equation which con- 
tains the first power of the symbol for the unknown number, 
x, and no higher power, is called a simple equation, or an 
equation of the first degree. Thus, av+6=c is a simple 
equation, or an equation of the first degree i x. 


68. Solution of an Equation. To solve an equation is to 
find the unknown number; that is, the number which, when 
substituted for its symbol in the given equation, renders 
the equatio.. an identity. This number is said to satisfy 
the equation, and is called the root ot the equation. 


69. Axioms. In solving an equation, we make use of 
the following axioms: 

Ax. 1. If equal numbers be added to equal numbers, 
the sums will be equal. 

Ax. 2. If equal numbers be subtracted from equal num- 
bers, the remainders will be equal. 

Ax. 8. If equal numbers be multiplied by equal numbers, 
the products will be equal. 

Ax. 4. If equal numbers be divided by equal numbers, 
the quotients will be equal. 


Tf, therefore, the two sides of an equation be increased by, 
diminished by, multiplied by, or divided by equal numbers, 
the results will be equal. 

Thus, if 82 = 24, then 82 +4=24+4, 82a—4=24 —4, 
4x 8x4=4-x 24, and 8a4+4= 24+ 4. 


70, Transposition of Terms. It becomes necessary in solv- 
ing an equation to bring all the terms that contain the 
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symbol for the unknown number to one side of the equation, 
and all the other terms to the other side. This is called 
transposing the terms. We will illustrate by examples: 


(1) Find the number for which x stands when 
162 —11=72+ 70. 
First subtract 72 from both sides (Ax. 2), which gives 
92—11 = 70. 
Then add 11 to these equals (Ax. 1), which gives 
92= 81. 
Divide both sides by 9 (Ax. 4), 


im 


(2) Find the number for which x stands when 7+ 6 =a. 
The equation is z+b=a. 
Subtract 6 from each side, x+6—b=a—6. (Ax. 2) 


Since + 6 and —6 in the left side cancel each other 
(§ 14), we have zr=a—b, 


(3) Find the number for which w stands when «—6=a. 

The equation is *x—b=a. 

Add + 6 to each side, a—b+b=a+6. (Ax.1) 

Since — 6 and + 6 in the left side cancel each other 
(§ 14), we have z=a+b. 


Tl. The effect of the operation in the preceding equa- 
tions, when Axioms (1) and (2) are used, is to take a term 
from one side and to put it on the other side with its sign 
changed. We can proceed in a like manner in any other 
case. Hence the general rule: 


12. Any term may be transposed from one side of an 
equation to the other provided its sign is changed. 
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73. Any term, therefore, which occurs on both sides with 
the same sign may be removed from both without affecting 
the equality. 


74. The sign of every term of an equation may be 
changed, for this is effected by multiplying by —1, which 
by Ax. 3 does not destroy the equality. 


75. Verification. When the root is substituted for its 
symbol in the given equation, and the equation reduces to 
an wdentity, the root is said to be verified. 


(1) What number added to twice itself gives 24? 


Let x stand for the number ; 

then 2 will stand for twice the number, 

and the number added to twice itself will be # + Zz. 
But the number added to twice itself is 24; 


2+ 2a = 24. 

Combining 2 and 22, 3a = 24. 
Divide by 3, the coefficient of z, «#=8. . (Ax. 4) 

VERIFICATION. 2+ 24 = 24, 

8+2x8= 24, 

8+ 16 = 24, 

24 = 24. 


(2) If42—5=19, for what number does « stand? 


We have the equation 4zx—5= 19. 
Transpose — 5 to the right side, 4% =19-+5. 
Combine, 4x = 24. 
Divide by 4, x = 6. (Ax. 4) 
VERIFICATION. 4%—5=19, 
4x6—5=19, 
24—5=19, 


19 == 19; 
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(3) If 32—7 stands for the same number as 14 — 4z, 
what number does x stand for? 
We have the equation 
8a2—T=14—4z2. 
Transpose —4 x to the left side, and —7 to the right side, 
82+4x2=14+4+ 7. 
Combine, 2 =26 
Divide by 7, iene, 
VERIFICATION. 82—7=14—4z, 
8x38—7=14-4x83, 
2 == 2) 


(4) Solve the equation (# — 3) (vw —4) =x (#—1) —30. 
We have (x -- 3) (x— 4) = 2 (x—1) — 380. 
Remove the parentheses, 

e— Tat lee 0, 


Since 2’ on the left and 2’ on the right are precisely the 
same, including the sign, they may be cancelled. 


Then —T2+12=—2—8380. 
Transpose — x to the left side, and + 12 to the right side, 
—Teta=— 30 —12. 


Combine, - —62=— 42. 
Divide by — 6, antl 
VERIFICATION. 


(7—8) (74) =7 (7— Dee 
A 9 eres G a 30 
eo GPa 
12= 12, 
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76. Hence, to solve an equation with one unknown 
number, 


Transpose all the terms involving the unknown number 
to the left side, and all the other terms to the right side; 
combine the like terms, and dwide both sides by the coefficient 
of the unknown number. 


Exercise 19. 


Find the value of z in 


bz —A = 19. 82) 1627 — 11). == (2 + 70. 
38z+6= 12. 9. 244% —49=197— 14. 
242= 72+ 84. 10. 87+ 238 = 78 — 2x. 


8a — 29 = 26 — 8x. 11. 26—8x2=80— 142. 
12—52=19—122. 12. 183—82=52—8. 
842+6—2x4%=7z. 13. 82—22=72-+ 6. 
Bat+b0=42+4+56. 14. 8+4ce=122—16. 
15. 54—(82—7)=—42— (6x — 85). 

16. 6x—2(9 —4x) +3(54 —7) = 10x — (44 16x + 35). 
17. 94 —38(5x— 6) + 80=0. 

18. x—7(4x—11) = 14(x — 5) —19(8 — x) — 61. 

19. (+ 7)(x — 8) =(# —5)(x — 15). 

20. (« —8)(x+ 12) =(#+1)(a— 6). 

21. («—2)(7— x) + («—5)(a7+ 8) —2(a—-1)+12=0. 
22. (2x—7)(a4+ 5) = (9 — 2x)(4 — x) 4+ 229. 

23. 14—x4—5(*—38)(#4+ 2) + (5—2x)(4—52) = 452-76. 
24. (x+5)P—(4—2) = 21x. 

25. 5(”4@—2)'+ 7(@ — 3)’ = (8a — 7)(4%—19) + 42, 


rae rae eid ae ah et a 
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77. Statement and Solution of Problems. The difficulties 
which the beginner usually meets in stating problems will 
be quickly overcome if he will observe the following direc- 
tions: 


Study the problem until you clearly understand its mean- 
ing and just what is required to be found. 

Remember that x must not be put for money, length, 
time, weight, ete., but for the required nwmber of specified 
units of money, length, time, weight, etc. 

Express each statement carefully in algebraic language, 
and write out in words what each expression stands for. 

Do not attempt to form the equation until all the state- 
ments are made in symbols. 

We will illustrate by examples: 


(1) John has three times as many oranges as James, and 
they together have 32. How many has each? 


Let w be the number of oranges James has; 
then 3a is the number of oranges John has; 
and «+32 is the number of oranges they together have. 


But 32 1s the number of oranges they together have; 


“&+327 = 82: 

or, 42 = 32, 
and x = 8. 

Since x = 8, 3a = 24. 


Therefore James has 8 oranges, and John has 24 oranges. 


Norsr. Beginners in stating the preceding problem generally write: 
Let « = what James had. 
Now, we know what James had. He had oranges, and we are to 


discover simply the number of oranges he had. 


(2) James and John together have $24, and James has 
$8 more than John. How many dollars has each? 
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Let x be the number of dollars John has; 
then x + 8 is the number of dollars James has ; 
and #+(# + 8) is the number of dollars they both have. 
But 24 is the number of dollars they both have; 
7.0 + (a + 8) = 24; 


or, e+a+8 = 24, 
Transpose and combine, 2a=16. 
Divide by 2, a = 8, 
Since x = 8, x+8=16. 


Therefore John has $8, and James has $16. 


Not. The beginner must avoid the mistake of writing 
Let « = John’s money. 


We are required to find the nwmber of dollars John has, and there- 
fore x must represent this required number. 


(3) A and B had equal sums of money; B gave A $5, 
and then 3 times A’s money was equal to 11 times B's 
money. What had each at first? 


Let x = number of dollars each had ; 
then # +5 =number of dollars A had after receiving $5; 
and x —5=number of dollars B had after giving A $5. 


Since 3 times A’s money is now equal to 11 times B’s, we have 
therefore the equation : 


3 (w + 5) = 11 (# — 5). 
Removing parentheses, 3a +15 = 11” —565. 


Transposing, 32—11l¢=— 55-15. 
Collecting, —8x2=—70. 
Dividing by — 8, a = 84, 


Therefore, each had $8.75. 
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(4) Find a number whose treble exceeds 50 by as much 
as its double falls short of 40. 


Let x = the number ; 
then 3a = its treble; 
and 3a2—50 =the excess of its treble over 50; 
also, 40 — 2x =the number its double lacks of 40. 


Since the excess of 3a over 50 equals the number 2a lacks of 40, 
we have 
8a2—50 = 40 —22; 
32 +22 =40+4 50; 
52 = 90; 
% = 18. 


Therefore the number required is 18. 


(5) Find a number that exceeds 50 by 10 more than it 
falls short of 80. 


Let x = the required number ; 
then x — 50 = its excess over 50; 
and 80 — « = the number it lacks of 80. 

Hence, #—50—(80— 2) = the excess. 

But 10 = the excess. 

*,  —50 — (80 — 2) = 10 
or *2—50—80+2=10. 
*, 22 = 140, 

and 2 = 70. 


Therefore the number required is 70. 


Exercise 20. 


1. To the double of a certain number I add 14, and obtain 
as a result 154. What is the number? 


2. To four times a certain number I add 16, and obtain 
as a result 188. What is the number? 


3. By adding 46 to a certain number, [ obtain as a result 
a number three times as large as the original num- 
ber. Find the original number. 


10. 


11. 


12. 


13. 
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One number is three times as large as another. If I 
take the smaller from 16 and the greater from 30, 
the remainders are equal. What are the numbers? 


Divide the number 92 into four parts, such that the 
first exceeds the second by 10, the third by 18, and 
the fourth by 24. 


_ The sum of two numbers is 20; and if three times the 


smaller number is added to five times the greater, 
the sum is 84. What are the numbers? 


. The joint ages of a father and son are 80 years. If the 


age of the son were doubled, he would be 10 years 
older than his father. What is the age of each? 


A man has 6 sons, each 4 years older than the next 
younger. The eldest is three times as old as the 
youngest. What is the age of each? 


Add $24 to a certain sum, and the amount will be as 
much above $80 as the sum is below $80. What 
is the sum? 


Thirty yards of cloth and 40 yards of silk together cost 
$330; and the silk costs twice as much a yard as the 
cloth. How much does each cost a yard? 


Find the number whose double increased by 24 exceeds 
80 by as much as the number itself is less than 100. 


The sum of $500 is divided among A, B, C, and D. 
A and B have together $280, A and C $260, and 
A and D $220. How much does each receive? 


In a company of 266 persons composed of men, women, 
and children, there are twice as many men as women, 
and twice as many women as children. How many 
are there of each? 
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14. 


15. 


16. 


1 My & 


18. 


19. 


20. 


21. 
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Find two numbers differing by 8, such that four times 
the less may exceed twice the greater by 10. 


A is 58 years older than B, and A’s age is as much | 
above 60 as B’s age is below 50. Find the age of 
each. 


A man leaves his property, amounting to $7500, to be 
divided among his wife, his two sons, and three 
daughters, as follows: a son is to have twice as 
much as a daughter, and the wife $500 more than 
all the children together. How much will be the 
share of each? 


A vessel containing some water was filled by pouring 
in 42 gallons, and there was then in the vessel seven 
times as much as at first. How much did the vessel 
hold? 


A has $72 and B has $52. B gives A a certain sum; 
then A has three times as much as B. How much 
did A receive from B? 


Divide 90 into two such parts that four times one 
part may be equal to five times the other. 


Divide 60 into two such parts that one part exceeds 
the other by 24. 


Divide 84 into two such parts that one part may be 
less than the other by 36. 


Nott. When we have to compare the ages of two persons at a 


given time, and also a number of years after or before the given 
time, we must remember that both persons will be so many years 
older or younger. 


Thus, if « represent A’s age, and 2a B’s age, at the present time, 


A’s age five years ago will be represented by ~—5; and B’s by 
22—5, A’s age five years hence will be represented by «+5; and 
B’s age by 2a + 5. 
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22. A is twice as old as B, and 22 years ago he was three 
times as old as B. What is A’s age? 


23. A father is 30 and his son 6 years old. In how many — 
years will the father be just twice as old as the son? 


24. A is twice as old as B, and 20 years since he was three 
times as old. What is B’s age? 


25. A is three times as old as B, and 19 years hence he 
will be only twice as old as B. What is the age 
of each ? 


26. A man has three nephews; his age is 50, and the joint 
ages of the nephews is 42. How long will it be 
before the joint ages of the a will be equal to 
that of the uncle? 


Note. In problems involving quantities of the same kind 
expressed in different units, we must be careful to reduce all the 
quantities to the same unit. 

Thus, if « denote a number of inches, all the quantities of the same 
kind involved in the problem must be reduced to inches. 


27. A sum of money consists of dollars and twenty-five-cent 
pieces, and amounts to $20. The number of coins 
is 50. How many are there of each sort? 


28. A person bought 30 pounds of sugar of two different 
kinds, and paid for the whole $2.94. The better 
kind cost 10 cents a pound and the poorer kind 7 
cents a pound. How many pounds were there of 


each kind? 


29. A workman was hired for 40 days, at $1 for every day 
he worked, but with the condition that for every 
day he did not work he was to pay 45 cents for his 
board. At the end of the time he received $22.60. 
How many days did he work? 


60 


30. 


31. 


32. 


33. 


34. 
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A wine merchant has two kinds of wine; one worth 50 
cents a quart, and the other 75 centsa quart. From 
these he wishes to make a mixture of 100 gallons, 
worth $2.40 a gallon. How many gallons must he 
take of each kind? 


A gentleman gave some children 10 cents each, and 
had a dollar left. He found that he would have 
required one dollar more to enable him to give them 
15 cents each. How many children were there? 


Two casks contain equal quantities of vinegar; from 
the first cask 34 quarts are drawn, from the second 
20 gallons; the quantity remaining in one vessel is 
now twice that in the other. How much did each 
cask contain at first ? 


A gentleman hired a man for 12 months, at the wages 
of $90 and a suit of clothes. At the end of 7 months 
the man quits his service and receives $33.75 and 
the suit of clothes. What was the price of the suit 
of clothes ? 


A man has three times as many quarters as_half- 
dollars, four times as many dimes as quarters, and 
twice as many half-dimes as dimes. The whole sum 
is $7.30. How many coins has he in all? 


A person paid a bill of $15.25 with quarters and half- 
dollars, and gave 51 pieces of money in all. How 
many of each kind were there ? 


A bill of 100 pounds was paid with guineas (21 shil- 
lings) and half-crowns (23 shillings), and 48 more 
half-crowns than guineas were used. How many of 
each were paid? 


CHAPTER VI. 


MULTIPLICATION AND DIVISION. 
SPECIAL RULES. 


78. Special Rules of Multiplication. Some results of mul- 
tiplication are of so great utility in shortening algebraic 
work that they should be carefully noticed and remem- 
bered. The following are important: 


79. Square of the Sum of Two Numbers. 

(a + 6)? =(a+b)(a+ bd) 
=a(a+6)+b(a+5) 
=@+ab+ab+0? 
=@-+ 2ab+ 6’. 

Since a and 6 stand for any two numbers, we have 


Rute 1. The square of the sum of two numbers is the 
sum of their squares plus twice ther product. 


80. Square of the Difference of Two Numbers. 
(a— b)' = (a—b)(a—8) 
=a(a— b)— b(a— b) 
=@?—ab—ab+ 8 
= @? —2ab+ 6’. 
Hence we have 


Rue 2. The square of the difference of two numbers 1s 
the sum of their squares minus twice their product. 
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81. Product of the Sum and Difference of Two Numbers. 
(a+ 6)(a— b)=a(a—b)+b(a—b) 
=a —ab+t+ab—b 
= a? — 6’. 
Hence we have 


Rute 8. The product of the sum and difference of two 


numbers is the difference of their squares. 


82, Illustrations. If we put 2x for a and 3 for b, we have 


Rule 1, (22+ 8/?=—42?+ 124+ 9. 
Rule 2, (22 —8) = 42?— 122749. 
Rule 38, (2x + 8)(22—3)=427 —9. 


If we are required to multiply a+64-+ce by a+b—e, 
we may abridge the ordinary process as follows: 


(at b+e\atb—c)=[(a+b)+e](atb)—<] 
By Rule 8, =(a+ bf—¢ 
By Rule 1, =a’+2ab+ 6? —’. 


If we are required to multiply a+ 6—c by a—b+e, we 
may put the expressions in the following forms, and per- 
form the operation : 


(a+ 6—c)a—b6+c)=[a+ (6 —c)|[a—(6—e)| 
By Rule 3, =a’?—(b—c) 
By Rule 2, = a? — (B?— 2be +e) 
= qa? — 6? + 2be—c’, 
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Exercise 21. 


_ Write the product of 


1. («#+y). - 9. (ab+ cd)’. 

2. (y—z)*. 10. (8mn— 4)’. 

3. (27+ 1). 11. (12-4 52)’. 

4. (2a+ 56). 12. (4277 = y2")?, 

5. (1—2’)y. ; 13. (8abe — bed)’. 

Br Sans 427)’. 14. (42° — ay’)? 

7 (1—7a)’. 15. (v+y)(%—y). 
8. (Sxy+ 2)’. 16. (2a+6)(2a—)). 


17. l+a+6 and l—a—B8. 
18. l1—a+6 and 1+a—®6O. 
19. a+ ab+0' and a’ —adb+ 8. 
20. 8a+2b—e and 8a—2b-+<e. 


83, Square of any Polynomial. If we put x for a, and 
y +2 for 6, in the identity 


(a+ bP =a + 2ab+4+ 6, 
we shall have 
[e+ (yt2Pae+2cytatyte), 
or (e+y+t+z~Hv+ 2ay+2az2+y+2yz24+2 
=27+y +2 + 2ay + 2x2 + 2yz. 


It will be seen that the complete product consists of the 
sum of the squares of the terms of the given expression and 
twice the products of each term into all the terms that fol- 
low it. 
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Again, if we put a — 6 for a, and c —d for 6, in the same 

identity, 
(a+ bv=¢+2ab+4 0’, 

we shall have 
[(a— 6) + (¢— dP 

= (a — 6)? + 2 (a— 6) (e— d) + (e— dy 

=(a@?— 2ab+ 0’)+2a(e—d)—2b(e—d)+(?—2cd+a’) | 

= a?— 2ab+ 0? + 2ac— 2ad—2bce+ 2bd+e —2cd-+ a’ 

=¢+6?+¢'+ d’—2ab+2ac— 2ad—-2bce+2bd—2cd. 

Here the same law holds as before, the sign of each 
double product being + or —, according as the factors com- 
posing it have like or unlike signs. The same is true for 
any polynomial. Hence we have 

Rute 4. The square of a polynomial is the sum of the 
squares of the several terms and twice the products obtained 
by multiplying each term into all the terms that follow i. 


Exercise 22. 


1. (@+y+z2!= 9. (F484 e%= 
2. (w—yt2y= 10. (#—7Y—2Y= 
3. (m+n—p—qy= 11. (ex +2y—32)= 
4. (+ 2¢—3)= 12. (@’—2y+527)= 
§. (7? —62+7)7?= 138. (7? +27—-2V7= 
6. (227 Tx+ 9) = 14. (—5e+7= 
7 @+yY-zy= 15. (22°32 —4f= 
8. (et—47y+7 P= 16. (@+2y4+327= 


84, Product of Two Binomials. The product of two bino- 
mials which have the form z+ a, 2+ 6, should be carefully 
noticed and remembered. 
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(1) (%@ + 5)(@ + 3) = 2(@+ 3)+ 5(@ + 8) 
=27+382+52+15 
=7'+ 82+ 15. 


(2) (x — 5)(@ — 8) = x(a — 3) — 5 (x — 8) 
= 7 —38e2—5a¢7+15 
= —827-+ 15, 


(3) (w + 5)(a —8) = x(x —8)+5(x —8) 
wa Oe + ba — 1b 
== - Da — 1b. 

(4) (w — 5)(2@+ 8) =a(a%+ 8) — 5(x-4- 8) 
=27+ 82-52-15 


= 2? — 24-15. 





Hach of these results has three terms. 

The first term of each result is the product of the first 
terms of the binomials. 

The last term of each result is the product of the second 
terms of the binomials. 

The middle term of each result has for a coefficient the 


algebraic sum of the second terms of the binomials. 


The intermediate step given above may be omitted, and 
the products written at once by ispection. ‘Thus, 


(1) Multiply 2+ 8 by «+ 7. 
Bot A= 15, 8X 7 = 56. 
J. (@t+ 8)\(a@+ 7) =2?+ 15a + 56. 
(2) Multiply z— 8 by x— 7. 
(— 8) +(—7) =— 15, (—8)(—7) = +56. 
*. (e —8)(a—7) =a — 15a +56. 
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(3) Multiply «— Ty by 2+ 6y. 
—7+6=—-1, (-7Ty)x6y=—42y7. 
'. («—Ty)\(a+ by) = 2 —ay — 427’. 
(4) Multiply 27+ 6(a+ b) by 2? — 5(a+ 8). 
+6—5=1, 6(a+56)x —5(a + b) = — 30(a + DY’. 
“. [2+6 (a+b) ][a’—5 (a+b)] = x*+(a+d) x?—30 (a+b)?. 


Exercise 23. 


Write the product of 


1. (7+ 2)(a + 8). 11. (x—c)(x— ad). 

2. (x+1)(7+ 5). 12. (x—4y)\(x+y). 

3. (x— 38)(u— 8). 13. (a—2b)(a— 5B). 

4. (c—8)(x—1). 14. (a? + 27)(2?+y’). 

5. (~«—8)(x+ 1). 15. (2? —3xy)(x’+ xy). 

6. («—2)(a+5). 16. (ax — 9)(ax +6). 

7. («—8)(x+7). 17. (c+ a)(x— 6b). 

8. (x — 2)(%— 4). 18. (x —11)(%+ 4). 

9. (c+1)\(4+11). 19. (v+12)(@—11). 
10. (x— 2a)(x+ 3a). 20. (x—10)(% — 5). 


85. In like manner the product of shes two binomials 
may be written. Thus, 


(1) (2a—b)(8a+ 4b) = 6a’+ 8ab —8ab—486 
= 6a’ + 5ab — 487. 


(2) (24+ 3y)(8%—2y) = 62° —42xy+ 9ary — 67 
| = 62’ + Sry — 67’. 
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86. Special Rules of Division. Some results in division 
are so important in abridging algebraic work that they 
should be carefully noticed and remembered. 


87. Difference of Two Squares. 
From § 81, (a+6)(a— 6b) = a’ — 8’. 


2 


~ =a+tb. Hence, 








RuuE 1. The difference of the squares of two numbers is 
diisible by the sum, and by the difference, of the numbers. 


Exercise 24. 


Write the quotient of 




















i iS 9. aie 
a NAGS = 20 
epee jo, ely 
1+22 | x+9y 
907 — 1—(#— yy 

3. ; Liege ae, 
8a+6 1+(#—y) 
9a? — a’ —- (6+ cy 

4. : 12, ——_————_+. 
38a—b a+(b6+c) 

5. 16a? — 90? 13. (2-b yy — 25 
4a+36 (e+y)—5 
1—92 1— (a—5b) 

6. } 14, ——~—. 
1—3z 1+(a— 5b) 

7. i tea Besse 8) 
ab + ¢ 8—(2b6+438c) — 
Per LOY 16. (aa) — lod P 
22+4y (a —b6)+(c—d) 
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88, Sum and Difference of Two Cubes. By performing the 
division, we find that 


GENO Dy So, ee and © 


3 Bs 
a+b a—b 


=?+ab+ 6 








Hence, 


Rute 2. The sum of the cubes of two numbers ws divisible 
by the sum of the numbers, and the quotient is the sum of 
the squares of the numbers minus ther product. 


RuueE 8. The difference of the cubes of two numbers ts 
dwisible by the difference of the numbers, and the quotient 
as the sum of the squares of the numbers plus thew product. 


Exercise 25. 

Write the quotient of 
(yy —1)+(y—1). 8. (640°b'—272*) + (4ab—38z). 
(B} 125) +(b—5). 9% (@+y)+(@+y), 
(a — 216)+(a—6). 10. (14+ 8a*)+ (1+ 2a). 
(a® — 843) +(@—7). 11. (27a°+6°)+(8a+6). - 
(1 —82°)+(1—22). 12. (8a*2?+1)+(ax+]1). 
(8a’28—1)+(2axz—1). 13. (2+ 277°) + (4+ 8y). 
(1—272*y/*) + (1—8ay). 14. (5122°y? +2*)+ (Say+z). 

15. (729a? + 2160°) + (9a+ 66). 

16. (64a° + 10008°) + (4a+ 108). 

17. (640°D' + 272°) + (4ab+ 382). 

18. (2° + 348) + (#+ 7). 

19. (27 4°7' + 82) + (Bay + 22). 


mh hee End a SE lee 
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89, Sum and Difference of any Two Like Powers. 


forming the division, we find that 











4 
a =a'+a7b+ab?+ 8; 
4 4 
e & <a ae ee 
a 
ae pS ; 
; =a‘'+ ab+ab’?+ ab®+ bf; 
== 
5 
Stat ald + att! — ab 0 
a 


We find by trial that 
a? + 6, a*+ bf, a& + 68, and so on, 


are not divisible by a+ 6 or bya—b. Hence, 


_ If n is any positive integer, 


a+b nor a— 6 of nis even. 


a+b and a—b ifn is even. 
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By per- 


(1) a® + &" 2s divisible by a+ b if nis odd, and by neither 
(2) a®— b" ws divisible by a—b of n is odd, and by both 


Nore. It is important to notice in the above examples that the 


terms of the quotient are all positive when the divisor is a—6, and 
alternately positive and negative when the divisor is a + 6; also, that 
the quotient is homogeneous, the exponent of a decreasing and of 6 
increasing by 1 for each successive term. 


aah OW 


Exercise 26. 


Find the quotient of 
(*—y!) + (@—y)- 
(xt—y') + (@+y). 


(a® — 2°) +(a—2). 


7. (a + 826°) + (a+ 20). 
8. (a — 826°) + (a— 2d). 
9. (1 — 248a°) + (1— 3a). 
(a® — 2°) + (a+2). 10. (248a°4+1)+(8a+1). 
(81 a‘e*—1)-(8ar+1), 11 
(64a°— 6°) + (2a—5b). 12 


ge ay): 
. (a — 1024) + (a+ 2). 


CHAPTER VII. 
FACTORS. 


90, Rational Expressions. An expression is rational when 
none of its terms contain square or other roots. 


91, Factors of Rational and Integral Expressions. By fac- 
tors of a given integral number in Arithmetic we mean 
integral numbers that will divide the given number with- 
out remainder. Likewise by factors of a rational and inte- 
gral expression in Algebra we mean rational and integral 
expressions that will divide the given ste: without 
remainder. 


92. Factors of Monomials. The factors of a monomial 
may be found by inspection. Thus, the factors of 14a7b 
are 7, 2, a, a, and 8. 


93, Factors of Polynomials. The form of a polynomial 
that can be resolved into factors often suggests the process 
of finding the factors. 


CasE I. 


94, When all the Terms have a Common Factor, 
(1) Resolve into factors 22? + 62y. 
Since 22 is a factor of ae term, we have 


2a* + 6 cy _ Gay _ 9 
22 mn Qa aa 


20+ 6xy = 22 (4+ 8y). 
Hence, the required factors are 2x and «+ 3y. 
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(2) Resolve into factors 16a* + 4a? — 8a. 
Since 4a is a factor of each term, we have 


16a’ + 4a’—8a_ 16a, 4a’ 8a 
4a 4a 4a -4a 
=4q?+a— 2. 


“. 16a+4a@—8a=—4a(4e’+a— 2), 





Hence the required factors are 4a and 4a? + a—2. 


Exercise 27. 
Resolve into factors : 


1. 5a?— 15a. 4. 42°y — 12277? + 82y’. 


2. 6a°+ 18a? — 12a. 5. y* — ay’ + by’ + cy. 
3. 4927— 212+ 14. 6. 6a°b® — 21a‘? + 27 a°d*. 


7% 542746 + 108 x*y* — 248 ay’. 

8. 452'y” — 902°y' — 360z%y*. 

9. T0a*y* — 140a’y* + 210 ay’. 
10. 320°5° + 96 a®® — 128 a°d°. 


CasE ITI. 


95. When the Terms can be grouped so as to show a Common 
Factor. 


(1) Resolve into factors ac + ad + be + bd. 


ac-+ad-+be-+bd=(ac-+ad)+(be+bd) (1) 
=a(e+d)+0(e+d) (2) 
= (a+ d)(c+ d). (3) 


Nore. Since one factor is seen in (2) to be ¢ +d, dividing by e+d 


we obtain the other factor, a + d. 
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(2) Find the factors of ae + ad — be — bd. 
ac + ad — be —bd = (ac + ad) — (be + bd) 
=a(c+d)—b(e+d) 
= (a—b)(e+ a). 
Note. The signs of the last two terms, — be — bd, are changed to +, 
when put within a parenthesis preceded by the minus sign. 
(3) Resolve into factors 52° — l5axz® —x+ 3a. 
52° — lbaz’?—2+ 8a= (52° — ldaz*) —(x— 38a) 
= 52?(%— 8a) —1(x-- 8a) 
= (527 —1)(x — 3a). 


(4) Resolve into factors 6y — 27 a°y — 102+ 452°. 
6y — 27 a’y — 10x + 452° = (452° — 27 2°y) -—(102—6y) 
= 927 (5x—8y)—2(52—8y) 
= (927 — 2)(54 —3y). 
Nortr. By grouping the terms thus, (6y — 27 2?y) — (10 — 452°), 
we obtain for the factors (3 y — 52)(2 — 92’). 
But (3y — 5a)(2 — 92) = (9a? — 2)(5 a4 — 3y), since, by the Law of 


Signs, the signs of two factors, or of any even number of factors, may 
be changed without altering the value of the product. 


Exercise 28. 


Resolve into factors : 


a” — ax — bx + ab. abx — aby + pqu — pay. 
eda’ + adxy -- bexy — aby’. 


abcy — b'dy — acdu + bd*x. 


ab + ay — by — y’. 


be + bx — cx — x’. 


0 MD UD 


mxz+mn+ax+t an. 


ax — ay — ba + by. - 


ao FP OO WD F 


cda*—cxy+dzy—y. 10. edz’— cyz+ dyz —y’. 
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96. Perfect Squares. If an expression can be resolved 
into two equal factors, the expression is called a perfect 
square, and one of its equal factors is called its square root. 

Thus, 16 2°y’ = 42°y x 4z*°y. Hence, 162°y’ is a perfect 
square, and 42*y is its square root. ) 

Nore. The square root of 16 a°y? may be — 4.a%y as well as + 4a%y, 
for —4a°y x — 4a°y = 16 x%y?; but throughout this chapter the posi- 
tive square root only will be considered. 


97. The rule for extracting the square root of a perfect 
square, when the square is a monomial, is as follows: 

Extract the square root of the coefficient, and dwide the 
index of each letter by 2. 


98. In like manner, the rule for extracting the cube 
root of a perfect cube, when the cube is a monomial, is, 

Extract the cube root of the coefficient, and diwide the 
wndex of each letter by 3. 


99. By §§ 79, 80, a trinomial is a perfect square, if its 
first and last terms are perfect squares and positive, and 
its middle term is twice the product of their square roots. 
Thus, 16a? — 24ab + 96 is a perfect square. 

The rule for extracting the square root of a perfect 
square, when the square is a trinomial, is as follows: . 

Extract the square roots of the first and last terms, and 
connect these square roots by the sign of the middle term. 

Thus, if we wish to find the square root of 

16 a? — 24ab + 90?, 
we take the square roots of 16a? and 907, which are 4a and 36, 
respectively, and connect these square roots by the sign of the middle 
term, which is —. The square root is therefore 
4a—36. 
In like manner, the square root of 
16a? + 24ab + 90? is 4a+35, 
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Case III. 
100. When a Trinomial is a Perfect Square. 
(1) Resolve into factors z’?-+ 2ry + 7’. 
From § 99, the factors of 27+ 2z2y+y¥’ are 
(@+ yey). 
(2) Resolve into factors x* — 22°y + 7’. 
From § 99, the factors of 2* —2a°y+y’” are 
(2? — y)(2" — y). 


Exercise 29. 


Resolve into factors : 


1. 2? +122-+ 86. . 8. 
2. 2+ 284+ 196. 9. 
3. vt 842+ 289. 10. 
4. 24+22+1. bk 
5. xy’ + 200y + 10,000. 12. 
6. 2+142?+ 49. 13. 
7. 2+ 362y + 32477. 14. 


y* + 16772? + 6424. 

y’ + 24y* + 144. 

xv’2? + 16222 + 6561. 
4a°+ 12a6?+ 90+. 

9x?y* + 80 xyz + 25 27. 
92+ 12¢y+4y’. 

4 ata? + 20 aary + 25 aty’. 


Exercise SO. 


Resolve into factors: 


1. @—8a+ 16. 

2, a? —30a-+ 225. 8. 
3. 2? — 882+ 361. 9. 
4. 2?—40x-+ 400. 10. 
5. y® —100y + 2500. spk 
6. y* — 207? + 100. 12. 


7. y?—5O0y2 + 62527. 


x — 32077? + 256 y%. 

2° — 3428 + 289. 

4 aty”? — 20 ay*2 + 25 y*2”. 
16 2?y* — 8 xy*2? + 72". 
906’? —6ab?c?d + b’c*d’. 
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13. 162°— 82'y? + v’y*. 16. 1—6ab’?+ 9a’d°. 
14. a®a*— 2arba*y* + By®. 17. Im'n? —24mn + 16. 
15. 362°? —60ay’?4+ 25y*. 18. 4b’? — 12b2°y + 92’y’. 
19. 49a—112ab + 640". 
20. 642*y° — 160 x*y*z + 100 x2”. 
21. 49070’? — 28 aber + 42”. 
22. 1212* — 2862°y + 1697’. 
23. 289 a7y?2? — 102 2y'2"d + 9 yz". 
24. 361 2°y'?2’ — T6abcexyz + 40°67’. 


Case IV. 


101. When a Binomial is the Difference of Two Squares. 
(1) Resolve into factors a — y. 
From § 81, (x+ y)\(e#—y)=2?—-y’. 


Hence, the difference of two squares is the product of 
two factors, which may be found as follows: 


Take the square root of the first term and the square root 
of the second term. 

The sum of these roots will form the first factor. 

The difference of these roots will form the second factor. 


102. If the squares are compound expressions, the same 


method may be employed. 
(1) Resolve into factors (vw + 3y)? — 16a’. 


The square root of the first term is # + 3y. 

The square root of the second term is 4a. 

The sum of these roots is 7+ 3y + 4a. 

The difference of these roots is 7+ 3y—4a. 

Therefore (x + 3y)? — 16a2=(4+3y+4a)(e+3y— 4a). 
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(2) Resolve into factors a? — (86 — 5c)’. 


The square roots of the terms are a and (3b —5e), 

The sum of these roots is a + (3b — 5c), or a+ 36 —5e. 

The difference of these roots is a — (3b — 5c), ora—3b + 5e. 
Therefore a? — (3b —5c)?=(a+3b—5c\(a—3b + 5e). 


108, If the factors contain like terms, these terms should 
be collected so as to present the results in the simplest 
form. 


(3) Resolve into factors (8a + 5b)? — (2a —386)% 


The square roots of the terms are 3a + 5b and 2a— 30. 
The sum of these roots is (3a + 5b) + (2a—3b) 
or 3a+5b+2a—3b=5a +4 20. 
The difference of these roots is (3a + 56) —(2a— 3D), 
or 3a+5b—2a4+3b=a+4 8b. 
Therefore (3a + 5b)? —(2a—3b) = (5a + 2b)(a + 8d). 


104. By properly grouping the terms, compound expres- 
sions may often be written as the difference of two squares, 
and the factors readily found. 


(1) Resolve into factors a? — 2ab + 6? — 9c’. 

a —2ab+0?—9c? = (a —2ab + 0’) —9e? 
=(a—b/?—9¢ 
=(a—b+8c)\(a—b—3Bce). 

(2) Resolve into factors 12ab + 92? — 4a?— 90’, 


Norr. Here 12a shows that it is the middle term of the expres- 
sion which has in its first_and last terms a? and 6?, and the minus 
sign before 4a? and 90? shows that these terms must be put in a 
parenthesis with the minus sign before it, in order that they may be 
made positive. 


The arrangement will be 
92? — (4a? — 12ab + 90’) = 92? — (2a —386)? 
= (82-+2a—36)(8"—2a+8D). 


required. 

— ait b?— c+ qd? 
= (6? + 2bd + d*) — (a? — 2ac + c’) 
=(6+d)?—(a—c) 
=(b+d+ta—c\(b+d—ate). 
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(3) Resolve into factors — a’ + 0? — c’? + d?+ 2ac+ 26d. 


Norr. Here 2ac, 26d, and — a’, —c*, indicate the arrangement 


2ac + 2bd 


Exercise 31. 


Resolve into factors: 


1. a? — 0’. 
2. a? — 16. 
3. 4a? — 25. 
4. at— dt 
5. af—1. 
6. a’ — b*. 
7. a&—1. 
8. 362° — 497’. 
9. 1002*7? — 121 ad’. 
10. 1— 4927. 
11. at — 2587. 
12. (a— b)'—c?. 
13. xz’ —(a— 5)’. 
14. (a+6)?— (c+ d)’. 


- (@+y)'—(@—y)’ 
. 2ab—a’?— b+ 1. 


0 2 — 2yz—y' — 2’. 


18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 


xv? —Qay + y*— 27. 

a’ + 12be— 40? —9e’. 

a? —Qayty—x2? — 2xz—2’, 
22y —v—y +2’. 

e+ y?— 2— dP. — 2ay—2dz. 
xe? —y* +. 2? — a—2ar2+2ay. 
Qab+a?+ b?—e’. 
2xy—2—y*+a?+6?—2ab. 
(ax + by)? — 1. | 
L—2—y'*+ 2ay. 

(5a — 2)?— (a— 4)’. 

a? —2ab + BP — a, 

(w+ 1) - (y+ 

(2 +b Ti G1). 

a? — 2+ 4ay—4y’. 

a? — Db? — 2be — c’. 


4a*—92?+ 62-1. 
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CasE V. 
105, When a Trinomial has the Form a*+a7b?+ bt. 


A trinomial in the form of a*+a?}?+5* can be written 
as the difference of two squares. 

Since a trinomial is a perfect square when the middle 
term is twice the product of the square roots of the first 
and last terms, it is obvious that we must add a’? to the 
middle term of a*-+ a*b?+ b* to make it a perfect square. 
We must also subtract ab? to keep the value of the 
expression unchanged. We shall then have 


(1) at+07°0?+ b= a‘ + 2076’ + bt — a’d? 
= (a + 6) — ab? 
= (av + 6 + ab) (a? + 8 — ab) 
= (a + ab + 67) (a — ab + 8’). 
If in the above expression we put 1 for 4, we shall have 
(2) att@+1=(at+2¢+1)—@ 
=(@+1)—-@ 
=(7+1+a)(¢7?+1-a) 
=(¢@+a-+1)(a’—a+l). 
(3) Resolve into factors 45* — 37 6’c? + 9c*. 


Twice the product of the square roots of 4b* and 9ct is 12 b?c?. 
We may separate the term — 3747c? into two terms, — 126%c? and 
— 25 6*c?, and write the expression 


(45+ — 12.67c? + 9c*) — 2587? 
= (20? — 3c’)? — 250°? 
= (20? — 3c? + 5bc) (20? —3c? — Bbc) 
= (20° + 5be — 8c’) (20°’— 5be— 8c"). 
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Exercise 32. 


Resolve into factors : 


1. attayty'. 8. 49m*-+ 110 m?n? + 81 n*. 
2. 9a*+3a7y'+ 477%. 9. 9at+ 2la’e’ + 25c*. 

8. 162*— 17277 + 7. 10. 49a* — 1576? + 121 &. 
4. 8la*+ 23070? + 160%. 11. 642*+ 128277?+ 81y*. 
5. 8lat—28076?+160'. 12. 4a*—372°77+9y*. 

6. 9a*+ 3827777 + 497%. 13. 252+ — 41277? + 1677. 
7. 25at — 9a7b? + 168%. 14. 8lat*— 342°? + y*. 


Case VI. 
106. When a Trinomial has the Form x’? + ax-+b, 


From § 84 it is seen that a trinomial is often the product 
of two binomials. Conversely, a trinomial may, in certain 
cases, be resolved into two binomial factors. 


107. If a trinomial of the form 2?+ axr+ 6 is such an 
expression that it can be resolved into two binomial fac- 
tors, it is obvious that the first term of each factor will be 
zx, and that the second terms of the factors will be two 
numbers whose product is 6, the last term of the trinomial, 
and whose algebraic sum is a, the coefficient of x in the 
middle term of the trinomial.. 


(1) Resolve into factors a?+1la-+ 30. 


We are required to find two numbers whose product is 30 and 
whose sum is 11. 

Two numbers whose product is 30 are 1 and 30, 2 and 15, 3 and 
10, 5 and 6 ; and the sum of the last two numbers is 11. Hence, 


av +lla+30=(a+5)(a+ 6), 
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(2) Resolve into factors 2? — 7a-+ 12. 


We are required to find two numbers whose product is 12 and 
whose algebraic sum is — 7. 
. Since the product is + 12, the two numbers are both positive or both 
negative; and since their sum is — 7, they must both be negative. 
Two negative numbers whose product is 12 are — 12 and —1, —6 
and — 2, —4 and —3; and the sum of the last two numbers is — 7. 
Hence, 


xv? —Tx+12= (# —4)(x— 3). 


(3) Resolve into factors 2? + 2% — 24. 


We are required to find two numbers whose product is — 24 and 
whose algebraic sum is 2. 

Since the product is — 24, one of the numbers is positive and the 
other negative; and since their sum is +2, the larger number is 
positive. 

Two numbers whose product is — 24, and the larger number posi- 
tive, are 24 and —1, 12 and — 2, 8 and — 3, 6 and — 4; and the sum 
of the last two numbers is + 2. Hence, 


x? + 2% —24= (a+ 6)(x — 4). 


(4) Resolve into factors 2? —32—18. 


We are required to find two numbers whose product is — 18 and 
whose algebraic sum is — 3. 

Since the product is — 18, one of the numbers is positive and the 
other negative; and since their sum is — 3, the larger number is 
negative. 

Two numbers whose product is — 18, and the larger number nega- 
tive, are —18 and 1, —9 and 2, —6 and 3: and the sum of the last 
two numbers is —3. Hence, 


a? — 8” —18=(x—6)(4+8). — 
Therefore in general, 
2+ (at b)a+ab=(«+a)(x +b) 


whatever the values of a and 6b. 


v’+lle+ 24. 
z?+llze-+ 30. 
y? + 17y+ 60. 
2+ 132+ 12. 
x’? +212¢+110. 
y? + 85y + 800. 
6? + 236 + 102. 
v’+32+2. 
v’+Ta2+6. 
a+ 9ab+ 886". 


. 2@+18ar+ 86a’. 
~ Y+19py + 48p’. 
- 2 +2992+ 1009’. 
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Exercise 33. 


Resolve into factors : 


14. 
15. 
16. 
1%. 
18. 
19. 
20. 
Als 
22. 
23. 
24. 
25. 
26. 


Exercise 


Resolve into factors : 


_ 


oT Fw ON 


. 2—Txe+10. 
x’? — 292+ 190. 
a — 23 a-+ 182. 
6? — 306 + 200. 
2 — 432+ 460. 
xv’ —Tx2+ 6. 


a‘+ 5a?+ 6. 

2+ 42+ 3. 

wb’ + 18 ab + 82. 
ary* + 7 arty? + 12. 
z°+ 102+ 16. 

a’ + 9ab + 2067. 
xg’ + 92° + 20. 


au? + l4abe + 336’. 
ae + Tacx + 102’. 
vy 2 + 19 xyz + 48. 
6c? + 18abe + 65a’. 
ys? + 28 rsz + 902”. 
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mn‘ + 20 m?n*pg+51 p’q’. 


34. 


x* — 4a72? + 8a’. 


xv’ — 8x24+12. 
2? — 572+ 56. 
. f —TyY¥ +12. 


. vy? — Way + 26. 
. vb’—11a@’b* + 30. 
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13. a’b’c? —18 abe 4+ 22. 19. 
14. 2#?— 152+ 50. 20; 
15. 2? —20x-+ 100. 21. 
16. a’2? —2lax-+ 54. 22. 
17. a’x’?— 16abz + 390’. 23. 
18. a’c? — 24acz+ 14827. -24. 


a” — 20x + 91. 

a* — 23% + 120. 

2’? — 582 + 360. 

2 —(a+ec)x+ae. 

ye — 28 abyz + 187 a7’. 
cd? — 80abed + 221 a7b?. 


Exercise 35. 


Resolve into factors: 


12" 62: — 1. 8. 
2. v#+5ax— 84. 9. 
3. y+ Ty — 60. 10. 
4. y+12y—45. bik 
5. 2?+112—12. 12. 
6. 2+182— 140. 13. 
7. a +138a— 300. 14. 


a + 25a — 150. 

6° +. 3864 — 4. 

be + Bho — 154, 
ce” + 15¢° — 100. 
e?+17¢ —390. 

a +a— 182. 
x'y2’ + Days — 22. 


Exercise 36. 


Resolve into factors : 


1. 2’ — 32 — 28. 6. 
2. y'—Ty— 18. te 
3. xv’ —9x— 86. 8. 
4. 27—11z—60. 9. 
5. “2? —1382—14. 10. 


a? —15a— 100, 
ce” — 9¢,— 10; 
a” — 8a — 20) 


y’ — day — 50a’. 
ab? — 3 abi 
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11. a’? — 8ax — 54. 14. o2t — Bye? — 84. 

12. cd’? — 24cd — 180. 15. ab? — 16ad — 36. 

13. a’? —a'e — 2. 16. 2? —(a—b)x—ab. 
Case VII. 


108. When a Trinomial has the Form ax’ + bx + c. 


From § 85, 
(8a — 2) (52+ 8) 
= 152? + 9x—10x%—6=152?—x-—6. (1) 
(3% — 2) (5% —8) 
= 152? —9x— 107+ 6= 152? —192+-6. (2). 


Consider the resulting trinomials : 
The first term in (1) and (2) is the product 3a x 52, 
The middle term in (1) is the algebraic sum of the products 
3a xX 3 and (— 2) x 5a. 
The middle term in (2) is the algebraic sum of the products 
3a X (— 3) and (— 2) x 5a. 
The last term in (1) is the product (— 2) x 3. 
The last term in (2) is the product (— 2) x (— 3). 
The trinomials have no monomial factor, since no one of their 
factors has a monomial factor. Hence, 


1. If the thd term of a given trinomial is negative, 
the second terms of its binomial factors will have unlike 
sugns. 

2. If the third term is positive, the second terms of its 
binomial factors will have the same sign, and this sign is 
the sign of the middle term. 

3. If a trinomial has no monomial factor, neither of its 
binomial factors can have a monomial factor, 
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(1) Resolve into factors 627+ 172+ 12. 


The first terms of the binomial factors must be either 62 and a, or 
32 and 22. 

The second terms of the binomial factors must be 12 and 1, or 6 
and 2, or 3 and 4. 

We therefore write 


I. (62+ )(w+ .), or IL (824+: Ji2a aes 


For the second terms of these factors we must reject 1 and 12; for 
12 put in the second factor of I. would make the product 6x x 12 too 
large, and put in the first factor of I., or in either factor of II., the 
result would show a monomial factor. 

We must also reject 6 and 2; for if put in I. or II. the results 
would show monomial factors; and for the same reason we must 
reject 3 and 4 for I. 

The required factors, therefore, are (3a + 4) and (2@ +4 3). 


(2) Resolve into factors 14a?-— lla — 15. 
For a first trial we write 
(ie My (Zena 


Since the third term of the given trinomial is — 15, the second 
terms of the binomial factors will have unlike signs, and the two 
products which together form the middle term will be one +, and 
the other ~. Also, since the middle term is —1la, the negative 
product will exceed in absolute value the positive product by — 11a. 

The required factors, therefore, are (7 +5) and (2 — 83), 


Exercise 37. 


Resolve into factors: 


1. 122?— 5a — 2. 6. 627+ 52 —4. 
2. 1227?—T7a+1. 7%. 42° +18 2438. 
3. 122°?—-2—-1. 8. 42°+1lxz—8. 
Aw oA Dag are 9. 427 —47-—8, 
5. 327° +427 — 4. 10. 2? —8axz-+ 2a’. 
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11. 12a‘ + a2’? — x". 18. 6a?—19ac+ 10c’. 
12. 227+ 5ay + 27’. 19. 82°+ 34zy + 21y’. 
138. 6a72?+ ax—1. 20. 82? — 22zy—21y’. 
14. 66° — Tbe — 32’. 21. 627+ 19xy— Ty’. 
15. 427+ 8%+3. 22. lla?— 28ab +206". 
16. a’? — az — 62". 23. 2c?— 18cd+ 6a’. 


17. 8a’?+ 14ab — 150’. 24. Gy + Tyz— 32’. 


CasE VIII. 
109. When a Binomial is the Sum or Difference of Two Cubes. 


From § 88, Br eee etind Liege 


a+b 
and Bete) os +ab+ 6°. 
a—b 
“ & +0 =(a+ b)(a —ab-+ 0?) 
and a’ — b&§ = (a — b6)(a’ + ab + 0’). 


In like manner we can resolve into factors any expres- 
sion which can be written as the sum or the difference of 
two cubes. 


(1) Resolve into factors 8a? + 27 d°. 
Since by 2 98, 8a3=(2a)’, and 2706§=(306?)3, we can write 
8a’ + 2708 as (2a)? + (3b). 
Since a’ + 6? = (a + b)(a? — ab + D?), 
we have, by putting 2a for a and 3 0? for 5, 
(2.a)® + (3 67) = (2a + 30%)(4.a? — 6 ab? + 9 D4). 
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(2). Resolve into factors 1252? — 1, 
12523 —1=(52))—1 
= (5a — 1)(25a? + 5a + 1). 
(3) Resolve into factors 2° + 7’. 
a? + y? = (a7) + (y*)? 
= (2? + y?)(a* — ay® + y?). 
110. The same method is applicable when the cubes are 
compound expressions. 


(4) Resolve into factors (« — y)? + 2°. 


Since a® + 63 =(a + b)(a?— ab + 6°), 
we have, by putting «— y for a and z for 6, 


(c¢—yP+2%=[(@—y) +2][@-—yP—-@—ye +2] 
= (x — y + 2)(a® — 2ay + y* — wz + ye + 2”). 


Exercise 38. 


Resolve into factors : 


1. 2’+8. 8. 27 a* — 1728. 
PA ig 2 SRA NY 9. 270s 

3. y+ 642. 10. («+y)—1. 
4. 6409+ 125¢, 11. (a@ty¥+1. 
5. 82° — 277’. 12. 8a'—(a—by’. 
6. 647° — 10002". 13, (2 + y)* se 


7 129a° — 51277. 14. (%-+y) = 
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CasE IX. 


111, When a Polynomial is the Product of Two Trinomials. 
The following method is convenient for resolving a poly- 
nomial into its trinomial factors: 


Find the factors of 
2x2? — Sxy+ 2y+ 7 xz —5yz + 82". 


1. Reject the terms that contain z. 

2. Reject the terms that contain y. 

3. Reject the terms that contain z. 

Factor the expression that remains in each case. 
1. 2a? —5ay + 2y? =(«—2y)(2a—y). 

2. 207+ Taz +32? =(x 4+ 32) (2a +2). 

3. 2y?—5yz +32? =(2y—32z) (y —2). 


Arrange these three pairs of factors in two rows of three factors 
each, so that any two factors of each row may have a common term 
including the sign. 


Thus, e—2y, +32, —2y +32; 
2u—y, 2u+2, —y+z. 
From the first row, select the terms common to two factors for 
one trinomial factor: 
x —2y +32. 
From the second row, select the terms common to two factors for 
the other trinomial factor. 


2u—y +z. 
Hence, 22*— 52xy + 27? + Txz—5yz24 32? 
= («4 — 2y+ 82)(24-—-y+2). 


112. When a factor obtained from the first three terms 
is also a factor of the remaining terms, the expression is 
-easily resolved. Thus, 
xv? — say +2y?—32+4+ 6y 
= (w — 2y)(x—y) — 3 (e@— 2y) 
= (a — 2y)(a — y — 3). 
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Exercise 39. 


Resolve into factors : 


= 


22° —5ay+ 27 —172+18y+421. 
6a? —3872y+ 6y? —52—5y—-1. 
627 — day — 67° —2—5y—l1. 

5a — 8xey+38y+74—5y4+2. 
22° —ay—3y— 82+ Ty+6. 
v— 2y — 10x —20y+4 21. 

22? — Bay + 2y — xz — yz — 2. 

62? + cy — yy’ — 3822+ byz — 92”. 
62? —Tay+y + 85az — 5 yz — 62. 
5a” — Bry + 37 — 38x24 yz — 227, 


. 227 — ry — 34 — Sy2z— 22’. 

. 62 —1l8xry+ by + 1222 — 18 yz4+ 62. 
. &@—A2ryty+5u—dy. 

. 22° + dary — 387? — 442+ Zyz. 


CasE X. : 


118. Binomials of the Form x” — y” or x*+ y”, andu>3, 


1. When a binomial has the form 2” — y”, but cannot be 
written as the difference of two perfect squares, or of two 
perfect cubes, it is still possible to resolve it into two fac- 
tors, one of which isz—y. Thus (§ 89), 


a’ — b& = (a — b)(a* + a°b + a’b? + ab? + BO). 
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2. When a binomial has the form 2"+ y",.but cannot be 
written as the sum of two perfect cubes, it is still possible 
to resolve it into two factors, except when n is 2, 4, 8, 16, 
or some other power of 2. Thus (§ 89), 


a+ b= (a+ b)(a* — a*b + ab? — ab® + 5*). 


But @v+0?, at+*, a®+ 6°, cannot be resolved into 
rational factors. 


Note 1. The student must be careful to select the best method 
of resolving an expression into factors. Thus, a® — 68 can be written 
as the difference of two squares, or as the difference of two cubes, o- 
be divided by a — 6, or by a+6. Of all these methods, the best is to 
write the expression as the difference of two squares, as follows : 


(a*)? ae (0°) = (a3 ee b?)(a8 Fast b?) 
. = (a+ b)(a?— ab + (a — b)(a? + ab + 22). 


Nore 2. From the last example, it will be seen that an expres- 
sion can sometimes be resolved into three or more factors. 


28 — 08 = (at + B4)(at — d*) 
= (at + B4)(a? + b%)(a? — 2) 
= (xt + b*)(a? + B)(a + b)(a — B). 


Nore 3. When a factor occurs in every term of an expression, 
this factor should first be removed. Thus, 


8a? — 50a? + 42% — 10a = 2(4a? — 25a? + 2a —5a) 
= 2[(42? — 25a?) + (2x—5a)] 
= 2(24%—5a)(2x+5a + 1). 
Nore 4. Sometimes an expression can be easily resolved if we 


replace the last term but one by two terms, one of which shall have 
for a coefficient an exact divisor or a multiple of the last term. Thus, 
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(1) w&—5a? + 1la—15 = (a — 52? + 6a) + (6a —-15) 
= x(x? — 5x +6) + 5(x—3) 
= (e — 3)[a(e— 2) +5] 
= (w — 3)(a? — 2% + 5). 


(2) a — 26a —5 = (a?.— 252) — (a + 5) 
= x(a — 25) — (@ + 5) 
= (w + 5)(a® —5x—1). 

(3) a +32? —4 = (a3 + 227) +. (2? — 4) 
= 27 (a + 2) + (a? —4) 
= (0+ Ya? +2) 
= (x + 2)(@ + 2)(x —1). 


Exercise 4O. 
MISCELLANEOUS EXAMPLES. 


Find the factors of 


1. 527— 152 — 20. 9. af+a?+1. 

2. 22° —162*+4 242°. 10. 2—¥? — x24 yz. 

3. 3a7b? —9ab— 12. 11. ab—ac—6'-+ be. 

4. 7+2ar+2?+4a+4z7. 12. 32°—3822—a2y-+ yz. 
5. a@—2ab+? —e’. 13. a? —2?— ab — bz. | 
6. v—2aryt+y—C?+2cd—d’. 14. @—2ax+2*+a—z. 
7 4—27 — 22° — 27. 15. 382°—3y— 224-4 Qy. 
8. a —b—a—b. 16. eat+aet2se. 


17. a‘a* — a’2* — aa’? +1. 


18. 32° — 2ay — 2iay’+187. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 


42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 


59. 


63. 
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4a*f— 2? + 2x—1. 30. 


a — yf. $1. 
a + of, $2. 
729 — 2°. 33. 
ey + y®. 34. 
ate — ce’. 35. 
xv’? +42 — 21. 36. 


8a? — 21ab+ 8067. 37. 
2u*—42°y—6277". 38. 
4a? —4ab+ 6’. 39. 
162? — 802y + 1007”. 40. 
41. (x—y)(x’— 2) — 
a? — 5a — 24. 50. 
(7—y—#y—4y7'2?, 51. 
5 ay’ + 5 x’yz — 6022. 52. 
382° —2?+ 8a4—1. 53. 
ee nt = nt. 54, 
40°76? — (a? + 0?—c’*). 55. 
a’ +a’. 56. 
1— 14a0°7 +49 0%, BY. 


36 wary? — 25 Bay”. 

9 x’y* — 80.xy7z + 25 27. 
162° — x. 

2 —2 xy—2 vz+y?+2 y2+2?. 
a’ —ab—60?—4a+120. 
w+ 2ey+y—x—y—6. 
(a+ b)* — ct. 

x’ —ay—6y—4a-+ l2y. 
1l—2+2'7 — 2’. 

oz — llay + 67’. 

xv’ + 202+ 91. 

(aw —2)(2* —y/). 

y’ —4y—11%. 

x? + 6x2 — 185. 

4a? — 12ab+90?—4c? 
(a+ 36) —9(b6—c). 
9a"? — 47? + 4y2 — 2. 

6 Bx? — 7 ba° — 8 xt. 

a’ — b*® — 8ab(a—d). 
OY + dxy(x+y). 


58. a — b?— a(a’? — 0?) + b(a — B)’. 


9x? —82y?—6y*. 60. 


627+ lday+6y’. 


61. 6a7b? — ab’ — 120%. 
62. a’?+2ad+ d?—40?+12be — 9c’. 


2—Qayt4ary?—8y’. 64. 


4 a?a? — 8abx + 30". 
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65. 
66. 
67. 
68. 
69. 
70. 
va 
72. 
73. 
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182? — 24ry+ 8y+9x—6y. 74. 1l6a*x — 22%, 
227+ 2ay—12y’?+6x2+18 yz. 75. 3262°—4by’*. . 
(2+yy—l—ay(@ty+l1). 6. «— 272+. 
e—y—e2+Qyz+at+y—2z. 7%. 2e?—y”". 
22°14 ry+2y'+2ar+2ay. 78. 49m — 121n’. 


16a7b + 82abe + 12 bc’. 79. 16—81y.. 
mp — mq — np + nq. 80. 122! 2-6. 
12az’? — l4 ary — bay’. 81. #—2’?+a2—1. 
22° + 427 — 70x. 82. +2¢+1-y. 


83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 
97. 


49 (a — 6)? — 64(m — nj’. 

4 (ab + cd) — (a + 6 — c?— a’). 

x — 58x + 3860. 

xv —2ey+a—474+8y—4. 
2ab — 26e — ae+ce+ 26 — be. 
125 2° + 350 2°? + 245 xy’. 

a& + a®b + ab? + a?b® + a7b* + ab’. 
2ata — 2abcex + 2acka — 2c*x. 

627 — Say — 67’? + 322+ ldyz — 92’. 
4a? —9ay+2y — 3 2x2 — yz — 2. 
3a — Tab+ 20? + 5ace — 5bc + 2c’. 
vt — 2a? +27>—82+8. 

5a’ — 8ay+3y— 52+ 3y. 

a? — 2ad+ d? — 46?+ 12bc — 9c’. 
(a? — 2 — 6)(2? — x — 20). 


CHAPTER VIII. 


COMMON FACTORS AND MULTIPLES. 


114, Common Factors. A common factor of two or more 
numbers is an integral number which divides each of them 
without a remainder. 


115. A common factor of two or more expressions is 
an integral and rational expression which divides each of 
them without a remainder. Thus, 5a is a common fac- 


tor of 20a and 25a; 382°y’ is a common factor of 122%’ 
and 152%y°. 


116. Two numbers are said to be prime to each other 
when they have no common factor except 1. 


117. Two expressions are said to be prime to each other 
when they have no common factor except 1. 


118, The highest common factor of two or more numbers is 
the greatest number that will divide each of them without 
a remainder. 


119. The highest common factor of two or more expres- 
sions is the expression of highest degree that will divide 
each of them without a remainder. Thus, 3a? is the highest 
common factor of 8a’, 6a’, and 12a‘; 52°y’ is the highest 
common factor of 102°y’? and 15 2’. 

For brevity, we use H.C. F. to stand for “highest com- 
mon factor.”’ | 


94 ALGEBRA. 


To find the highest common factor of two algebraic 
expressions : 


CASE I. 


120. When the Factors can be found by Inspection. 
(1) Find the H.C. F. of 42a°6? and 6076+. 
420°? =2X3xX 7X aaa x 66; 
60a7b*= 2x 23x 5X aa x bbdb. 
- the H:C.F.=2x3& aa. bb orm ce 


(2) Find the H.C. F. of 2a@?7+ 2az? and 3abry + 3 b2’y. 


2a°x-+ 2027 =2axr(a+2z); 
Sabry + 8 ba’y = 3bry(a+ 2). 
*. the H.C.F. =2(a+ 2). 


(3) Find the H.C. F. of 427+ 42 — 48, 62? — 482+ 90. 
4a? + 42—48 =4(2?+2—12) 
=4(4@—3)(«#+4); 
62? — 482+ 90 = 6(a2’ — 84+ 15) 


= 6 (x — 8)(a@—5). 
theo Hs Gees = 2(x — 8) ‘ 
ai ipa Cys 


Hence, to find the H.C. F. of two or more expressions : 


resolve each expression into ats sumplest factors. 

Find the product of all the common factors, taking each 
Factor the least number of tumes wt occurs in any of the given 
eXPTessions. , 


Find 


1. 
2. 
3. 
4. 
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Exercise 41. 
the H.C. F. of 
18ab'c’'d and 36a°*bed’. 
17 pq’, 3479, and 51 pq’. 
Sryz, 1297772, and 202'y°2*. 
30 2*y°, 9027y*, and 120 2%. 


5. a — 8 and a’ — 8’. 7 @&+2° and (a+z). 
6. a —2 and (a—z)’. 8. 927—1 and (82+1)*. 


9. 72?—42z and Ta’x — 4a’. 
10. 12a*x*y —4a'xy’ and 30a7x*? — 10a72’z’. 
11. 8a°b’ce —12a7bc® and 6ab‘te + 4ab ec’. 
12. 2?—22—538 and 2’?+2—-12. 
13. 2a°— 2ab’ and 4b(a-+ 0)’. 
14. 122°y(x —y)(a — 8y) and 182°(x— y)(8x—y). 
15. 32°+ 62? — 242 and 62° — 962. 
16. ac(a—b)(a—e) and be(b—a)(b—c). 
17. 10a*y— 602’y’+ 5x7’ and 52*y? — 5 xy’? — 1007. 
18. x(a-+1)', 27 (@’—1), and 2x(2?— x — 2). 
19. 327—62+ 38, 627+ 62—12, and 122? — 12. 
20. 6(a—b)*, 8(a?— 2%), and 10(a* — 24). 
21. 2 —y’, (x+y), and 7+ 32y4+ 27’. 
22. 2t—y*, a —y', and 2? — Try + 67’. 


. #—1, e—1, and v’+xr—-2. 
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CasE II. 


121, When the Factors cannot be found by Inspection. 


The method to be employed in this case is similar to 
that of the corresponding case in Arithmetic. And as in 
Arithmetic, pairs of continually decreasing numbers are 
obtained, which contain as a factor the H.C. F. required, 
so in Algebra, pairs of expressions of continually decreas- 
ing degrees are obtained, which contain as a factor the 


H.C. F. required. 


122, The method depends upon the following principles : 


(1) Any factor of an expression is a factor also of any 
multyple of that expression. 


Thus, if ¢ is contained 8 times in A, then e¢ is contained 
9 times in 3 A, and 8 m times in mA. 


(2) Any common factor of two expressions is a factor of 
ther sum, ther difference, and of the sum or difference 
of any multiples of the expressions. 


Thus, if ¢ is contained 5 times in A, and 8 times in B, 
then ¢ is contained 8 times in A+B, and 2 times in 
A—B. 

Also,in5A+28 it is contained 5x 5+2. 8, or 81 times, 
and in 5A — 2B it is contained 5 xX 5— 2 8, or 19 times. 


(3) The H. C.F. of two expressions is not changed uf one 
of the expressions is divided by a factor that is not a factor 
of the other expression, or if one 1s multiplied by a factor 
that is not a factor of the other expression. 


Thus, the H.C. F. of 4a@bc? and a’c’d is not changed if 
we remove the factors 4 and 6 from 4a7be’, and d from 
a'c'd; or if we multiply 4a%ec* by 7, and a’e’d by 11. 
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123, We will first find the greatest common factor of 
twe arithmetical numbers, and then show that the same 
method is used in finding the H.C.F. of two algebraic 
expressions. 


Find the greatest common factor of 18 and 48. 
18) 48 (2 
36 
12)18(1 
12 
6)12(2 
12 

Since 6 is a factor of itself and of 12, it is, by (2), a fac- 
tor of 6+ 12, or 18. 

Since 6 is a factor of 18, it is, by (1), a factor of 2 x 18, 
or 86; and, therefore, by (2), it 1s a factor of 836+12, or 48. 

Hence, 6 is a common factor of 18 and 48. 

Again, every common factor of 18 and 48 is, by (1), a 
factor of 2 x 18, or 36; and, by (2), a factor of 48 — 36, 
or 12. | 

Every such factor, being now a common factor of 18 and 
12, is, by (2), a factor of 18 — 12, or 6. 

Therefore, the greatest common factor of 18 and 48 is 
contained in 6, and cannot be greater than 6. Hence 6, 


which has been shown to be a common factor of 18 and 48, 
is the greatest common factor of 18 and 48. 


124, It will be seen that every remainder in the course 
of the operation contains the greatest common factor sought ; 
and that this is the greatest factor common to that remain- 
der and the preceding divisor. Hence, 


The greatest common factor of any divisor and the corre- 
sponding dividend is the greatest common factor sought. 
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125. Let Aand B stand for two algebraic expressions, 
arranged according to the descending powers of a common 
letter, the degree of J being not higher than that of A. 

Let A be divided by 4, and let Q stand for the quo- 
tient, and # for the remainder. Then 


B)A(Q 
BQ 
R 
Whence, R= A— BQ, and d= BQO+ BR. 


Any common factor of B and A# will, by (2), be a factor 
of BQ+ R, that is, of A; and any common factor of A and 
B will, by (2), be a factor of A — BQ, that is, of BR. 

Any common factor, therefore, of A and B is likewise 
a common factor of B and #. That is, the common fac- 
tors of A and B are the same as the common factors of B 
and #; and therefore the H.C. F. of B and ZR is the 
He Gli ot Avands 6: 

If, now, we take the next step in the process, and divide 
B by £&, and denote the remainder by S, then the H.C. F. 
of S and # can in a similar way be shown to be the 
same as the H.C. F. of B and £#, and therefore the H.C. F. 
of A and £4; and so on for each successive step. Hence, 


The H.C. F. of any dwisor and the corresponding divi- 
dend is the H. C. F. sought. 


If at any step there is no remainder, the divisor is a fac- 
tor of the corresponding dividend, and is therefore the 
H.C. F. of itself and the corresponding dividend. Hence, 
the last divisor is the H.C. F. sought. 


Notre. From the nature of division, the successive remainders are 
expressions of lower and lower degrees. Hence, unless at some step 
the division leaves no remainder, we shall at last have a remainder 
that does not contain the common letter. In this case the given 
expressions have no common factor. 
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Find the H.C. F. of 227+ 2 — 3 and 42°+ 827 — x— 6. 
227?+2—3)42°4+82?— x-—6(244+8 


4e° +227 —62 
627 -+52—6 
62° + 382-9 
22+3)227+ x—38(¢4—-1 
227+ 32 
—2x—8 
pane ee. OF == 2a + 3. a Day 


Each division is continued until the first term of the remainder is 
of lower degree than that of the divisor. 


126. This method is of use only to determine the com- 
pound factor of the H.C.F. Simple factors of the given 
expressions must first be separated from them, and the 
H.C. F. of these must be reserved to be multiplied into the 
compound factor obtained. 


Find the H.C. F. of 
122+ + 302° — 722 and 322°+ 8427 — 176z. 


122* + 302° — 7227 = 627°(24?+ 54 — 12). 
822° + 8427 — 1764 = 44(82'+ 21a — 44). 
6x2’ and 4x have 2x common. 
227+ 5a —12)82°+ 21a — 44(4 
82° + 20x — 48 
a+ 4)22?+5xr4—12(24-—38 
22°+ 82 
—3a—12 
. the H.0. F. = 2x7(x-+ 4). —8a—12 
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127. Modifications of this method are sometimes needed. 
(1) Find the H.C.F. of 4z?—82—5 and 122’—4z—65. 


42? — 84 —5)122°— 42 —65(3 
1227 4a —15 


20 7 — 50 


The first division ends here, for 20a is of lower degree than 42”. 
But if 202 —50 is made the divisor, 4%? will not contain 20a an 
integral number of times. 

The H. C. F. sought ts contained in the remainder 20x — 50, and is 
a compound factor. Hence if the swmple factor 10 is removed, the 
H.C. F. must still be contained in 2% —5, and therefore the process 
may be continued with 2x —5 for a divisor. 


2x%—5)427— 8x—5(22+4+1 


4Ae* 10x 
2x—5 
2xn—5 





. the H.C. F.= 22 —65, 


(2) Find the H.C. F. of 
21a? —4a*— 152 — 2 and 212° — 322° — 54x — 7. 
212° — 42° — 152 — 2) 212° — 822° — 5424—7(1 
2128— 427>—15¢4—2 


— 282° — 39a2—5 


The difficulty here cannot be obviated by removing a simple factor 
from the remainder, for — 28 x? — 39% —5 has no simple factor. In 
this case, the expression 21a? — 4? — 15x — 2 must be multiplied by 
the simple factor 4 to make its first term exactly divisible by — 28 a?. 

The introduction of such a factor can in no way affect the H.C. F. 
sought, for 4 is not a factor of the remainder. 

The signs of all the terms of the remainder may be changed; for 
if an expression A is divisible by — JF, it is divisible by + F. 

The process then is continued by changing the signs of the re- 
mainder and multiplying the divisor by 4. 
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282? + 394+ 5)8427— 162°?— 60x— 8(82 
| 842° +11727+ 152 
—1832?— T5x— 8 
Multiply by — 4, —4 
53227 + 8002 + 82(19 
5822? + 7412+ 95 
Divide by — 63, — 63) — 441 x2 — 68 
Tz+ 1 


Tx + 1)282?+ 397+ 5(44+4+5 
2827+ 42 


B5a+5 
retuned. 0. Fis T7a-+1) 352+5 


(3) Find the H.C. F. of 
82’? + 2a4—8 and 62°+ 52? — 2. 
Bo D7? 0 2 
4 
82? + 24 —38)242°+4 202?— 8 (8247 
2427+ 62?— 9a 
1427+ 9x2— 8 
Multiply by 4, 4 
5627+ 862 — 82 
5627+ 142 — 21 
Divide by 11, EY) 2hc 1) 
2¢— 1)82?+2x—3(4244+3 
82’°—4ax 
62—3 
econo... b= 22 — 1, 6x2—8 
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The following arrangement of the work will be found 
most convenient : 





827 +2x2—38 627+ 527?— 2 

82?°— 4a 4 
62—3 2427+ 2027— 8 32 
62—3 22+ 62°— Ya 


1427+ 9x— 8 
4 
562? + 862 — 32 +7 
562? + 142 — 21 
11) 222% — 11 
22— 1 4x+38 


128. From the foregoing examples it will be seen that, in 
the algebraic process of finding the H.C.F., the follow- 
ing steps, in the order here given, must be carefully 
observed : 

I. Simple factors of the given expressions are to be re- 
moved from them, and the H.C. F. of these is to be reserved 
as a factor of the H.C. F. sought. 

II. The resulting compound expressions are to be ar- 
ranged according to the descending powers of a common 
letter ; and that expression which is of the lower degree is 
to be taken for the divisor; or, if both are of the same 
degree, that whose first term has the smaller coefficient. 

III. Each division is to be continued until the remainder 
is of lower degree than the divisor. | 

IV. If the final remainder of any division is found to 
contain a factor that is not a common factor of the given 
expressions, this factor is to be removed; and the resulting 
expression is to be used as the next divisor. 

V. A dividend whose first term is not exactly divisible 
by the first term of the divisor, is to be multiplied by such 
a number as will make it thus divisible. 


CM AST Pw Yo 
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Exercise 42. 


Find the H.C. F. of 


52?’ +4a2—1, 2027+ 212 —5. 

22° — 427 —182—7, 62° —1llz’?— 37x — 20. 

6at + 25a°— 21a?+ 4a, 24a*+112a’— 94¢?+ 18a. 
92° + 92? —4xa—4, 452° + 542” — 20a — 24. 

272° — 32° + 62° — 82’, 1622°+ 482° — 182’+ 62. 
20 2° — 602? + 502 — 20, 322* — 920° + 6827 — 242. 
4a°— 8x—5, 122?—4x — 65. 

38a° — 5a’x — 2az’, 9a? — 8a? — 20 a2’. | 

102° + 2? — 94+ 24, 202*— 1727+ 482 — 83. 

82° — 427 — 3824 — 182, 862° — 842? — 1llx— 126. 


. 527°(129°+427+172—38), 10x (242°— 52274 142-1). 
» 9aty —a’y* — 202zy'*, 18 a°y — 182°y? — 2x7’ — 87. 

. 627 —x—15, 92x? — 3a — 20. ) 

» 122 —92?4+ 5742, 242e?4+1027-+1. 

. 62° + 152?— 62749, 92°4+ 62? — 5l2z- 86. 

» 42° — ay —ay —5y', Ta? + 4ae°%y + 427? — 87’. 

» 2a — 2a? — 3a — 2, 8a? — a? — 2a — 16. 

. 127°+ 27? —94y — 60, 487° — 247? — 848 y + 380. 

- 9a (22*— 62° — 2? + 15% —10), 


62" (40'+ 62° — 42? — 152 —15). 


- 154*+228—75e?4+-5742 85 2'+a°—175 274 802-41. 
. Wat— 42? — 154° 2a, Qa — 322? — 5427. 
» Iaty—220°y?—8 xy'+1lO0y’, 9ary—6 247’ +-2yP—25 zy’. 


‘ 
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23. 62° —42*— 112° — 327>— 3x—1, 
4a*+ 22° — 182? + 82—5. 


24. xz*— ax®— ae? — ae — 2a, 32°— Tar’? + 8a'x — 2a’. 


129, The H.C. F. of three expressions may be obtained 
by resolving them into their prime factors; or by finding 
the H.C. F. of two of them, and then of that and the third 
expression. 

For, if A, B, and Care three expressions, 

and D the highest common factor of A and B, 

and #' the highest common factor of D and C, 
Then D contains every factor common to A and B, 

and # contains every factor common to D and C. 
.. / contains every factor common to A, B, and C. 


Exercise 43. 


Find the H.C. F. of 


1. 22? 4+ae—-—1, 2? +5244, 2+1. 
2. f —Y—y +l, 8Y — 24 — | Yn 
8. 2®—477+9x7—10, 2° 4+ 22’?— 32-4 20, 2? +52?— 94435. 
4. 2 — Tor? +1627—12, 32° — 142’ + 162, 
5a8 — 102°4+ Ta — 14. 
5. y—by4+lly—1, y-y+3y+5, 
2y¥—Ty+16y—15. © 
6. 227+ 82—5, 327—ax—2, 227+ 2-8. 
7 @-—1, 2-2 —a2x—-2, 2x — 2? —x—-3. 
8. 2&—38r—2, Qe +32?—1, +1. 
9. 12(2*— 7‘), 10(2°—7), 8 (aty + xy"). 


10. 2 + xy, ay +y*, a+ ay? + y*. 
11. 2(x’y — xy’), 3 (ay — ay’), 4(a'y— ay"), 5 (ey — ay’). 
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130, Common Multiples. A common multiple of two or 
more expressions 18 an expression which is exactly divisible 
by each of the expressions. 

The lowest common multiple of two or more expressions 
is the expression of lowest degree that is exactly divisible 
by each of the given expressions. Thus, 24(2?—y’) is the 
lowest common multiple of 8(a@— y) and 8(a+ y). 

We use L.C.M. to stand for “ lowest common multiple.”’ 


To find the L.C. M. of two or more algebraic expressions: 


CasE I. 


131. When the Factors of the Expressions can be found by 
Inspection. 
(1) Find the L.C. M. of 420°)? and 60a7O*. 
42.0°b? =2x3x 7x a x BD; 
. 60a! = 2X 2X3X5X a? x Bt. 


The L.C. M. must evidently contain each factor the greatest num- 
ber of times that it occurs in either expression. 


Peer N= 2x KI KO xX a? K Ot, 
= 420 a°b*. 
(2) Find the L.C. M. of 
4a’? +4x4—48, 62?— 4824+ 90, 42?—1027—6. 
4a?+ 44-48 =4(2? +2—12) =2x 2(x—3)(a + 4); 


6a? — 48x + 90 = 6(a? — 8x + 15) =2 x 3(a— 3)(e@ — 5); 
4a?—10a— 6=2(22?—52— 3) =2(H— 3)(22 + 1). 


weinOe Mi =2k 2x3 xX (#—3)(2-+4)(2—5)(22-+ 1). 
Hence, to find the L. 0. M. of two or more expressions: 


Lresolve each expression into its sumplest factors. 

find the product of all the different factors, taking each 
factor the greatest number of tumes vt occurs in any of the 
given expressions. 
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Exercise 44. 
Find the L.C. M. of 
Lieto baa da 6. 221, 4a eee 
2. 18az’, 72a, l2ay. 7. a+b, a +0%. 
Sr Oe ae 8. 2—]1, 2?+1, 2*—1. 
4, 2?—]1, x’? —2z. 9. 2?— 2, 2-1, 2+. 
5. a —b a? ad. 10. 2? —1, 2—2, #®—1. 
11. 2a44+1, 4¢—1, 8a°+1. 
12. (a+), a? — 8. 
13. 4(1+ 2), 4(1 —2), 201-2"). 
14. 2—1, +241, 2-1. 
15. a —y, (ety), (@—y/. 
16. v—y’, 8(¢@—y), 12(2+7/). 
17. 6(@’+2y), 8(xy—y’), 10(v7’—y’). 
18. 2+52+6, 27?+62-+8. 
19. a&—a— 20, a+a—12. 
20. 2 +112+ 30, +122 + 35. 
21. 2 —9x— 22, x — 182-4 22. 
22. 4ab(a’?—38ab + 28’), 5a’(a? + ab — 60’). 
23. 20(a@7—1), 24(a@? — 2-2), 16(2?+ 2 —2). 
24. l2xy(v’—y’*), 2x (a+y), 3y7(e— yy). 
25. (a— b)(b —c), (6—e)(e—a), (ec—a)(a—B). 
26. (a—b)(a—c), (6—a)(b—c), (ec—a)(e—)). 
27. 2@—47432, atta — 122’, + 32+ —42’. 
28. vy—xy’, 8x(x4—y)*, 4y(a#—y)*. 
29. (a+byY—(c+d)’, (at+cy—(b+d), (at+dy—(b+e). 
30. (2e—4)(82—6), (x—3)(4x2—8), (2e—6)(5a —10). 
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Case II. 


> 4 


132. When the Factors of the Expressions cannot be found by 
Inspection. 
In this case the factors of the given expressions may be 


found by finding their H.C.F. and dividing each expres- 
sion by this H.C. F. 


Find the L.C. M. of 
62° — lla*’y + 2y* and 92° — 22zy’ — 8y?. 


6 a — ll ay + 2y 9a — 22ay?— 8y3 3 
623— 8a%y — 427? 
— Say +4ay? + 273 
— 3a’ + 4ay? + 27° 





*, the H. 0. F. = 32? —4ay —2y?, 
Hence, 6a? — lay + 2y3 = (24 —y)(3 27 — 4 ay — 2y?), 
and 9a3 — 22ay?— 8y3 = (3824 4y)(3a? —4ay — 2y?). 
“. the L.C. M. = (2e—y)(82+4y)(82? —42y —2y’). 
183,. The product of the H.C. F. and the L. 0. M. of two 
expressions is equal to the product of the given expressions. 


For, let A and B denote the two expressions, and D their H.C. F. 

Suppose A= aD, and B= dD. 

Since D consists of all the factors common to A and B, a and b 
have no common factor, and L.C. M. of a and b is ab. 

Hence, the L.C. M. of aD and bD is abD. 


Now, A=aD, and B= bD. 
“, AB=abD*. 


-, AB _ abD = the lowest common multiple. 


Hence, the L.C. M. of two expressions can be found by 
dividing ther product by ther H. C.F. 
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134, To find the L.C.M. of three expressions A, B, C. 
Find &, the L.C. M. of A and &; then the L. C. M. of J, 
and Cis the L.C. M. required. 


Exercise 45. 
Find the L. C. M. of 
62?—4—2, 21a’?—17x44+2, 1427+ 52-1. 
v’—1, #+2x—8, 62?—2-2. 
ve — 27, 2 —152+4+ 86, 2®— 32°—274+ 6. 
52a?+192%—4, 102?+ 1382-3. 
122’ + ay—6y’, 182°+ 18 xy — 207’. 
xt — 22° 4+ 2, 2at — 205 — Qa — 2. 
1247+ 2% —4, 1227424 —24, 1207 284 — 24. 


ze —62?7+1llx—B6, 2—92°+ 262 — 24, 
xv — 82? +192 —12. 


9. 2—4a?, 242027140721 8a', 2—2a02*7+ 40's — 8a". 
10. 2+ 22°y — ay’? —2y’*, wv -—- 2a°y — xy? + 2y’. 

habia hip al a ae ie ae 

12. (l—a), (l1—a)’?, (1—a)*. 

13. (at+c)y—B’, (a+6)y—e, (6+c)—a’. 

14, 8°—8ey+eyr—y, 4e—cy— sey’. 

15. m—8m+38, m+3m+m+3. 


_ 


16. 20n'+n?—1, 25n'+5n?—n—1. 
17. #—2P+8°'—8)+8, 46°— 126° Gee 
18. 27? — 874+ 1272 — 877+ 27, 87°— 677+ 37. 


CHAPTER IX. 
FRACTIONS. 


185, An algebraic fraction is the indicated quotient of 


é . a 
two expressions, written in the form 5: 


The dividend a is called the numerator, and the divisor 6 
is called the denominator. | 

The numerator and denominator are called the terms of 
the fraction. 


136. The introduction of the same factor into the divi- 
dend and divisor does not alter the value of the quotient, 
and the rejection of the same factor from the dividend and 
divisor does not alter the value of the quotient. 

12 2x 12 Lee a 

Th i 

aie 2k4 aD 


Hence, it follows, that 





The value of a fraction rs not altered of the numerator and 
denominator are both multipled, or both dwided, by the 
same factor. 


REDUCTION OF FRACTIONS. 
187. To reduce a fraction is to change its form without 
altering its value. 
Case I. 
138, To reduce a Fraction to its Lowest Terms. 


A fraction is in its lowest terms when the numerator and 
denominator have no common factor. We have, therefore, 
the following rule: 
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Resolve the numerator and denominator nto ther prime 
factors, and cancel all the common factors ; or, divide the 
numerator and denominator by ther highest common factor. 


Reduce the following fractions to their lowest terms: 


(1) 38 abit tee 19 ab ct a 26%¢? 
16 57 abe 8 S19 abe 38a 








a2 _(a—2\etaete) atari e 
(2) ee 
Bie (a—x)(a+ x) atx 


(3) @ +1 a-+10 (a 48) a) ee 
“@+5a+6 (a+3)(a+2) a+ 





(4) 62°—d2—6 _ (22 —3)\82-52) ae 
82—2¢4—-—15 (2e—3)(474+5) 42445 


e—4e+4¢—1 
ee e—22+42 ry 
In example (5) we find by the method of division the 
H.C. F. of the numerator and denominator to be x — 1. 
The numerator divided by x — 1 gives 2? —38a2+1. 
The denominator divided by 2 — 1 gives 2 —x#+8. 
_ &@—47+4e— Le er 


2 4 Se ae ees 


Exercise 46. 


Reduce to lowest terms: 


1. em g, 22x38 
4a(a+1) 2 Gee 
init ide OU 4 a See 


eee * of Pee 


10. 
11. 
12. 
13. 
14. 
15. 
16. 


17. 


22?—x-—1 
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FRACTIONS. 
een ' g — 2a — 242 
_. jg, O22 — 2827 + l6x—3 
a+2a0°+2a+1 Mb Strole 
pase 0, vy pe ccc ha oO 
a’? -a—12 Oe — 2 — Ort] 
gi —4e'+9e—10 4, a?’ — ath — abt + 6 
a+ 22° — 32+ 20 no 0) a ob! 
Sat Ms 15 gg (a tbe 
eae + 32 +5 re 20 
a wy + xy’ —Y 9g, 8ab(a*— 0?) 
. e—ay — xy’ — 7 , 4 (ab — ab??? 
at + at — 5. 24 at + 2ab + bi — 
a’ —38a+2 j a + ab— ac 
br 7 2eHl g5, Oe —llaty + 8ay" 
eit gi—_a—l ; 6ary — Say’? — by 
@—B8e+4e—-2. 96 ati (b+o+dy 
v—xv—2x24+2 ; (a=by (e+ d\ 
42° — l2ar+9a* oy, 92 —Sa—6 | 
825 — 27 a3 BS Oe 
Lee I Den ek 
9a?+ 8ab — 20° ' (a — y)(a* — 7) 
a — 6? —2be—c’ sey 5 arate pasa 4 
a+ 2ab+ — | gt — ay + yt 
Mot 2et2 go, (a+ DY at Lad +0" 


(@ — B)(a? — ab +B) 
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CasE II. 


189, To reduce a Fraction to an Integral or Mixed Expression 





(1) Reduce — ; to an integral expression. 
e—]1 Cs 
pat apenas (§ 88) 


Pin 


(2) Reduce : 
a+l1 





to a mixed expression. 














v—l1lx+1 
e+2x2—“+1 
ms 
—2—2 
z—1 
x+1 
—2 
s—l 2 
‘ en ete fee Se 
x+l oa x+l1 
Note. By the Law of Signs for division, 
—2 2 2 
and soit a acne 
x+1 —(a# +1) x+1 


The last form is the form usually written. 


140. If the degree of the numerator of a fraction equals 
or exceeds that of the denominator, the fraction may be 
changed to a mixed or integral expression by the following 
rule: 

Divide the numerator by the denominator. 


Note. If there is a remainder, this remainder must be written as 
the numerator of a fraction of which the divisor is the denominator, 
and this fraction with its proper sign must be annexed to the integral 
part of the quotient. 


FRACTIONS. Ls 


Exercise 47. 


Change to integral or mixed expressions: 


1 yee Eta lt 6 10a’ — lvax + 102? 
x—l 5a—2x 
2 oa + 22-1 7 16(382?+1) 
a+ 4 Tigre areata 
3 32+ 62+ 5: 8 Bear Oe ie 
xa+4 x— 4 
ry a —axt+2" * Cie ot 
a+x a—ob 
5. 2x" + 5 ty Polat aie 
x—38 5a +4a—] 
Case III. 


141, To reduce a Mixed Expression to a Fraction. 


The process is precisely the same as in Arithmetic. 
Hence, | 


Multiply the integral expression by the denominator, to 
the product add the numerator, and under the result write 
the denominator. 


hee Vapys 
Reduce to a fraction a — 6 — a? — ab — BF 








. a+b 
a—-p—-U Me —& _ (a — 6) (a + 6) — (a? — ab — 8?) 
a+b a+b 
_—R—a+ab+l? 
wi a+b 
iGO. 
Ward 


Notr. The dividing line between the terms of a fraction has the 
force of a vinculum affecting the numerator. If, therefore, a minus 
sign precedes the dividing line, as in Example (2), and this line is 
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removed, the numerator of the given fraction must be inclosed in a 


parenthesis preceded by the minus sign, or the sign of every term of 
the numerator must be changed. 


Exercise 48. 


Change to fractional form: 























ak i [enes eae ihe —(e- 
Zry aa oer 
A ect ace 1g, 2¢— 122, 644 By 
xty 4 
1+ 22° 
36 LS —] 
e x " fig 
4. ye) SC aL 14. 2 45 ea 
— 2x x—-8 
3a’ — 467 2ab 
5. 5a — 20 ee le eee : 
; bas 5 a+b 
6. pe ite 16. 32—10 2 =o 
a+ ane x + a 
0 th a Le oe 
5 —6a x—l 
Sao Sax — 3 18. 32 Sei eae 
2a x—2 
b hes 
Fi ont 19% gi 2 
es wv —2ax+42? — eee 
—) ay + 
10M 20. x— a —ayty? 
a+b eer x+ta 


FRACTIONS. eke 


CasE IV. 


142, To reduce Fractions to their Lowest Common Denominator. 

Since the value of a fraction is not altered by multiply- 
ing its numerator and denominator by the same. factor 
(§ 186), any number of fractions can be reduced to, equiva- 
lent fractions having the same denominator. 

The process is the same as in SAB Ne Hence we 
have the following rule: 


Find the lowest common multiple of the denominators ; 
this will be the required denominator. Divide this Toland: 
nator by the denominator of each fraction. 

Multiply the first numerator by the first ae the sec- 
ond numerator by the second quotient, and so on. 

The products will be the respective numerators of the 
eguwvalent fractions. 


Notre. Every fraction should be in its lowest terms before the 
common denominator is found. 


Reduce ae shoe to equivalent fractions 


having the lowest common denominator. 
tea iad ER 
w+5e+6 a7+2¢41 
r 1 dys 
-, the lowest common denominator (L. C. D.) is 
(x + 3)(@ + 2)(e + 1). 
The respective quotients are 
(« + 1)? and (# + 3)(x + 2) 
The respective products are 
(w + 1)? and (a + 3)(a# + 2). 
Hence the required fractions are 
(+1 ang —_(@ +3) +2) 
(a + 3) (@ + 2)(” + 1)? (2 +3)(% +2)(4 + 1) 
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Exercise 49. 


Express with lowest common denominator : 














\besaccetk ts eat dant) ED LOH Ee 
‘ Go) Hours (a—b)(b—c) (a—b)(a—e) 
9. 2x —4y 3x—8y ah eae tee | 7 bic 

52? 10x 3(a+6) 6(a? — 6’) 
3 4a—5e 8a—2c 822 22-1 ears 
oP Bac @ nate 2-2" 32-60 boeG 
* 5 O25 8. a — bm i: e— bn 

l—«z l-2# Mx NX 


ADDITION AND SUBTRACTION OF FRACTIONS. 


143, The algebraic sum of two or more fractions which 
have the same denominator is a fraction whose numerator 
is the algebraic sum of the numerators of the given frac- 
tions, and whose denominator is the common denominator 
of the given fractions. This follows from the distributive 
law of division. | 

If the fractions to be added have not the same denomi- 
nator, they must first be reduced to equivalent fractions 
having the same denominator. (§ 142.) 

Hence, to add fractions, we have the following rule: 


Reduce the fractions to equwalent fractions having the 
same denominator; and write the sum of the numerators 
of these fractions over the common denominator. 


Note. Each fraction should be expressed in its lowest terms, 


FRACTIONS. is iy 


144, When the Denominators are Simple Expressions. 


Simplify ee ie oe 2 eee 


The L.C. D. = 12. 


The multiphers, that is, the quotients obtained by dividing 12 by 
4, 3, and 12, are 3, 4, and 1. 


The products are 
9a—126, 8a—4b+4¢, and a—4e. 
Hence the sum of the fractions equals 


9a—12b 8a—4b+4c ,a—4e 


12 12 12 

waa 120—(8¢—4644¢) -a—4e 
T 

_9a—126—84+4b—4¢+a—4e 
12 

_ 2a—8b—8e 

12 
Sa 
Searas a 


The above work may be arranged as follows: 


‘The L.C. D. = 12. 
The multipliers are 3, 4, and 1, respectively. 


3(3a—4b6) = 9a—126 = 1st numerator. 

—4(2a—b+c)=—8a+ 4b—4c=2d numerator. 

1l(a— 4c) = a —4c=3d numerator. 
2a— 8b-—8c 


or 2(a—46b—4c) =the sum of the numerators. 


*, sum of fractions = aon ete me 20) 4, aa thats 
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Exercise 50. 


Simplify : 


1. Bx 2y da—Ty , Bat dy 
5x 10x 25 


AT Oe OY ee 
2s a rae Mae | = . 
32 ut 6x a 12 








4a7°+58? , 8a+206 1—2a 
20? r 5b ie 9 


£008 Oe BR 9 
3 5a Le 











5. tn — By, 8e4 Ty Su—2y | 9ut2y 
7 14 24 42 


6 omy — 4) Ouse Otome 
: ay? ay? ay 





oe Dae Ou ober 


hh Ce b? 3 








8. 
Sav 8 
a _ —, 2 2 2 
9. 2 Rai aah a, ab + be* + ca? 
C a b abe 
10. Bae? (lle y 1 4 2%—2, y— 22 








AtY WOU soar eee ee 4 ay2 
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145. When the Denominators have Compound Expressions. 





(1) Oy — = — 


The L.C. D. is (a — b)(a + 8). 
The multipliers are a + 6, a — 8, and 1, respectively. 
(a+ b\(2a+b)= 2a7+3ab + 6? = Ist numerator. 
— (a — b)(2a — 6) = — 2a? + 3ab — 0? = 2d numerator. 


—1(6ad) = —6ab = 3d numerator. 
0 = sum of numerators. 
, sum of fractions = 0. 
(2) Simplify — a eke -- eee S 








EMO ty Shin 4. 
The L.C. D. is ch — 2)(@ — 3)(x — 4). 
(a —1)(e@—3)(e@—4)= a — 82? 4+ 19%—12 = 1st numerator. 
(x — 2)\(4 —2)\(¢—4)= a3 — 8a? 4+ 20%—16 = 2d numerator. 
(a — 2)(a —3)(e@—3)= a — 8a? + 214~—18=3d numerator. 
3 15 24 a? + 602 —46 = sum of numerators. 
— 2407 + 602 —46 
7 — 2)(a — 3)(x — 4) 


.. sum of fractions = 


Exercise 51. 














Simplify 
1 Le 1 I 
1. . 6. Rites 57: 
fees 3 2a(a@-+ Pag ni SaCe ae! 
2. oe ie Tk te aes i DO, 
z—T 2-8 (a+6)b (a—b)a 
1 1 5 3 
3. —— . Or re 
eee 2u(a—1) 42(4%— 2) 
4 pee 2 9 Emini cs wast ieee 
wis wl =z PT eae 
“eae! 2 10, 2H Bby — 2ax+3by 








+$— 
a—y (x—y/ 2ay(e—y) Bay(e+y) 
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Exercise 52. 
Simplify : 
1 1 2a x x & 
1 i (oP af 1 load 
l+a Tonaeed l—z peer spay 
sg. + SF 4, 24 _¥ 4 2 


Exts 


1D ies 


12. 


13 


14. 




















eas ieee 











Lg ee a 8 
ee DG Sn 











3 eat Ue 78S 
z—a (x—a) (x—a) 
DL, Cea aaa 
z—1 2+2 (@+l1)\(a+2) 

Gib 2a Itt ipod ely NGS he 
(b+c)(e+a) (e+a)(a+b) (a+6)(b+e) 


yk eo ee 
z—-b x—-—a (x—a)(x—b) 








y uty #+ay 


apy 20 , wy @ 
y ety y(a“’—y) 
Of 6.4 Oe) 7 
(6—c)(ec—a). (e—a)lia—6) (a=) Geom 
a? — be 5b? — ac ae ‘ 


(at \ate)' Orab+re' @+o\eba) 


3 {A 4 + __ oes 
(a—b)(b—c) (a—b)\(a—c) (a—e)(b—e) ., 


A vo 


a—x a+22 


(a—a)(@ + 22) 





———_ 
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15. %—2 2 _ 2a+ry aes 
a(x—y) y@ry) vy 
16. gee Ot a— bo) (a— day) 
zat) y(a+s)  ay(a+ey 
3x obey, BY. 
eayyy te y¥ (x yy 
econ dD! 
(a+by~—¢ (a+cy— 6 
a+b a—b ab(x — y) 
az+by ac—by aa*— by 


17. 








18. 


19. 


146. When the terms of the denominators are not arranged 
in the same order. 





alien 
-- a 

The value of a fraction rs not altered uf the signs of the 
numerator and denominator are both changed. 

It follows, also, by the Law of Signs, that 

The value of a fraction is not altered if the signs of any 
even number of factors in the numerator and denominator 
of.a fraction are changed. 


‘ ab 
Since i = @, an 


147. Since changing the sign before a fraction is equiva- 
lent to changing the sign before the numerator or the 
denominator, it follows that 

The sign before the denominator may be changed, Mom 
the sign before the fraction is changed. 

Note. If the denominator 1s a compound expression, the beginner 


must remember that the sign of the denominator is changed by 
changing the sign of every term of the denominator. Thus, 
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Ai: 2 3 (242—8 
1) Simplif =~ 4+ -—“__. 
CG) Simply: «oe = eae 
Changing the signs before the terms of the denominator of the third 
fraction, and the sign before the fraction, we have 


ew: 24-1 427-1 
The L.C. D. = x(2a” —1)(2@ + 1). 
2(2a—1)(2%+1)= -8a7—2 =1st numerator. 


—3x(2x +1) = —62*— 3a = 2d numerator. 
—a(2%—3). =—2a? +32 =3d numerator. 


—2 =sum of numerators. 


“. sum of the fractions =— Pot 
(2) Simplify 
1 1 1 
EE i 
a(a—b)\(@—'c) b(6—a)(b—c) c(e—a)(e—b) 
Notre. Change the sign of the factor (b — a) in the denominator 
ot the second fraction, and change the sign before the fraction. 
Change the signs’ of the two factors (¢ — a) and (ec — 6) 1n the de- 
nominator of the third fraction. We now have 
niet Dele baa 
_a(a—bja—c) b(a—b/b—c) c(a—c\(b—e) 
The L.C. D. = abe(a — b)(a — ¢)(6 — ¢). 


be (b — c) = b?e — be? | = Ist numerator. 
—ac(a—c)=—ae+ ae? = 2d numerator. 
ab(a—b)= ab — ab? = 3d numerator. 


a? b — a?c — ab? + ac? + b*e — bc? = sum of numerators. 
= a?(b — c) — a(b? — c*) + be(b— c), 

= (a? —a(b+c).+ bc][b—e}, 

= [a? — ab — ac + be][b — ¢], 

= [(a? — ac) — (ab — bc) |[b —e}, 

—(a(a—c) —b(a—0)}[b—e}, 

= (a — b\(a —c)(b —¢). 


.: f the fractions »—\¢— 20 = ¢i0—e) ae 
sum of the fractions abo(a— Bla 0) = eee 


( = 
A 





























FRACTIONS. 


Exercise 53. 














Simplify : 
x “—Yy 
i . 
z—y y= Xv 
B27, Bz—2, 162—2 
4 2—2 ene, xe? —4 - 
a x x 
Cp am _ 
l—z 
a 
aaa 2—2y 6y+6 
i Q4m)\38—-—m) (m-1)(m—8)) (m—=—1)(m — 
1 1 
6. —_____ }+- ——_____. 
(b—a)(a#+a) (a—b)(«+6) 
7 a? + 6 2ab? 2a*b_ 
eee a? o* - b 
8 b—a_ a—2b 3x(a—b) 
Ee ee 6 — x 
5 B22 2-82, 162—2" 
mule 2+ 2 x? —4 
a oe, ame. ee 20 
ere aoe 42°91 
a+b bc eta 
ee te 
ao abo) 
12. a’ — be 6? + ae Sa ae 
(a—b)(a—ec) (b+c)(6b—a) (c—a)(ce+)) 
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2) 
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y¥+z z+2 x+y 


13. Byala Cee (z—x)(z—y) 
oi he VB es DEYN ON AS Se 
‘ (a—b)(b—c) (b—ale—a) (a—e\e—b) 


5) cs es ee 
u(z—y)(%a—z) yly—a)\(y—z) xyz 
MULTIPLICATION AND DIVISION OF FRACTIONS. 


148, Multiplication of Fractions. 


AGE 
quotient : by a, and divide the result by 0. 


The expression means that we are to multiply the 


From the nature of division, if we multiply the divi- 
dend ¢ by a, we multiply the quotient : by a, and 
obtain a if we multiply the divisor d by 6, we divide 


the quotient by 6, and obtain i Hence, 


Therefore, to find the product of two fractions, 


Find the product of the numerators for the required 
numerator, and the product of the denominators for the 
required denominator. 


In like manner, 
ee Se ete anager, OE 
Bd f bd f baf 


and so on for any number of fractions. 
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2 
Agai Neo ON ay gtd Oe 
gain, (5) aes an 


In like manner, 


149, Division of Fractions. If the product of two numbers 
is equal to 1, each of the numbers is called the reciprocal of 
the other. 

The reciprocal of —is 


’ 


for 


The reciprocal of a fraction, therefore, is the fraction 
inverted. 


Since 


and na ae 1, it follows that - 


To divide by a fraction-rs the same as to multiply by rts 
reciprocal. 

To divide by a fraction, therefore, 

Invert the divisor and multrply. 


Nore. Every mixed expression should first be reduced to a frac- 
tion, and every integral expression should be written as a fraction 
having 1 for the denominator. If a factor is common to a numera- 
tor and a denominator, it should be cancelled, as the cancelling of a 
common factor before the multiplication is evidently equivalent to 
cancelling it after the multiplication. 


126 ALGEBRA. 
2a°b | bed a aAR 
(1) -Find the product of ‘ 3 cd? Bob Xx Batt? 


2a Y, 6d, Sab ce _2XxX6x5abid 8B 
3cd2°* 5ab 8a2ed? 3x5 Sarbcidt Ia 

















(2) Find the product of 


Yee ky a 2 ae 
Lh ogee ZY", wi = ay LY 
xv’ —dsay+2y 24+ zy (c—yy* 


a? — y? x w= 2y" y x? — xy 
w—3ay+2y? w+ ay Gaus 
_ &-y@ety) py@—2y), _#(@-y) 
(e—ya—2y) e(a+y) (@—y)e—y) 
= ¥ Ps 
eee 








Notre. The common factors cancelled are a—y, x+y, e—2y, 
x, and x—y. 





(3) Find the quotient of _- oe 
me a’ — # 
ae, abo wae (a ~ (4 + 22) 
(a—z a?—2? (a—a)(a—2) ab 
_2(a+2) 
b(a — 2) 


The common factors cancelled are a and a—2. 


Exercise 54. 





Simplify : 
ide gee 3. = 22. re 
bad, 2p —2 no 
3 
2 2a 3ab. 8a¢ 4 Salty . 


a C 2b eee 





15. 


16. 


LT. 


20. 


AL. 


22. 


23. 














l4n’q? T5p’m 4hn 


2a(2? Losi y’)? SC 
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8a? |, 15 ay’ Pd Raoell Gun 9h UF ae 

" 4B ary 24.0°D? “Ri a0. GA — ab 

Qa'y'z |, 20a*b’e 11 Daag CT Ss ek 
10 a7b?c 18 xyz a—b? a+tb 

Buty, Sytz,, 122? 19. v+ta—2 a —18%+42 
4227  62y 227° inh a + 2x 
BOP L028 Ty 13. rte Rae Namtin 
Sp’qg? 2xy 9O0mn w—621+9 2 —5z 
25kim* T0n'q 2 3pm 14 ez MaCin at 





at2z2 (a—2) 


fie AN Ese 
(x—y)(@ + y) 











Cx 
@+4+2ab.ab—26 4, @+ay, (x—-y)t 
O+40 a — 4B Pee yt 
o—4 gt 25 <(ylieee) ETS. 
V+tbhe w+2e —@+d e+d 
a —4a+3, a—9a+20 , a—Ta 
w@—S5a+4 a’—l10a+21 a’—da 


7646. +4+10b+4+94 B+4+65 
B4+8b—-4° 145448 BBE 





eer ye ty oy a ay 
2@—B8ayt+2yY wv+ay («-—y) 
aJ&—3ab+3al?— 2ab—28?_ a’+ab 
Za AAG nb ll I lh 
a? — 6? 3 a—b 
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OA. (Q-bYo= OG (Oe 
a—(b—c) c’—(a—by 

OB. (e~al' Ot (b Saye 
(c—b?—a@ 2#—(a—b/y 

26. (a+ 6) —(c+ dy) (a0) ie 
(afc) —(b+d)' (a—b)'-(d—o} 

on. ut — day tye eye 
Y+2ry+y—2 x-y+z2 


150. Complex Fractions. A complex fraction is one that 


_ has a fraction in the numerator, or in the denominator, or 
in both. 


Notre. Generally, the shortest way to simplify a complex fraction 
is to multiply both terms of the fraction by the L.C.D. of the frac- 
tions contained in the numerator and denominator. 


Q+% G72 


LV Sin plity oe ae 
(1) BANA cee 


x a— az 











a—-x at2z 
The L. C. D. of the fractions in the numerator and denom- 
inator is 

(a—x)(a+ 2). 

Multiply by (a—x)(a+ 2), and the result is 
(a+ 2) —(a— 2)’ 
(a+2)'+(a—2) 

_ (24+ 2az + x’) — (a? — 2axz+ 2’) 
a (a? + 2ax + 2”) + (a — 2ax + 2”) 
_@+2ar+2—a + 2ar— x? 

— @+%rte+a—2art? 

ea er 

UD ae oa 

Pe LEM 

ap a? + 2 
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(2) Simplify 


aie 
2 z 
‘eo x rea z(l —x+ 2”) 
(l-xal—ae-+27)+2 


bi 
ee at eo 
l-+2+2 
“x(lt+2+ 2’) 
ares Hd (t= 2 2?) 
_a2+2+ct 
tila aban 
Nore. In a fraction of this kind, called a continued fraction, we 


begin at the bottom, and reduce step by step. Thus, in the last 
r 





, and multiply 


A eR 
1l—a#+2? 
the numerator and denominator by 1 — x + 2?, getting for the result, 
peta) which simplified is i se 
(l+a)(l—w2+2*)+¢2 1+a+ 23 

Putting this fraction in the given complex fraction for 


example, we take out the fraction 
| 1 a 


ae 
2 TN 
L—# + 2? 


? 


l+e+ 


¢ 
we have ATS ERE 
, f— ae +24 

l+ae+2 
Multiplying both terms by 1 + x + 2°, we get 

a(1 + a + 2°) 
l+e+a%—a2+2?—25 

Ae gera 


1 +2 
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Exercise 55. 


Simplify : 


2 3 








1-2=4 
xta 


Layne 
2 
7 ame Mar 
ihe thou oe A 
typ y w+ ay 
zx+1l,2-1 
eer 
el 21 
z+l1 


x—]l 


























13. 








8 et 
Lette 
x 
9. 1+ ne 
PE re 
lta+ 
ie 
10. a 
ea 
Pee 
x 
11. I 
1+ 7 2 4 
| pg 





Le - 
poate 
Ge 
+4" Je | Bene 4 Et 
v’—y’ _ xty (a—-y)’ ay 
x—Yy | 
(2? — (22 — 2ay) 
14. palit, 
vy 


x+Y 


16. 


18. 


iS ies 17. 


: Simplify = 
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Pando aq ac 
15 Yt+(at+b)xr+ab w+ (ate)r+aec : 
v+(b+c)x+.be 








as ee pacat Rees 








Exercise 56. 
MISCELLANEOUS EXAMPLES. 
re tee te ey 8 

w+ Te —92—Tre+8 


Find the value of ae when a=4, 6=3, 








ea | —F—2+2be 
. Find the value of 3a? ae -£ when,a = 4, b=}, 
Ces 1. 
t : 2 1 1 
; lif — —________ — _—_.. 
ee yy 0 e422 Toe 





) , ay 1 x ] 
. Simplify (++ 1— )+ (4-2-5). 








Find the value of c ah —2a+b when + =2 an 


—b xtta—26 2 
 Smplif G@tb a—b 2.6? \o—*. 
eaaE UY ean 2(a+ 6) if Ob 
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8. Simplify (  e 
BOY OE X¥] NE a 
9. Simplify 
FN G- Meta) 
y CY y “+ ry +y 
10. Simplify 3 
aed v7+ab+ 0B Ne 2a3 i te 2ab ) 
a’ — 6° a+b atl. 6 e+ absep 
” 2 2 
[ees Ney wean 
11) *Simplify| Pe ee aay 
Ey ye _@—-Z 
a+2z a+ 2 
18 oT eval | 1 ul 1 
. Divide + —— 3(— —2* |) 4/24 — | bye 
x x x x 
peace Sela 
13. Simplity ke ey oat, 
eo eg ee 
(«—y)’ x 
rt2a,x—2a 4ab 
14. Find for ee of ey RECe ab Le when x 
aeete: 
15. Find the value of aty—1 when x= at and 
aba —y+l1 ab+1 
Ao AT ET, 
16. Simplify 
1 1 i 
a@—b\a—e) bbaeb a) 6a 
eh et 
17. Simplify Renee. : 
be + ca — ab Lb leet 
= | aati 
a <Or Re 


18. 


19. 


20. 


21. 


22. 


24. 


25. 


26. 


27. 
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mE i porn 
Simplify rie ee 
1 iE 
et 
hae a b+e 6+ c— a 
Simplify ig }i+ } 
a b+e | 
Br Seo vik Tet Dy" 
Simplify 0 A 
G@—ya—aF (a—a\a—yy 
Cery rate 
Scythia ES Se 
| Sores 4(a—y)y +—+ 
(pets (~@—y) Peg 
3— 2 
sa e—b Ff —O\ _ fetd, &+b\ 
Simplify an evar 2) pe, 


Simply Gaye t Y=ay—) | @ ey) 








rine yl 1 I 1 
Bane Hy PEG 0) 86 —a)(b—e) abe 
%—4+ 6 pat ese 
Simplify Peper P 1 eater 

pw | ea Des) 


x 


CHAPTER X. 
FRACTIONAL EQUATIONS. 


151. To reduce Equations containing Fractions. 
x—l 





x 
(1) Solve = — pats opm 9. 
Multiply by 33, the L.C. M. of the denominators. 
Then, lla—32%+3 = 33a — 297, 
lla —3a—33e2=— 297 —3, 
— 25a = — 300. 
“2 = 12. 


Norr. Since the minus sign precedes the second fraction, in 
removing the denominator, the + (understood) before a, the first 
term of the numerator, is changed to —, and the — before 1, the 
second term of the numerator, is changed to +. 


Therefore, to clear an equation of fractions, 
Multiply each term by the L. C. M. of the denominators. 


If a fraction is preceded by a minus sign, the sign of every 
term of the numerator must be changed when the denomi- 
nator 1s removed. 








aah Gee does © Rene 
Norr. The solution of this and similar problems will be much 


easier by combining the fractions on the left side and the fractions 
on the right side than by the rule given above. 


(a — 4)(e —6)—(a—5)? _(a@—7)(z— 9) — (2 — BP 
(a — 5)(a — 6) (x — 8)(a — 9) 


(2) Scie faa ee ee 





iI 


2. 


3. 
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By simplifying the numerators, we have 


2? 1 ae es 
(e—5)(e—6) («—8)(x —9) 


Since the numerators are equal, the denominators are equal. 
Hence, (x — 5)(~ — 6) = (x — 8)(x — 9). 
Solving, we have a = 7. 


Exercise 57. 



































Solve: 
pe 2t2_, 8g, Sz_52_9_8—2 
9 ie Ay iA 2 
8—2 17 5a — 4 1—22 
ap Be SE ee Be ee ee ae 
eles, | 3 ERG 5 
5 — faa 6x—8 gt2 14 34527 
ee Oe ye ee es ee 
$2= B 9 4 
S2+5 3—42 81 9—5z2 
1. eis, ENYA pimbedos 
8 a ine 2, 6 
10r+3 62—7 
SOEs: ee (1); 
3 5 (7 —1) 
7), 2 ea ia PY 
2 5) 
hirer be — 01 8" 07 
aif 6 4 12 
a+4 a—4 382—1 
fj Mahe _- = 
38 5 a) 15 
OG Ae Tt 32 
a 10. — > = 0): 
eer, ao eG 


13. =(30—4)-+2(50+ 8) = 43 — 5a, 


14. 5 (27 — 22)=3 ie a(t — 54). 
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15. 5x2— {8x — 3[16—62%—(4—52)]} =6. 











16. Ty eat x — 4). 

17. VA Mee iki roca a 
if 11 2 

18. 8% lb elles Li iain 
S if 13 

19. Te +0) 324 0a. 18a 
8 7 4 14 


162. If the denominators contain both simple and com- 
pound expressions, it is best to remove the simple expres- 
sions first, and then each compound expression in turn. 
After each multiplication the result should be reduced to 
the simplest form. 


Set OF) te 8 oar 
14 62+2 if 
Multiply both sides by 14. 


(1) Solve 














Then, Bin eB Oe Oe to 
3a2+1 
Transpose and combine, TAA ie 3)e8 fe 
38a+1 
Divide by 7 and multiply by 32 +1, 
72e#—3=327+1. 
e=l. 
bate 1 ee 
2) Solve me aad NN tee CS oes 
(2) 4 4 10 


Multiply both terms of each complex fraction by 9. 
Then, 27 — 40 "1 Tae 27 
36 4 90 


Solving this equation, we have a =6. 








FRACTIONAL EQUATIONS. 137 


Exercise 58. 


Solve the equations: 

















is fet 4(z—38 2+e 
5a —4 

9 9(22—8), 12-1 _ 9a +11 

P 14 82+1 7 

3 1072+17 | Dee 2. 0S — 4 

18 132—16 9 

oe 18) 82-5 le 

; 15 Br 25°. 5 

182 — 22 14162 _ 101 — 642 

ee Sal. ELL Nl Le tea 
Moe ga ms oe 

6 662° 1—22 plone 10 4d 1. 

oT 5 1A (gr 1) he it 5 21 30 105 
7 geo Sf — 7 _ obe t 1S aa 

a 1:4 6a2+2 56 56 

8 Pare ae 2 2 -t if 

oe a 5" Tx—6 5 

9 Sek. De ae 1 

5 weld to 16 5 

Le x—5 x 

10. oe ea 

° 35 Gee Ol yb 


168, Literal equations are equations in which some or 
all of the given numbers are represented by letters; the 
first letters of the alphabet are used to represent known 
numbers. 
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(1) (a—az)(a+ 2) = 2a’ 4 2ax— 2’. 
Then, a? — g? = 2a? + 2ax — x’, 


— 2axz = a’. 


(2) (x—a)(x— b) — (a — b)(x — ec) = 2(@ —a)a—e). 
(a? — ax — bx + ab) — (a? — bx — cx + bc) = 2(ax — cx — a? + ac), 
a? — ax — be + ab — a? + bu + cu — bc = 2ax — 2ex — 2a? + 2ae. 
That is, —3ax+3cr =—2a? + 2ac—ab + be, 
-—3(a—c)u=— 2a(a—e)—b(a—o), 


32 = — 26-0, 
ya 2a+d 
Ho 


Exercise 59. 


Solve the equations: 








1. ax+ be = ba + ae. 2. 2a—cx=8e —5bz. 
38. @xtba-—c=ba+cx—d. 
4. —ac’+ b’c + abcx = abe + emx.— aca + be — me. 
5. (at+2+b\a+6—2)=(a+2)(6 —2x)—ab. 
6. (a +2) = 2 Pea ea. 
7. (V@—2)(a+ 2) = at+ Zar — 2’. ) 
rey al i pps 10. arab = oe 
ete C 2 2 
9. Oe) aa 1. 66-2 
bz b 3 
’—a4 a—x 2a 
LO he ce =n ee 
bx b b Va 
13. Sieben? ond oeae 
C ba Cx 
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164, Problems involving Fractional Equations. 

Ex. The sum of the third and fourth parts of a certain 
number exceeds 3 times the difference of the fifth and sixth 
parts by 29. Find the number. 

Let 


Then 


= the number. 


+—= the sum of its third and fourth parts, 


= the difference of its fifth and sixth parts, 


3 times the difference of its fifth and sixth parts, 


+ r 2 3(2 _ 4 = the given excess. 


wo 
2 
Os 
| 
O18 
Ols ™—"onIis PIS 8 
I 


But 29 = the given excess. 
ee i 2 
Ta S| em | ae DO 
3 : 4 t ) 


7 


Multiply by 60, the L.C.D. of the fractions. 
20% + 15a — 36% + 30a” = 60 x 29. 
Combining, 29x = 60 x 29. 
*, x = 60. 


Exercise 61. 


-1. Find the number whose third and fourth parts together 
make 14. 


2. Find the number whose third part exceeds its fourth 
part by 14. 


3. The half, fourth, and fifth of a certain number are 
together equal to 76; find the number. 


4. Find the number whose double exceeds its half by 12. 

5. Divide 60 into two such parts that a seventh of one 
part may be equal to an eighth of the other. 

6. Divide 50 into two such parts that a fourth of one 


part increased by five-sixths of the other part may 
be equal to 40. 
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12. 


13. 


14. 


15. 
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Divide 100 into two such parts that a fourth of one 
part diminished by a third of the other part may be 
equal to 11. 


The sum of the fourth, fifth, and sixth parts of a cer- 
tain number exceeds the half of the number by 112. 
What is the number? 


The sum of two numbers is 5760, and their difference 
is equal to one-third of the greater. What are the 
numbers ? 


Divide 45 into two such parts that the first part 
divided by 2 shall be equal to the second part mul- 
tiplied by 2. 


Find a number such that the sum of its fifth and its 
seventh parts shall exceed the difference of its fourth 
and its seventh parts by 99. 


In a mixture of wine and water, the wine was 25 gal- 
lons more than half of the mixture, and the water 
5 gallons less than one-third of the mixture. How 
many gallons were there of each? 


In a certain weight of gunpowder the saltpetre was 
6 pounds more than half of the weight, the sulphur 
5 pounds less than the third, and the charcoal 3 
pounds less than the fourth of the weight. How 
many pounds were there of each ? 


Divide 46 into two parts such that if one part be 
divided by 7, and the other by 3, the sum of the 
quotients shall be 10. 


A house and garden cost $850, and five times the 
price of the house is equal to twelve times the 
price of the garden. What is the price of each? 
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16. A man leaves the half of his property to his wife, a 
sixth to each of his two children, a twelfth to his 
brother, and the remainder, amounting to $600, to 
his sister. What was the amount of his property ? 


17. The sum of two numbers is a and their difference is 6; 
find the numbers. 


18. Find two numbers of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient 
and 1 as a remainder. 

Dividend — Remainder S Ouotient. 

Divisor 

19. Find two numbers of which the difference is 25, such 
that the second divided by the first gives 4 as a 
quotient and 4 as a remainder. 


HInt. 


20. Divide the number 208 into two parts such that the 
sum of the fourth of the greater and the third of the 
smaller is less by 4 than four times the difference of 
the two parts. 


21. Find four consecutive numbers whose sum is 82. 


Nore. If # represent a person’s age at the present time, his age 
a years ago will be represented by x —a, and a years hence by «+a. 


Ex. In eight years a boy will be three times as old as he 
was eight years ago. How old is he? 


Let « = the number of years of his age. 
Then « — 8 = the number of years of his age eight years ago, 
and « +8 =the number of years of his age eight years hence. 
Since his age 8 years hence will be three times his age 8 
years ago, we have 
+8 =3(x-— 8), 
e+8 =3a— 24, 
e—3x=— 24-8, 
— 22 = — 32, 
a= 16, 
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22. A is 72 years old, and B’s age is two-thirds of A’s. 
How long is it since A was five times as old as B? 


23. A mother is 70 years old, her daughter is half that 
age. How long is it since the mother was three 
and one-third times as old as the daughter ? 


24. A father is three times as old as the son; four years 
ago the father was four times as old as the son then 
was. What is the age of each? 


25. A is twice as old as B, and seven years ago their 
united ages amounted to as many years as now 


represent the age of A. Find the ages of A and B. 


26. The sum of the ages of a father and son is half what it 
will be in 25 years; the difference is one-third what 
the sum will be in 20 years. What is the age of each? 

Norse. If A can do a piece of work in x days, the part of the 
work that he can do in one day will be represented by = Thus, if 
he can do the work in 5 days, in 1 day he can do + of the work. 


Ex. A can do a piece of work in 5 days, and B can do it 
in 4 days. How long willit take A and B together ? 


Let «=the number of days it will take A and B together. 
Then z = the part they can do in one day. 


Now, += the part A can do in one day, 
and + =the part B can do in one day. 
“. $+4= the part A and B can do in one day. 


i Shunecy rp 
4%+52= 20, 
92 = 20, 

x = 22 


Therefore they will do the work in 22 days. 
27. A can do a piece of work in 5 days, B in 6 days, and 
C in 73 days; in what time will they do it, all 
working together ? 
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28. A can do a piece of work in 24 days, B in 34 days, 
and C in 8? days; in what time will they do it, all 
working together ? 


29. Two men who can separately do a piece of work in 
15 days and 16 days, can, with the help of another, 
do it in 6 days. How long would it take the third 
man to do it alone? 


30. A can do half as much work as B, B can do half as 
much as C, and together they can complete a piece 
of work in 24 days. In what time can each alone 
complete the work ? 


31. A does 3 of a piece of work in 10 days, when B comes 
to help him, and they finish the work in 3 days 
more. How long would it have taken B alone to 
do the whole work ? 


32. A and B together can reap a field in 12 hours, A and 
C in 16 hours, and A by himself in 20 hours. In 
what time can B and C together reap it? In what 
time can A, B, and C together reap it? 


-33. A and B together can do a piece of work in 12 days, 
A and C in 15 days, B and C in 20 days. In what 
time can they do it, all working together ? 

Nore. If a pipe can fill a vessel in @ hours, the part of the 

vessel filled by it in one hour will be represented by a Thus, if a 

x 

pipe will fill a vessel in 3 hours, in 1 hour it will fill 4 of the vessel. 

34. A tank can be filled by two pipes in 24 minutes and 
30 minutes respectively, and emptied by a third in 
20 minutes. In what time will it be filled if all 
three are running together ? 


35. A tank can be filled in 15 minutes by two pipes, A 
and B, running together. After A has been run- 
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ning by itself for 5 minutes, B is also turned on, 
and the tank is filled in 13 minutes more. In what 
time may it be filled by each pipe separately ? 


36. A cistern could be filled by two pipes in 6 hours and 
8 hours respectively, and could be emptied by a 
third in 12 hours. In what time would the cistern 
be filled if the pipes were all running together ? 


37. A tank can be filled by three pipes in 1 hour and 20 
minutes, 8 hours and 20 minutes, and 5 hours, re- 
spectively. In what time will the tank be filled 
when all three pipes are running together ? 


38. If three pipes can fill a cistern in a, 6, and ¢ minutes, 
respectively, in what time will it be filled by all 
three running together ? 


39. The capacity of a cistern is 7554 gallons. The cistern 
has three pipes, of which the first lets in 12 gallons 
in 8+ minutes, the second 153 gallons in 23 minutes, 
the third 17 gallons in 8 minutes. In what time 
will the cistern be filled by the three pipes running 
together ? 


Norr. In questions involving distance, time, and rate, 


Distance 
Rate 


Thus, if a man travels 40 miles at the rate of 4 miles an hour, 
40 


= Time. 


= number of hours required. 


Ex. A courier who goes at the rate of 314 miles in 5 hours, 
is followed, after 8 hours, by another, who goes at 
the rate of 223 miles in 3 hours. In how many 
hours will the second overtake the first ? 

Since the first goes 31} miles in 5 hours, his rate per hour is 6,5 
miles. 


Oe —— 
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Since the second goes 22} miles in 3 hours, his rate per hour is 73 


miles. 
Let « =the number of hours the first is travelling. 
Then a — 8 =the number of hours the second is travelling. 
Then 6,3, x = the number of miles the first travels; 


(x — 8) 74 = the number of miles the second Lease 


They both pana the same distance. 


653, 2 = (a — 8) 73. 


The solution of ana gives 42 hours. 


40. 


41. 


42. 


43. 


44. 


A sets out and travels at the rate of 7 miles in 5 hours. 
Eight hours afterwards, B sets out from the same 
place and travels in the same direction, at the rate 
of 5 miles in 3 hours. In how many hours will B 
overtake A ? 


A person walks to the top of a mountain at the rate 
of 2% miles an hour, and down the same way at the 
rate of 33 miles an hour, and is out 5 hours. How 
far is it to the top of the mountain ? 


A person has a hours at his disposal. How far may 
he ride in a coach which travels 6 miles an hour, so 
as to return home in time, walking back at the rate 
of ec miles an hour? | 


The distance between London and Edinburgh is 360 
miles. One traveller starts from Edinburgh and 
travels at the rate of 10 miles an hour; another 
starts at the same time from London, and travels at 
the rate of 8 miles an hour. How far from London 
will they meet? 


Two persons set out from the same place in opposite 
directions. The rate of one of them per hour is a 
mile less than double that of the other, and in 4 
hours they are 32 miles apart. Determine their 
rates, 
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45. In going a certain distance, a train travelling 35 miles 
an hour takes 2 hours less than one travelling 25 
miles an hour. Determine the distance. 


Norse. In problems relating to clocks, it is to be noticed that the 
minute-hand moves twelve times as fast as the hour-hand. 


Ex. Find the time between 2 and 8 o'clock when the 
hands of a clock are together. 


At 2 o'clock the hour-hand is 10 minute-spaces ahead of the 
minute-hand. 
Let x = the number of spaces the minute-hand moves over. 
Then z— 10= the number of spaces the hour-hand moves over. 
Now, as the minute-hand moves 12 times as fast as the hour-hand, 
12(@—10)= the number of spaces the minute-hand moves over. 


*, ©=12(%—10), 
and 11a = 120. 
*, g == 1049. 


Therefore the time is 1042 minutes past 2 o’clock. 


46. At what time are the hands of a watch together: 


I. Between 3 and 4? 
II. Between 6 and 7? 
III. Between 9 and 10? 


47. At what time are the hands of a watch at right angles: 


I. Between 8 and 4? 
II. Between 4 and 5? 
III. Between 7 and 8? 


48. At what time are the hands of a watch opposite to 
each other : 


I. Between 1 and 2? 
II. Between 4 and 5? 
III. Between 8 and 9? 
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49. Itis between 2 and 3 o'clock; but a person looking at 
his watch and mistaking the hour-hand for the 
minute-hand, fancies that the time of day is 55 
minutes earlier than it really is. What is the true 
time ? 


Nore. Ifa represents the number of feet in the length of a step 
or leap, and «# the number of steps or leaps taken, then aw will repre- 
sent the number of feet in the distance made. 


Ex. A hare takes 4 leaps to a greyhound’s 3; but 2 of the 
greyhound’s leaps are equivalent to 3 of the hare’s. 
The hare has a start of 50 leaps. How many leaps 
must the greyhound take to catch the hare ? 


Let 3a=the number of leaps taken by the greyhound. 
Then 4a = the number of leaps of the hare in the same time. 
Also, let a denote the number of feet in one leap of the hare. 


Then “e will denote the number of feet in one leap of the 
greyhound. 


That 1s, aux nore the whole distance, 


9 
— 


and (50 + 4x) a = the whole distance. 
“ “es = (50 + 4x) a. 


Divide by a, “2 = 504+ 4a, 


9x2= 100 + 82, 
x = 100. 
- 32 = 300. 


Thus the greyhound must take 300 leaps. 


50. A hare takes 6 leaps to a dog’s 5, and 7 of the dog’s 
leaps are equivalent to 9 of the hare’s. The hare 
has a start of 50 of her own leaps. How many leaps 
will the hare take before she is caught ? 
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51. A greyhound makes 4 leaps while a hare makes 5; but 
8 of the greyhound ’s leaps are equivalent to 4 of the 
hare’s. The hare has a start of 60 of the greyhound’s 
leaps. How many leaps does each take before the 
hare is caught? 


52. A greyhound makes two leaps while a hare makes 8; 
but 1 leap of the greyhound is equivalent to 2 of the 
hare’s. The hare has a start of 80 of her own leaps. 
How many leaps will the hare take before she is 
caught 2 

Nots. If the number of units in the breadth and length of a 

rectangle is represented by x and a +a, respectively, then a (a + a) 

will represent the number of units of area in the rectangle, the unit 


of area having the same name as the linear unit in which the sides 
of the rectangle are expressed. 


53. A rectangle whose length is 5 feet more than its breadth 
would have its area increased by 22 square feet if 
its length and breadth were each made a foot more. 
Find its dimensions. 


54. A rectangle has its length and breadth respectively 5 
feet longer and 3 feet shorter than the side of the 
equivalent square. Find its area. 


55. The length of a rectangle is an inch less than double 
its breadth ; and when a strip 3 inches wide is cut 
off all round, the area is diminished by 210 inches. 
Find the size of the rectangle at first. 


56. The length of a floor exceeds the breadth by 4 feet; if 
each dimension were increased by 1 foot, the area 
of the room would be increased by 27 square feet. 
Find its dimensions. 


Note. If 5 pounds of metal lose a pounds when weighed in water, 
1 pound will lose ; of a pounds, or : of a pound, 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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A mass of tin and lead weighing 180 pounds loses 21 
pounds when weighed in water; and it is known that 
37 pounds of tin lose 5 pounds, and 23 pounds of 
lead lose 2 pounds, when weighed in water. How 
many pounds of tin and of lead in the mass? 


If 19 pounds of gold lose 1 pound, and 10 pounds of 
silver lose 1 pound, when weighed in water, find the 
amount of each in a mass of gold and silver weigh- 
ing 106 pounds in air and 99 pounds in water. 


Fifteen sovereigns should weigh 77 pennyweights; but 
a parcel of light sovereigns, having been weighed and 
counted, was found to contain 9 more than was sup- 
posed from the weight; and it appeared that 21 of 
these coins weighed the same as 20 true sovereigns. 
How many were there in all? 


There are two silver cups, and one cover for both. The 
first weighs 12 ounces, and with the cover weighs 
twice as much as the other without it; but the sec- 
ond with the cover weighs one-third more than the 
first without it. Find the weight of the cover. 


A man wishes to inclose a circular piece of ground with 
palisades, and finds that if he sets them a foot apart 
he will have too few by 150; but if he sets them a 
yard apart he will have too many by 70. What is 
the circuit of the piece of ground ? 

A horse was-sold at a loss for $200; but if it had been 
sold for $250, the gain would have been three-fourths 
of the loss when sold for $200. Find the value of 
the horse. | 

A and B shoot by turns at a target. A puts 7 bullets 
out of 12, and B 9 out of 12, into the centre. Be- 
tween them they put in 32 bullets). How many 
shots did each fire? 
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A boy buys a number of apples at the rate of 5 for 2 
pence. He sells half of them at 2 a penny and the 
rest at 3 a penny, and clears a penny by the trans- 
action. How many does he buy? 


A person bought a piece of land for $6750, of which 
he kept 4 for himself. At the cost of $250 he made 
a road which took #, of the remainder, and then sold 
the rest at 123 cents a square yard more than double 
the price it cost him, thus clearing his outlay and 
$500 besides. How much land did he buy, and 
what was the cost-price per yard? 


A boy who runs at the rate of 12 yards per second 
starts 20 yards behind another whose rate is 10% 
yards per second. How soon will the first boy be 
10 yards ahead of the second ? 


A merchant adds yearly to his capital one-third of it, 
but takes from it, at the end of each year, $5000 for 
expenses. At the end of the third year, after de- 
ducting the last $5000, he has twice his original 
capital. How much had he at first? 


A shepherd lost a number of sheep equal to one-fourth 
of his flock and one-fourth of a sheep; then, he lost 
a number equal to one-third of what he had left and 
one-third of a sheep; finally, he lost a number equal 
to one-half of what now remained and one-half a 
sheep, after which he had but 25 sheep left. How 
many had he at first ? 


A trader maintained himself for three years at an ex- 
pense of $250 a year; and each year increased that 
part of his stock which was not so expended by one- 
third of it. At the end of the third year his original 
stock was doubled. What was his original stock? 


70. 


a1. 


72. 


73. 


74. 


75. 


76. 
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A cask contains 12 gallons of wine and 18 gallons of 
water; another cask contains 9 gallons of wine and 
3 gallons of water. How many gallons must be 
drawn from each cask to produce a mixture contain- 
ing 7 gallons of wine and 7 gallons of water? 


The members of a club subscribe each as many dollars 
as there are members. If there had been 12 more 
members, the subscription from each would have 
been $10 less, to amount to the same sum. How 
matiy members were there? 

A number of troops being formed into a solid square, 
it was found there were 60 men over; but when 
formed in a column with 5 men more in front than 
before, and 3 men less in depth, there was lacking 
one man to complete it. Find the number of troops. 


An officer can form the men of his regiment into a 
hollow square twelve deep. The number of men in 
the regiment is 1296. Find the number of men in 
the front of the hollow square. 

A person starts from P and walks towards Q at the 
rate of 8 miles an hour; 20 minutes later another 
person starts from Q and walks towards P at the 
rate of 4 miles an hour. ‘The distance from P to Q 
is 20 miles. How far from P will they meet? 

A person engaged to work a days on these conditions: 
for each day he worked he was to receive 6 cents, 
and for each day he was idle he was to forfeit ¢ 
cents. At the end of a days he received d cents. 
How many days was he idle? | 

A banker has two kinds of coins: it takes a pieces of 
the first to make a dollar, and 6 pieces of the second 
to make a dollar. A person wishes to obtain ¢ pieces 
for a dollar. How many pieces of each kind must 
the banker give him? 


CHAPTER XI. 


SIMULTANEOUS EQUATIONS OF THE FIRST 
DEGREE. 


155. If we have two unknown numbers and but one rela- 
tion between them, we can find an unlimited number of 
pairs of values for which the given relation will hold true. 
Thus, if 2 and y are unknown, and we have given only the 
one relation x-+y=10, we can asswme any value for 2, 
and then from the relation x-+ y = 10 find the correspond- 
ing value of y. For from «+y=10 we find y= 10—z@. 
If a stands for 1, y stands for 9; if x stands for 2, y stands 
for 8; if # stands for — 2, y stands for 12; and so on with- 
out end. 


156. We may, however, have two equations that express 
different relations between the two unknowns. Such equa- 
tions are called independent equations. Thus, 7+ y= 10 
and x — y= 2 are independent equations, for they evidently 
express different relations between x and y. 


157. Independent equations involving the same unknowns 
are called simultaneous equations. 

If we have two unknowns, and have given two indepen- 
dent equations involving them, there is but one pair of values 
which will hold true for both equations. Thus, if in § 156, 
besides the relation «+ ¥y= 10, we have also the relation 
«2 — y = 2, the only pair of values for which both equations 
will hold true is the pair x= 6, y = 4. 

Observe that in this problem z stands for the same num- 
ber in both equations; so also does y. 


— — 
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158. Simultaneous equations are solved by combining 
the equations so as to obtain a single equation with one 
unknown number; this process is called elimination, 

There are three methods of elimination in general use: 


I. By Addition or Subtraction. 
II. By Substitution. 
III. By Comparison. . 


159. Elimination by Addition or Subtraction. 


(1) Solve: 5x2—38y = 20 (1) 
Qa+5y = 39 } (2) 
Multiply (1) by 5, and (2) by 3, 
25a —15y = 100 (3) 
6a+15y=117 (4) 
Add(3)and (4), 3le¢  =217 
geht ti 
Substitute the value of « in (2), 
144 5y =39, 
2. y= 5. 


In this solution y is eliminated by addition. 


(2) Solve: 62+ 385y=177 i (1) 
82—2Zly= 33 (2) 
Multiply (1) by 4, and (2) by 3, 
24x + 140 y = 708 (3) 
24x— 63y= 99 (4) 
Subtract, 203 y = 609 
Sy = 3. 
Substitute the value of y in (2), 
82 — 63 = 33. 
ayn 12, 


In this solution 2 is eliminated by subtraction. 
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160. Hence, to eliminate by addition or subtraction, we 
have the following rule: 


Multiply the equations by such numbers as will make the 
coefficients of one of the unknown numbers equal wm the 
resulting equations. 

Add the resulting equations, or subtract one from the other, 
dccording as these equal coefficients have unlike or like signs. 


Note. It is generally best to select the letter to be eliminated 
which requires the smallest multipliers to make its coefficients equal ; 
and the smallest multiplier for each equation is found by dividing 
the L.C. M. of the coefficients of this letter by the given coefficient in 
that equation. Thus, in example (2), the L.C. M. of 6 and 8 (the co- 
efficients of «) is 24, and hence the smallest multipliers of the two 
equations are 4 and 3 respectively. 


Sometimes the solution is simplified by first adding the 
given equations, or by subtracting one from the other. 


(3) _2+49y= 51 (1) 
49%+ y= 99 (2) 
Add (1) and (2), 50a + 50y = 150 (3) 
Divide (3) by £0, ety =3. ; (4) 
Subtract (4) from (1), 48 y = 48. 
ape 1. 
Subtract (4) from (2), 48a = 96. 
70 = 2, 


Exercise 62. 


Solve by addition or subtraction: 


ik, jek ae 3. SG ace 5. ei en | 


4% —5y=3 y—3z= 2 32+ Ty=67 
2. met 4. ale ee 6. ARH. | 
2a— y=5d 2ea+Ty= 3 38y—22=138 
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7: pe fire oe Bigot 
4z—5y= 1 sy—l9r= 3 

8. ae 12. 22—-Ty= a 
4z—Ty= 4 £y—92=19 


9. a... | 13. 69y—liz= net 
49xz-+ y= 3d7 14% —18y=-— 41 


10. gee") pias Leer tele ee 
l6y — 84 = 23 194+ 28y=77 


161. Elimination by Substitution. 


(1) Solve: at ileel| 
4x+3y= 25 
Sa2+4y = 32. (1) 
42+3y = 25. (2) 
Transpose 4y in (1), 5a = 32—4y, (3) 
Divide by coefficient of x, x= me (4) 


Substitute the value of «x in (2), 
a ay) + 3y = 26, 


128 s 18Y | 3y = 95, 


128 — 16y + 15y = 125, 
—y=-3. 
7 y =3. 
Substitute the value of y in (2), 
4a +9 = 265. 
“ e= 4, 


Hence, to eliminate by substitution, 


From one of the equations obtain the value of one of the 
unknown numbers in terms of the other. 

Substitute for this unknown number its value in the other 
equation, and reduce the resulting equation. 
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Exercise 63. 


Solve by substitution : 


1 eee me 8. 3. ee 
7Tz—9y=7 38z+2y= 0 

a ROE | 9. 27 
4%—3y=11 8y—-s2=— 8 

a mater? a 10. 52—8y= aa 
202—8y= 1 12y—Tx2=10 

4. Sta EA it oY 7 eae 
82+9y=41 1lba2— Ty = 29 

5. Ta + raat 12. d#-—2y= oat 
132%—1lly=10 19z — 8y= 180 

6. ts ane 13. 4%-+ 7 eae 
1z—6y=75 82+ 17y=198 


ie LO2-- eee 14. o.| 
122 —l1ly=180 12z+9y=3 


162. Elimination by Comparison. 


Solve: UT, 
32+ 2y = 23 
2a —5y = 66. : (1) 
342+ 2y = 23. (2) 
Transpose 5y in (1), and 2y in (2), 
2x = 66 + 5y, (3) 
3a” = 23 — 2y. (4) 
Divide (3) by 2, T= ee. (5) 
ion _ 23-2y 
Divide (4) by 3, 2 aera (6) 
Equate the values of 2, 00 ee es (7) 


2 3 
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Reduce (7), 198 + l5y = 46 —4y, 
19y = — 152. 
y= 8. 
Substitute the value of y in (1), 
22 +40 = 66. — 
Cette ty 


163. Hence, to eliminate by comparison, 


From each equation obtain the value of one of the unknown 
numbers in terms of the other. 

Form an equation from these equal values and reduce the 
equation. 


Exercise 64. 


Solve by comparison : 


it ed ia S$. 0Y — 1 e=— = 
82+ y=27 2y + 5a = 22 

2. 4a+ ae 9. Be bad Tan’ 
8z2—l138y= 9 ily — 802 = 295 

3. ol alist 10. ety Ga 
Sy — 32 = 22 52+ Ty=41 

4. ee, t Pe RO Carey 
10z— y= 7 2%-+5y= 91 


Soa (4 = =| 12. lfz+12y= pit 
llz+12y= 100  W2— 4y=153 


6. pe ae 18. 24a Ty= aa 
llz+9y= 69 82—33y= 115 

7 8%—2ly= at 14. Salar! 
62+ 35y=177 y= 3% — 23 
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164. Each equation must be simplified, if necessary, 
before the elimination. 


Solve: ens: | 
Metl)+iy—1)=9 
da—d(yt+1)-l * (1) 
3(v@+1)+e(y—1)=9. (2) 
_ Multiply (1) by 4, and (2) by 12, 

3a— 2y—2=4 (3) 
4x+4+9y—-—9=108. (4) 
From (38), 3a —2y =6. (5) 
From (4), 4% +9y=1138. (6) 


Multiply (5) by 4, and (6) by 3, 
12%— 8y= 24 
12x + 27y = 339 
35y = 315 
Y=. 
Substitute value of y in (1), o= 8, 








Exercise 65. 





Solve: 
TEAGNE eras) ve ee 
2¢-+20=8y+1 77 
5(a-+8)=3(y—2)+2 





2. 22 YF _4—0) 4. (24 eee 


a x pel 
Be a ete 2 oe 
ITZ 5 tage 


8 ket DOs a Ch a 
8 (2-3) — 4(y +4) ae 





LY a et ol) ae 
8 8° a 


10. 


11. 


12. 


13. 


SIMULTANEOUS EQUATIONS. 161 


eel oy+2 2(¢2¢—y) | 15. 2-4 y+2 














3 4 5 5 10 
oo 3 eS em 
—___— — = 2y — = 5 
4 eens kt 6 aa 
8x—2y , Se-8y_, 14 16 B8a+ 12y _9 

3 kb 
22—3y , 44—3y 1—3z_11—3y 
LE eee ea | nO es ey 
mene 3!) 7 5 

9. Bien yer oe oy 8 4 

3 4 
ee a 


ae 17. ronan 
dha = hy — ly By -+4(e+2)=9 


ic 3 
e+2y+3 4x2—5y+6| 18. 382—0.25 y= 28 F 
3 P. 19 0.12%-+40.7y= 2.54 
62a—5byt+4 382+2y+1 
a+y_16 19. 7(2—1)=38(y+8) 
Tier ig 4a+2 5y+9 
peed 882190 9 2 
7 
Be 9y 1 3 2Rty 
2 5 20. Cet beeiaaaiame | 
2 eae 3y—4(@+ 2) =8 
4. B08 
14. 4u—38y—T7_8x 2y 5 
5 OP 


y-l 2 By yiy—e,e, 1 
Seo OO = an5e 86 10 
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22. 


23. 


24. 


25. 
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a2 — by 
“1 3x%=4y—2 
3 TOG=4y 


oe t SY 22-24 9y—2 








OG 8 Von ley ove 
2 2 3 
2a+y 9x—7T_ 38(y+8) 42+5y 


2 8 4 16 


x—y+4 
(t+ I)y —2)-+3'—= 207 — (ye 


Pete set OY 3) 4 Stt8 


3 1) ee ee) ee 








4 4x—6 
Sy+tT7 , 64—3y 4 4y—9 
10 eee a 5 
~ LY —*# _ 99 99 = 22 
23 — x 2 


165. Literal Simultaneous Equations. 


Solve: 


Norte. 


ax + by =e } 
alz+ bly =e! 


The letters a’, b’ are read a prime, b prime. In like man- 


ner, a/’, a/// are read a second, a third, and ay, dy, az are read a sub 
one, a sub two, a sub three. It is sometimes convenient to represent 
different numbers that have a common property by the same letter 
marked by accents or suffixes. Here a and a’ have a common prop- 
erty as coefficients of a. 


ax + by =e. (1) 
© oa + bly =e’. (2) 
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_ Lo find the value of y, multiply (1) by a’, and (2) by a, 


aa’s + a/by = a/c 

aa’x + ab/y = ac’ 

a/by — ab’/y = a'¢ — ac’ 
me re OC). 
a/b — ab/ 





To find the value of x, multiply (1) by 0’, and (2) by 3, and pro- 
ceed as in finding the value of y. 


Exercise 66, 


ily ete 3. pa tc aed 5. entea oaseg 


z—y=b petqy=b mz+ny=r': 
2. eee | 4. ges | 6. eta an tt 

pxt+tqy=r ax + cy =d dz-+ fy =c¢’ 
7. H1Y%R=¢ 12. Sime Ley 

biel) x—y— 1 

ih oe z+y—l 
8 eu”, ee Pee fee cla ) 


2 
(a—b)x=(a+b)y) 


i ait ea b ! 14, az+by=e | 





























b+y 38a+2 i Cas tO; Maes 
ax + 2by=d b+y a+z 
ee 150 be est 
ie a+b a—b a+b at, een i 
Ee ae Jira RO AL 
a+b: a—b a—b 2ab a’+0 


Mle BS eae 16. aN Couisuit 
a(y—b—x)=b(y—b) x—y=a—b 
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Saar ee 


17. 
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ae 


18. (a+ 6b)x—(a—b)y=4ab ; 
(a— b)a+ (a+ b)y= 20 — 20° 


19. Ct Ot eS a a 
x—y+2(a—6b)=0 


20. (a+ b)\(24+y)—(a—d)\(a#—-y)=a@ 
(a— d)a+y)+ (at djz—y) = & 


166. Fractional simultaneous equations, of which the de- 
nominators are simple expressions and contain the unknown 
numbers, may be solved as follows: 


(1) Solve: 


Multiply (1) by ¢, 
Multiply (2) by a, 


Subtract (4) from (3), 
Multiply both sides by y, 


Multiply (1) by d, 


Multiply (2) by 3, 


(1) 
(2) 
A) 
(4) 


(5) 
(6) 
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Subtract (6) from (5), AE a ee 
x 
Multiply both sides by 2, ad — be = (dm — bn) a. 
_ ad — be 
dm — bn 
5 2 ) 
2) Solve: —+-—= 
(2) Solve BE ea 
ee relia 
te Ay, 
5 2 
We have era (1) 
and baie ie) (2) 
G2 10 
Multiply (1) by 15, the L.C. M. of 3 and 5, and (2) by 30, 
AIRE OD, (3) 
ah 
ee 90) (4) 
| aaa 
Multiply (4) by 2, and add the result to (3), 
arab 
ay 
i 
t== 
3 

Substitute the value of « in (1), and we get 

hs 
fers 

Solves Exercise 67. 

1 1 2. 10 5 ed 5. Saag 
Ne), EDU 2h Te), 
4,3 Ih ppb oub as 4 5 
ee OY 4 hea see G 
Sey Ae ay. 12 ay 

2. ree, ty 1,2 4 6. Bie Fas G6 
By i ee ey 
ae SMe, babe 
ant cay, Ue ATR 
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7 2453-5) 8.42 amin) lee 
aL OY nx my BAY 
EG) ni Ma m+n O° SONS | 
ax by Lee, sy, 


167. If three or more simultaneous equations are given, 
involving three or more unknown numbers, one of the 
unknowns must be eliminated between two or more pairs 
of the equations; then a second unknown between the 
pairs that can be formed of the resulting equations. 

Note. The pairs chosen to eliminate from must be independent 


pairs, so that each of the given equations shall be used-in the process 
of the eliminations. 


Solve: 22—B8y+4z2= 4 (1) 
oo by Ta 12} (2) 
5e— y—8z2= 5 (3) 

Eliminate z between the equations (1) and (3). 

Multiply (1) by 2, 42—6y+8z= 8 (4) 

(3) 1s oe— y—8z= 5 

Add, 9e—Ty = 13 (5) 


Eliminate z between the equations (1) and (2). | 
Multiply (1) by 7, 14” —21ly + 282 = 28 


Multiply (2) by 4, 12% + 20y — 282 = 48 
Add, 26a— y = 716 (6) 


We now have two equations (5) and (6) involving two unknowns, 
x and y. 


Multiply (6) by 7, 182% —7y = 532 (7) 
(5) is 9x—Ty= 13 
Subtract, 173 a = 519 

“2 = 3. 
Substitute the value of # in (6), 78 —y = 76. 

ay a 
Substitute the values of a and y in (1), 

6—6+42=4. 


weal, 


1. 


SIMULTANEOUS EQUATIONS. 


Solve: 


ox 3y—Oz2=4) 
ony -2z=8 | 
Ce 2y + 222 


22 -+-3y—2= 20 
1z—4y+382= 35 


- e+y+2=6 
5a+4y+32= 22 
15a + 10y +62—53) 


44—dy+2z2=6 ! 


9z+y—5z=—16 


~ 4¢—38y+2=9 
x—4y+3z2=2 


e+3y—z=7 


; srsy—s—7 
4x—5y+4z2=8 


Ronee 
l32— 2y+5z2=58 
lix—y—z=15 j 


- ¥—a+2=—5 
ry 2 — 25 
xty+z2=35 


82+ 4y + 2z2= 50 
272+9y+32= 64. 


. by=242—-1027+41 
1l5¢a¢=12y—162+10 
182—(7z—18)=14y ) 


x+y+z=30 


1075 
Bt Wy 
Ley 
13. 
14. 
15. 
16. 


1 & 


: 
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Exercise 68. 


o“2-+38y—2z2=10 


Ow sie al 
(x+4y—52=8 


842 —5y+72=75 


Z-y-e=5 ! 
J@—1lz+10=0 


242-+4y+22=8 
o“2+2y+8z=101 


Eo Ye Ag) ! 


x+2y+382=6 


2x—dsy+5z=—19 
ba + 2y—2z=12 


oa — 2y—5 
42—3y+2z2=11 
2—2y—52=—T7 


Yi a == 9 


By ==) 
yr 


38y—4z2=7 
42—527=2 


fetay smi | 


yatta] 


2¢%-+2y—z=1 
Ta#—6y+tTz=2 


9y—5z = 34 


7x—8y = 30 
e+y+2=33 
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; 3: 4s 
19. Z1 2%_6 23, 2 
Soran : aye 3 
Cee 1 od 
dn Wied as + eae 
PAC R ERNST ir 22 | ya 
ah bps | 4 See 
cio aeie ba 2y zs 
Ah, ees fs 94) 2 
oy 2) eee 
aa 6 6 eae 
y 2 2 es 
Sa ae 2 lO a 
BY a the J Yd dames 
21. Lea 25. 2417330 
Z ¥\¥. 2 ria We 
Dee Tegel 3.3 
Homa Raed 2 Y 
1,i_i_, 1,1_4_ 9 
OL ER ie J Ce nS ae 
22. bzt+cy=a 26. ax+by+cz=a 
cten=a lt ez ly—or= 3} 
ay+bx=ce ax+cy+bz=e 


21. at y Sub 2e FY tg. 





28. By Ly see 2 2 Oe 
a 6b C a+oéd+t+e 


* Subtract from the sum of the three equations each equation separately. 
+ Multiply the equations by a, b, and ¢, respectively, and from the sum 
of the results subtract the double of each equation separately. 


CHAT RR ell. 


PROBLEMS INVOLVING TWO OR MORE 
UNKNOWN NUMBERS. 


168. It is often necessary in the solution of problems to 
employ two or more letters to represent the numbers to be 
found. In all cases the conditions must be sufficient to 
give just as many equations as there are unknown numbers 
to be found. 


169. If there are more equations than unknown numbers, 
some of them are superfluous or inconsistent; if there are 
fewer equations than unknown numbers, the problem is 
indeterminate. 


(1) If A gives B $10, B will have three times as much 
moneyas A. If B gives A $10, A will have twice as much 
money as B. How much has each? 

Let x = number of dollars A has, 
and y = number of dollars B has. 

Then, after A gives B $10, 

x —10= the number of dollars A has, 
y + 10 =the number of dollars B has. 
“. y+10=3(e—10). (1) 

If B gives A $10, 

x + 10=the number of dollars A has, 
y — 10 =the number of dollars B has. 
* #©+10=2(y—10). (2) 


From the solution of equations (1) and (2), « = 22, and y = 26. 
Therefore A has $22, and B has $26. 
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Exercise 69. 


The sum of two numbers divided by 2 gives as a quo- 
tient 24, and the difference between them divided 
by 2 gives as a quotient 17. What are the num- 
bers ? 


The number 144 is divided into three numbers. When 
the first is divided by the second, the quotient is 3 
and the remainder 2; and when the third is divided 
by the sum of the other two numbers, the quotient 
is 2 and the remainder 6. Find the numbers. 


Three times the greater of two numbers exceeds twice 
the less by 10; and twice the greater together with 
three times the less is 24. Find the numbers. 


If the smaller of two numbers is divided by the greater, 
the quotient is 0.21 and the remainder 0.0057; but 
if the greater-is divided by the smaller, the quo- 
tient is 4 and the remainder 0.742. What are the 
numbers ? 


Seven years ago the age of a father was four times 
that of his son; seven years hence the age of the 
father will be double that of the son. What are 
their ages? 


The sum of the ages of a father and son is half what it 
will be in 25 years; the difference between their 
ages 1s one-third of what the sum will be in 20 years. 
What are their ages? 


If B gives A $25, they will have equal sums of money; 
but if A gives B $22, B’s money will be double that 
of A. How much has each? 


PROBLEMS. iwi! 


8. A farmer sold to one person 30 bushels of wheat and 
40 bushels of barley for $67.50; to another person 
he sold 50 bushels of wheat and 30 bushels of barley 
for $85. What was the price of the wheat and of 
the barley per bushel ? 


9. If A gives B $5, he will then have $6 less than B; 
but if he receives $5 from B, three times his money 
will be $20 more than four times B’s. How much 
has each ? 


10. The cost of 12 horses and 14 cows is $1900; the cost 
of 5 horses and 8 cows is $650. What. is the cost 
of a horse and a cow respectively ? 

Nots. A fraction of which the terms are unknown may be rep: 


resented by =. 
y 


Ex. A certain fraction becomes equal to + if 3 is added to 
its numerator, and equal to 2 if 3 is added to its 
denominator. Determine the fraction. 


Let = the required fraction. 


- 

y 
ea ey BEEN 
y yt+s3 


From the solution of these equations it is found that 


Then 








ees 
=F. 


c=6; 
y = 18. 
Therefore the fraction = 5. 


11. A certain fraction becomes equal to 2 when 7 is added 
to its numerator, and equal to 1 when 1 is subtracted 
from its denominator. Determine the fraction. 


12. A certain fraction becomes equal to + when 7 is added 
to its denominator, and equal to 2 when 13 is added 
to its numerator. Determine the fraction. 


ibpe ALGEBRA. 


13. A certain fraction becomes equal to ~ when the denom- 
inator is increased by 4, and equal to 22 when the 
numerator is diminished by 15. Determine the 
fraction. 


14. A certain fraction becomes equal to 2 if 7 is added to 
the numerator, and equal to 2 if 7 is subtracted 
from the denominator. Determine the fraction. 


15. Find two fractions with numerators 2 and 5 respec- 
tively, the sum of whichis 14; but if their denomi- 
nators are interchanged the sum of the fractions is 2. 


16. A fraction which is equal to 2 is increased to 38 when 
a certain number is added to both its numerator and 
denominator, and is diminished to 2 when one more 
than the same number is subtracted from each. 
Determine the fraction. 


Norr. A number consisting of two digits which are unknown 
may be represented by 10x + y, in which a and y represent the digits 
of the number. Likewise, a number consisting of three digits which © 
are unknown may be represented by 100a + 10y +z, in which a, y, 
and z represent the digits of the number. 

For example, consider any number expressed by three digits, as 
364. The expression 364 means 300 + 60+ 4; or, 100 times 3+ 10 
tumes 6 + 4. 


Ex. The sum of the two digits of a number is 8, and if 36 
be added to the number, the digits will be inter- 
changed. What is the number? 


Let x = the digit in the tens’ place, 
and y = the digit in the units’ place. 
Then 10” + y = the number. 
By the conditions, 7+ y =8, (1) 
and l0x+y+36=10y+4+2. (2) 
From (2), 9a—9y =— 36. 


Divide by 9, e—-y=—4, (3) 


17. 


18. 


19. 


20. 


21. 


22. 
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Add (1) and (3), 2a = 4, 


ween 2, 
Subtract (3) from (1), 2y = 12. 
 y =6. 


Hence the number is 26. 


The sum of the two digits of a number is 10, and if 54 
be added to the number the digits will be inter- 
changed. What is the number? 


The sum of the two digits of a number is 6, and if the 
number is divided by the sum of the digits the quo- 
tient is 4. What is the number? 


A certain number is expressed by two digits, of which 
the tens’ digit is the greater. If the number is 
divided by the sum of its digits the quotient is 7; 
if the digits are interchanged, and the resulting 
number diminished by 12 is divided by the differ- 
ence between the two digits, the quotient is 9. 
What is the number? 


If a certain number is divided by the sum of its two 
digits the quotient is 6 and the remainder 3; if the 
digits are interchanged, and the resulting number is 
divided by the sum of the digits, the quotient is 4 
and the remainder 9.. What is the number? 


If a certain number is divided by the sum of its two 
digits diminished by 2, the quotient is 5 and the 
remainder 1; if the digits are interchanged, and the 
resulting number is divided by the sum of the digits 
increased by 2, the quotient is 5 and the remainder 
8. Find the number. 

The first of the two digits of a number is, when doubled, 
38 more than the second, and the number itself is less 
by 6 than 5 times the sum of the digits. What 
is the number? 
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23. A number is expressed by three digits, of which the 
first and last are alike. By interchanging the digits 
in the units’ and tens’ places the number is increased 
by 54; but if the digits in the tens’ and hundreds’ 
places are interchanged, 9 must be added to four 
times the resulting number to make it equal to the 
original number. What is the number? 


24. A number is expressed by three digits. The sum of 
the digits is 21; the sum of the first and second 
exceeds the third by 3; and if 198 be added to the 
number, the digits in the units’ and hundreds’ places 
will be interchanged. Find the number. 


25. A number is expressed by three digits. The sum of 
the digits is 9; the number is equal to forty-two 
times the sum of the first and second digits; and 
the third digit is twice the sum of the other two. 
Find the number. 


26. A certain number, expressed by three digits, is equal 
to forty-eight times the sum of its digits. If 198 be 
subtracted from the number, the digits in the units’ 
and hundreds’ places will be interchanged; and the 
sum of the extreme digits is equal to twice the mid- 
dle digit. Find the number. 


Notr. If a boat moves at the rate of x miles an hour in still 
water, and ifit is on a stream that runs at the rate of y miles an 
hour, then 


x + y represents its rate down the stream, 
«2 —y represents its rate wp the stream. 


27. A waterman rows 80 miles and back in 12 hours. He 
finds that he can row 5 miles with the stream in the 
same time as 3 against it. Find the time it takes 
him to row up and down respectively. 
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28. A crew which can pull at the rate of 12 miles an hour 
down the stream, finds that it takes twice as long to 
come up the river as to go down. At what rate 
does the stream flow ? | 


29. A man sculls down a stream, which runs at the rate 
of 4 miles an hour, for a certain distance in 1 hour 
and 40 minutes. In returning it takes him 4 hours 
and 15 minutes to arrive at a point 3 miles short of 
his starting-place. Find the distance he pulled 
down the stream and the rate of his pulling. 


30. A person rows down a stream a distance of 20 miles 
and back again in 10 hours. He finds he can row 
2 miles against the stream in the same time he can 
row 8 miles with it. Find the time of his rowing 
down and of his rowing up the stream; and also the 
rate of the stream. 


Nore. When commodities are mixed, the quantity of the mixture 
is equal to the quantity of the ingredients; the cost of the mixture 
is equal to the cost of the ingredients. 


Ex. A wine-merchant has two kinds of wine which cost 
72 cents and 40 cents a quart respectively. How 
much of each must he take to make a mixture of 50 
quarts worth 60 cents a quart? 


Let « = required number of quarts worth 72 cents a 
quart, 

and y = required number of quarts worth 40 cents a 
quart. 


Then, 72 = cost in cents of the first kind, 
40y = cost in cents of the second kind of wine, 
and 3000 = cost in cents of the mixture. 
. e2+y=50, 
72a@ + 40y = 3000. 


From which equations the values of x and y may be found. 
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A grocer mixed tea that cost him 42 cents a pound 


with tea that cost him 54 cents a pound. He had 30 
pounds of the mixture, and by selling it at the rate 
of 60 cents a pound, he gained as much as 10 pounds 
of the cheaper tea cost him. How many pounds of 
each did he put into the mixture? 


32. A grocer mixes tea that cost him 90 cents a pound 


with tea that cost him 28 cents a pound. The cost 
of the mixture is $61.20. He sells the mixture at 
50 cents a pound, and gains $3.80. How many 
pounds of each did he put into the mixture? 


33. A farmer has 28 bushels’ of barley worth 84 cents a 


bushel. With his barley he wishes to mix rye worth 
$1.08 a bushel, and wheat worth $1.44 a bushel, so 
that the mixture may be 100 bushels, and be worth 
$1.20 a bushel. How many bushels of rye and of 
wheat must he take? 


Ex. A and B together can do a piece of work in 48 days; 


A and © together can do it in 80 days; B and C 

together can do it in 263 days. How long will it 

take each to do the work? 

Let x = the number of days it will take A alone to do the work, 
y = the number of days it will take B alone to do the work, 


and z= the number of days it will take C alone to do the work. 


Then, 1 1 1 respectively, will denote the part each can do 
7 Y * ina day, 


and + +! will denote the part A and B together can do in a day ; 
oy Bg) 


but re will denote the part A and B together can do in a day. 


Therefore, L + 
x 


(1) 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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. . 1 A oil 
Likewise, eat ae Soe 
; ; x Hi ce hW) (2) 
Tea 1 
and ae eres 3 
y 2 264 (°) 


The solution of these equations gives 120, 80, and 40 for the 
values of a, y, and z, respectively. 
A and B together earn $40 in 6 days; A and C 
together earn $54 in 9 days; B and C together 
earn $80 in 15 days. What does each earn a day? 


A cistern has three pipes, A, B, and C. A and B will 
fill it in 1 hour and 10 minutes; A and C in 1 hour 
and 24 minutes; Band Cin 2 hours and 20 minutes. 
How long will it take each to fill it? 


A warehouse will hold 24 boxes and 20 bales; 6 boxes 
and 14 bales will fill half of it. How many of each 
alone will it hold? 


Two workmen together complete some work in 20 days; 
but if the first had worked twice as fast, and the 
second half as fast, they would have finished it in 
15 days. How long would it take each alone to do 
the work ? 


A purse holds 19 crowns and 6 guineas; 4 crowns and 
5 guineas fill 22 of it. How many of each alone will 
it hold ? 

A piece of work can be completed by A, B, and C 
together in 10 days; by A and B together in 12 
days; by B and O, if B work 15 days and C 30 
days. How long will it take each alone to do the 
work? 

A cistern has three pipes, A, B,and C. A and B will 
fill it in a minutes; A and C in 6 minutes; B and 


Cin ce minutes. How long will it take each alone 
to fill it? 
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Nots. In considering the rate of increase or decrease in quantities, 
it is usual to take 100 as a common standard of reference, so that the 
increase or decrease is calculated for every 100, and therefore called 
per cent. 

The representative of the number resulting after an increase has 
taken place is 100 + increase per cent; and after a decrease, 100 — 
decrease per cent. 

Interest depends upon the tame for which the money is lent, as 
well as upon the rate per cent charged; the rate per cent charged 
being the rate per cent on the principal for one year. Hence, 


Simple interest = Principal x Rate per cent x Time 
100 
where Time means number of years or fraction of a year. 
' Amount = Principal + Interest. 

In questions relating to stocks, 100 is taken as the representative 
of the stock, the price represents its market value, and the per cent 
represents the interest which the stock bears. Thus, if six per cent 
stocks are quoted at 108, the meaning is, that the price of $100 of 
the stock is $108, and that the interest derived from $100 of the stock 
will be 785 of $100; that is, $6 a year. The rate of interest on the 
money invested will be 42° of 6 per cent. 


41. A man has $10,000 invested. For a part of this sum 
he receives 5 per cent interest, and for the rest 4 
per cent; the income from his 5 per cent investment 


is $50 more than from his 4 per cent. How much 
has he in each investment? 


42. A sum of money, at simple interest, amounted in 6 
years to $26,000, and in 10 years to $30,000. Find 
the sum and the rate of interest. 


43. A sum of money, at simple interest, amounted in 10 
months to $26,250, and in 18 months to $27,250. 
Find the sum and the rate of interest. 


44. A sum of money, at simple interest, amounted in m 
years to a dollars, and in ” years to 6 dollars. Find 
the sum and the rate of interest. 
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45. A sum of money, at simple interest, amounted in a 
months to e dollars, and in 6 months to d dollars. 
Find the sum and the rate of interest. 


46. A person has a certain capital invested at a certain 
rate per cent. Another person has $1000 more 
capital, and his capital invested at one per cent 
better than the first, and receives an income $80 
greater. A third person has $1500 more capital, 
and his capital invested at two per cent better than 
the first, and receives an income $150 greater. 
Find the capital of each, and the rate at which it is 
invested. | 


47. A person has $12,750 to invest. He can buy three 
per cent bonds at 81, and five per cents at 120. 
Find the amount of money he must invest in each in 
order to have the same income from each invest- 
ment. 


Hint. If and y represent the number of dollars invested in the 


three and five per cents respectively, then a and if are the 


. respective incomes from the three and five per cents. 


48. A and B each invested $1500 in bonds; A in three 
per cents and B in four per cents. The bonds were 
bought at such prices that B received $5 interest 
more than A. After both classes of bonds rose 10 
points, they sold out, and A received $50 more than 
B. What price was paid for each class of bonds? 


Hint. Ifw«and y represent the cost of $1 in three per cents and $1 








i=4 
in four per cents, respectively, then pou and atl are the face values 
of the three and four per cents, respectively ; and = x HOU and 
pes oe 1500 are the respective incomes. 


100 
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49. A person invests $10,000 in three per cent bonds, 
$16,500 in three and one-half per cents, and has an 
income from both investments of $1056.25. If his 
investments had been $2750 more in the three per 
cents, and less in the three and one-half per cents, 
his income would have been 62% cents greater. 
What price was paid for each class of bonds? 


Hint. Let x and y represent the cost of $1 in three and three 





and one-half per cent bonds respectively; then BAe NO ad 
34 _, 16500 ih 1000 «@ 

~2 x —— are the respective incomes. 

100° y 


50. The sum of $2500 was divided into two unequal parts 
and invested, the smaller part at two per cent more 
than the larger. The rate of interest on the larger 
sum was afterwards increased by 1, and that on the 
smaller sum diminished by 1; and thus the interest 
of the whole was increased by one-fourth of its value. 
If the interest of the larger sum had been so in- 
creased, and no change been made in the interest of 
the smaller sum, the interest of the whole would 
have been increased one-third of its value. Find 
the sums invested, and the rate per cent of each. 


Note. If represents the number of linear units in the length, 
and y in the width, of a rectangle, zy represents the number of its 
units of surface; the surface unit having the same name as the linear 
unit of its sides. 


51. If the sides of a rectangular field were each increased 
by 2 yards, the area would be increased by 220 
square yards; if the length were increased and the 
breadth were diminished each by 5 yards, the area 
would be diminished by 185 square yards. What 
is its area? 
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52. Ifa‘ given rectangular floor had been 3 feet longer and 
2 feet broader it would have contained 64 square 
feet more; but if it had been 2 feet longer and 3 
feet broader it would have contained 68 square feet 


more. Find the length and breadth of the floor. 


53. In a certain rectangular garden there is a strawberry- 
bed whose sides are one-third of the lengths of the 
corresponding sides of the garden. The perimeter of 
the garden exceeds that of the bed by 200 yards; 
and if the greater sitle of the garden be increased by 
8, and the other by 5 yards, the garden will be en- 
larged by 645 square yards. Find the length and 
breadth of the garden. 


Notr. Care must be taken to express the conditions of a problem 
in the same principal unit. 


Ex. Ina mile race A gives B a start of 20 yards and beats 
him by 30 seconds. At the second trial A gives Ba 
start of 82 seconds and beats him by 9,5 yards. 
Find the rate per hour at which each runs. 

Let z = number of yards A runs a second, 


and y=number of yards B runs a second. 
Since there are 1760 yards in a mile, 


2160 “number of seconds it takes A to run a 
i mile. 
6 
1740 3g 1250Pr — number of seconds B was running in the 
Y Y first and second trials, respectively. 
Flite? a0 se L760 = 30, 
a 
ea 17503 _ 1760 _ 95 
by 
The solution of these equations gives = 513 and y = 5,3. 
That is, A runs OTE or Ruy of a mile in one second; 
1760 = 300 


and in one hour, or 3600 seconds, runs 12 miles. 
Likewise, B runs 10;%; miles m one hour, 
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54. In a mile race A gives B a start of 100 yards and beats 
him by 15 seconds. In the second trial A gives Ba 
start of 45 seconds and is beaten by 22 yards. Find 
the rate of each in miles per hour. 


55. Ina mile race A gives B a start of 44 yards and beats 
him by 51.seconds. In the second trial A gives Ba 
start of 1 minute and 15 seconds and is beaten by 88 
yards. Find the rate of each in miles per hour. 


56. The time which an express train takes to go 120 miles 
is 3% of the time taken by an accommodation train. 
The slower train loses as much time in stopping at 
different stations as it would take to travel 20 miles 
without stopping; the express train loses only half 
as much time by stopping as the accommodation 
train, and travels 15 miles an hour faster. Find the 
rate of each train in miles per hour. 


Hint. If «and y represent the rates of the slower and faster trains 


, 2 
respectively, then nde 


ae Fh eh tt ONL 
the respective trains to run 120 miles; — and — represent the num- 
a ax 


represent the number of hours it takes 


ber of hours the respective trains lose by stopping. 


57. A train moves from P towards Q, and an hour later a 
second train starts from Q and moves towards P 
at a rate of 10 miles an hour more than the first 
train; the trains meet half-way between P and Q. 
If the train from P had started an hour after the 
train from Q, its rate must have been increased by 28 
miles in order that the trains should meet at the 
half-way point. Find the distance from P to Q. 

Hint. If # denotes the number of hours it takes the first train to 
go half the distance, and y denotes the rate of the first train, then 

w—1 denotes the number of hours it takes the second train to go 


half the distance, and y +10 denotes the rate of the second train. 
Hence, xy and (« — 1)(y + 10) are each equal to half the distance. 
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58. A passenger train, after travelling an hour, meets with 
an accident which detains it one-half an hour; after 
which it proceeds at four-fifths of its usual rate, and 
arrives an hour and a quarter late. If the accident 
had happened 30 miles farther on, the train would 
have been only an hour late. Determine the usual 
rate of the train. 

Hint. If represents the number of miles the train usually goes 
an hour, and y the whole distance in miles, y—~ is the distance 


the train has to go after the accident, ote is the number of hours 


usually required, and ae is the number of hours required after the 
4a 


: BE a ar F : : 
accident. Hence oo —Y%—* is the loss in running time. 
$2 ie 


Also, since the detention is 3 hour, and the train is 1} hours late, 
the loss in running time is ree of an hour. 
Therefore, eae 
4 +x x 4 
If the accident had anparca 30 miles farther on, the distance to 
be run would have been y — (x + 30), and we should have had 


pe) Ue ah 
x 


$2 





59. A passenger train after travelling an hour is detained 
15 minutes; after which it proceeds at three-fourths 
of its former rate, and arrives 24 minutes late. If 
the detention had taken place 5 miles farther on, the 
train would have been only 21 minutes late. Deter- 
mine the usual rate of the train. 


60. A man.bought 10 oxen, 120 sheep, and 46 lambs. 
The cost of 3 sheep was equal to that of 5 lambs; 
an ox, a sheep, and a lamb together cost a number 
of dollars less by 57 than the whole number of 
animals bought; and the whole sum spent was 
$2341.50. Find the price of an ox, a sheep, and a 
lamb, respectively. 
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61. A farmer sold 100 head of stock, consisting of horses, 
oxen, and sheep, so that the whole realized $11.75 a 
head; while a horse, an ox, and a sheep were sold 
for $110, $62.50, and $7.50, respectively. Had he 
sold one-fourth of the number of oxen that he did, 
and 25 more sheep, he would have received the same 
sum. Find the number of horses, oxen, and sheep, 
respectively, which were sold. 


62. A,B, and C together subscribed $100. If A’s sub- 
scription had been one-tenth less, and B’s one-tenth 
more, O’s must have been increased by $2 to make 
up the sum; but if A’s had been one-eighth more, 
and B’s one-eighth less, C’s subscription would have 
been $17.50. What did each subscribe ? 


63. A gives to B and C as much as each of them has; B 
gives to A and O as much as each of them then has ; 
and C gives to A and B as much as each of them 
then has. In the end each of them has $6. How 
much had each at first ? | 


64. A pays to B and C as much as each of them has; B 
pays to A and C one-half as much as each of them 
then has; and C pays to A and B one-third of what 
each of them then has. In the end A finds that he 
has $1.50, B $4.162, C $0.584. How much had 
each at first ? 


170. Discussion of Problems, The discussion, of a problem 
consists in making various suppositions as to the relative 
values of the given numbers, and explaining the results. 
We will illustrate by an example: 

Two couriers, A and B, were travelling along the same 
road, and in the same direction, from C towards D. A 
travels at the rate of m miles an hour, and B at the rate 
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of m miles an hour. At 12 o'clock B was d miles in 
advance of A. When will the couriers be together? 


Suppose they will be together x hours after 12. Then A has trav- 
elled mx miles, and B has travelled nx miles, and as A has travelled 
d miles more than B, 

mz = nx + d, 
or mx — nx = d. 


d 


.2= . 
m—n 





Discussion OF THE ProsiEM. 1. If m is greater than n, the value 





of a, namely, d 
m— 


take B after 12 o'clock. 


, 1s positive, and it is evident that A will over- 
nN 


2. If m is less than n, then — > will be negative. In this case 





B travels faster than A, and as ee is a miles ahead of A at 12 o’clock 
it is evident that A cannot overtake B after 12 o'clock, but that B 
passed A before 12 o'clock. The supposition, therefore, that the 
couriers were together after 12 o’clock was incorrect, and the negative 
value of x points to an error in the supposition. 


, assumes the 





3. If m equals n, then the value of 2, that is, 


form < Now if the couriers were d miles apart at 12 o’clock, and if 
they had been travelling at the same rates, and continue to travel at 
the same rates, it is obvious that they never had been together, and 


that they never will be together, so that the symbol — g G may be regarded 
as the symbol of impossibility. 





4. If m equals n and d is 0, then becomes 2. Now if the 


couriers were together at 12 o’clock, and if they had been travelling 

at the same rates, and continue to travel at the same rates, it is 

obvious that they had been together all the time, and that they will 

continue to be together all the time, so that there is an indefinite 

number of solutions. Therefore, the symbol g may be regarded as 
; ees 0 

the symbol of indetermination. 


CHAPTER XII. 
SIMPLE INDETERMINATE EQUATIONS. 


171. If one equation involving two unknown numbers is 
given, and no other condition is imposed, the number of 
solutions of the equation is unlimited; for if one of the 
unknown numbers be assumed to have any particular 
value, a corresponding value of the other may be found. 

Such an equation is called an indeterminate equation. 

Although the number of solutions of an indeterminate 
equation is unlimited, the values of the unknown numbers 
are confined to a particular range; this range may be fur- 
ther limited by some restriction, as for example by requir- 
ing that the unknown numbers shall be positive integers. 


172. Every indeterminate equation of the first degree, 
in which w and y are the unknown numbers, may be made 
to assume the form 

ax+by=+e, 
where a, 6, and ¢ are positive integers and have no common 
factor. 

Notre. The sign + is read plus or minus, and the sign ¥ is read 
minus or plus. 


173, Examples. 
(1) Solve 3x-+ 4y = 22, in positive integers. 
Transpose, 3a = 22—4y. 


the quotient being written as a mixed expression. 


.2+y-T= ot. 
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Since the values of w and y are to be integral, « + y —7 will be 


integral, and hence went will be integral, though written in the 
form of a fraction. 


Let pee. m, an integer. 
Then l—y=3m. 
“y=1—3m. 


Substitute this value of y in the original equation, 
3a +4—12m = 22. 
,2=6+4m. 


The equation y=1—3m shows that m may be 0, or have any 
negative integral value, but cannot have a positive integral value. 

The equation « = 6 + 4m further shows that m may be 0, but can- 
not have a negative integral value greater than 1. 


“.m may be 0 or — 1; 
and then r= 6 z= 2 


(2) Solve 5a —14y=11, in positive integers. 
Transpose, Sa=11+414y, 
e=24+2y +4 ae (1) 


op 2y—2— >t 4Y. 


Since xz and y are to be integral, « — 2y — 2 will be integral, and 


hence ee will be integral. 


Let ate =m, an integer. 
5m—1 
Then ge Laoag 
saa ities 
or 'y =m + mat. (2) 


Now mot must be integral. 
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Let mos =n, an integer. 
Then m=4n +1. 
Substituting in (2), y=5n+1. 
Substituting in (1), x= 14n+65. 


Obviously x and y will both be positive integers if n have any 
positive integral value. 
Hence, g-= 5, 19.35) 54 eee 
y=, 6, 11, Gai 
It will be seen from (1) and (2) that when only positive integers 
are required, the number of solutions will be limited or unlimited 
according as the sign connecting w and y is positive or negative. 


(3) Find the least number that when divided by 14 and 
5 will give remainders 1 and 3 respectively. 


If WV represents the number, then 
otBaa US and ea 
14 5. 
» N=14241, and V=5y +3. 
“ 1424+1=5y+4+3. 











5y =142-2, 
Sy = 1ldxa#—2-—2. 
2+2 
oye 
Pil 2 5 
Let “os =m, an integer. 
2. c2=5m — 2. 
y =4(142 — 2), from the original equation. 
“y= l4m—6. 


lim=1, a= 3,andy=8. 
.N=142+1=5y4+3=43. 


(4) Solve 54+6y=<30, so that « may be a multiple of y, 
and both # and y positive. 


Let r= my. 
Then (5m + 6)y = 30. 
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y= at ; 
5m+6 
and o= aie 
5m + 
Ifm = 2, x= 33, y=1. 
Ifm=8, e=42, y= 13. 


(5) Solve 142 + 22y = 71, in positive integers, 
ey eee. 
x=d—yt 4 


If we multiply the fraction by 7 and reduce, the result is 
7% 4y vu 2, 
a form which shows that there can be no integral solution. 
There can be no integral solution of av+ by =+c ifa and 6b have 
a common factor not common also to c; for if d be a factor of a and 
also of b, but not of c, the equation may be written 


mdz +ndy=+c¢, ormztny=+ 


Qula 


which is impossible, since — is a fraction, and mz + ny is an integer, 
if x and y are integers. 


Exercise 70. 


Solve in positive integers : 


1. 22+ 1ly=49. 5. 32+ 8y=61. 
2. Tx+3y=40. 6. 82+ 5y= 97. 
8. 52+ Ty=58. 7. 162+ 7y=110. 
4. £+10y=29. 8. 72+ 10y= 206. 
Solve in least positive integers : 

9. 122—Ty=1. 12. 232 —9y= 929. 
10. 52—17y= 23. 13. 232—33y = 43. 


11. 23y—1382=3. 14. 5552 — 22y = 73. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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How many fractions are there with wares ca 12 
and 18 whose sum is 33? 


What is the least number which, when divided by 3 
and 5, leaves remainders 2 and 8 respectively ? 


A person counting a basket of eggs, which he knows 
are between 50 and 60, finds that when he counts 
them 8 at a time there are 2 over; but when he 
counts them 5 at a time there are 4 over. How 
many are there in all? 


A person bought 40 animals, consisting of pigs, geese, 
and chickens, for $40. The pigs cost $5 apiece, 
the geese $1, and the chickens 25 cents each. Find 
the number he bought of each. 


Find the least multiple of 7 which, when divided by 
2, 8, 4, 5, 6, leaves in each case 1 for a remainder. 


In how many ways may 100 be divided into two parts, 
one of which shall be a multiple of 7 and the other 
of 9? 


Solve 18% —5y=70 so that y may be a multiple of 
x, and both positive. 


Solve 8a + 12y = 23 so that # and y may be positive, 


and their sum an integer. 


Divide 70 into three parts which shall give integral 
quotients when divided by 6, 7, 8, respectively, and 
the sum of the quotients shall be 10. 


Divide 200 into three parts which shall give integral 
quotients when divided by 5, 7, 11, respectively, and 
the sum of the quotients shall be 20. 


A number consisting of three digits, of which the mid- 
dle one is 4, has the digits in the units’ and hundreds’ 
places interchanged by adding 792. Find the number. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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Some men earning each $2.50 a day, and some women 
earning each $1.75 a day, receive all together for 
their daily wages $44.75. Determine the number 
of men and the number of women. 


A wishes to pay B a debt of £1 12s., but has only half- 
crowns in his pocket, while B has only 4 penny-pieces. 
How may they settle the matter most simply ? 


Show that 323 2 — 527 y=1000 cannot be satisfied by 
integral values of x and y. 


A farmer buys oxen, sheep, and hens. ‘The whole 
number bought is 100, and the whole price £100. 
If the oxen cost £5, the sheep £1, and the hens 1s. 
each, how many of each did he buy? 


A number of lengths 3 feet, 5 feet, and 8 feet are cut; 
how may 48 of them be taken so as to measure 175 
feet all together ? 


A field containing an integral number of acres less 
than 10 is divided into 8 lots of one size, and 7 of 
4 times that size, and has also a road passing through 
it containing 1300 square yards. Find the size of 
the lots in square yards. 


Two wheels are to be made, the circumference of one 
of which is to be a multiple of the other. What cir- 
cumferences may be taken so that when the first has 
gone round three times and the other five, the differ- 
ence in the lengths of rope coiled on them may be 
17 feet ? 


In how many ways can a person pay asum of £15 in 
half-crowns, shillings, and sixpences, so that the 
number of shillings and sixpences together shall be 
equal to the number of half-crowns? 


CHAPTER XIV. 
INEQUALITIES. 


174, Different expressions containing any given letter 
will have their values changed when different values are 
assigned to that letter; one expression may be for some 
values of the letter greater than the other, and for some 
values of the letter smaller than the other. 


175. Two expressions, however, may be so related that, 
whatever values may be given to the letter, one of the 
expressions cannot be greater than the other. 


Thus, 27 } xz? + 1, whatever value be given to a. 


Norr. The signs ¢ and > are read not less than and not greater 
than, respectively. 


176. For finding whether this relation holds between 
two expressions, the following is a fundamental proposition : 


Tf a and b are unequal, a? + 6? > 2ab. 
For, (a— 6)? must be positive, whatever the values of a and 0. 
That is, (a— by? >0, 
or a? —2ab+6?>0. 
- @ +b? > 2ab. 


177. The principles applied to the solution of equations 
may be applied to inequalities, except that if each side of 
an equality have its segn changed, the inequality will be 
reversed. 

Thus, ifa>b; then -a<—d. 
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(1) Ifaand 6 are positive, show that a*+ b’>a°b+ ab’. 


We shall have a® + 6? > ab + ab?, 
if (dividing each side by a + 6), 
a—ab+b?> ab, 
if a? + b? > 2ab. 
But this is true (2176). .. a3 + B® > ad + ab?. 


(2) Show that a+ 0?+ ¢c’>ab+ac+ be. 


Now, a? + b? > 2ab, 
a? + c? > 2ac, (2 176) 
6? + c? > 2be. 

Adding, 2a? + 2b? + 2c? > 2ab + 2ac + 2be. 


. +64+e>ab+ac-+ be. 


Exercise 71. 
Show that, the letters being unequal and positive: 
a+ 30’?>2b(a-+ 6). 2. a®b + ab’ > 2a7b’. 
(a? + 3*)(a* + b*) > (a? + 6°). 
a’b + ae + ab? + be + ac®+ bc’ > babe. 
The sum of any fraction and its reciprocal > 2. 
If 2? =a?+0’, and y’=c’+ a’, xy € ac+hd, or ad+be. 
ab+ac+be<(a+6—c)y+(a+ec—6)+(b+c—a). 
Which is the greater, (a + 6”)(c’ + d’) or (ac + bd)?? 
Which is the greater, a*— 0* or 4a°(a—6b) when a>b? 


OF ner on eo ae eos 


i 
= 


Which is the greater, \ ~ + \ 6 or Va+~Vb? 
a 


— 
— 








. Which is the greater, * TD ie ATO 
2 a+b 


- Which is the greater, al “ or ++ * 


= 
%~ 


CHAPTER XV. 
INVOLUTION AND EVOLUTION. 


178. Involution, The operation of raising an expression 
to any required power is called ivolution. 

Every case of involution is merely an example of multi 
plication, in which the factors are equal. 


179. Index Law. If m is a positive integer, by definition 
a"=axXaXa---- to m factors. § 19 
Consequently, if m and n are both positive integers, 


(a")™ = a" X a” X a” «.--- to m factors. 
=(aXxa--. to n factors)(a X a+. to n factors) 


=axaXa--- to mn factors 
=a. 
This is the index law for involution. 
Also, 
Cea ey: 
(ab)" = ab X ab... to n factors 
=(aXa--- to  factors)(6 x 6 --.-. to n factors) 


180. If the exponent of the required power is a composite 
number, the exponent may be resolved into prime factors, 
the power denoted by one of these factors found, and the 
result raised to a power denoted by another factor of the 
exponent; and so on. Thus, the fourth power may be 
obtained by taking the second power of the second power; 
the sixth by taking the second power of the third power. 
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181. From the Law of Signs in multiplication it is evi- 
dent that all even powers of a number are positive; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative; 
and the even powers of two compound expressions which 
have the same terms with opposite signs are identical. 


Thus, (6— a) = {-—(a—b)}? =(a— 8). 
182, Binomials. By actual multiplication we obtain, 


(a+ bf? =a@+ 2ab+4 8; 
(a+ bf =a’+ 3a’) + 38ab’ + b; 
(a+ 6)*=a* + 40°b + 6070’? + 400° + OF. 


In these results it will be observed that: 


I. The number of terms is greater by one than the 
exponent of the power to which the binomial is raised. 

II. In the first term, the exponent of a is the same as 
the exponent of the power to which the binomial is raised ; 
and it decreases by one in each succeeding term. 

III. 6 appears in the second term with 1 for an exponent, 
and its exponent increases by | in each succeeding term. 

IV. The coefficient of the first term is 1. - 

V. The coefficient of the second term is the same as the 
exponent of the power to which the binomial is raised. 

VI. The coefficient of each succeeding term is found 
from the next preceding term by multiplying the coefficient 
of that term by the exponent of a, and dividing the product 
by a number greater by one than the exponent of 0. 

If 6 is negative, the terms in which the odd powers of 6 
occur are negative. Thus, 


(a — b) = at — 40% + 6a? — 4b + Be. 


By the above rules any power of a binomial of the form 
a-+ 6, or a— 6, may be written at once. 
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183. The same method may be employed when the terms 
of a binomial have coefficients or exponents. 


(1) (a — bf =a — 37d + 306? — B*. 

(2) (5a? — 2y*), 
= (527)? — 3(52?)(2y*) + 35a?) 2y*)? — (2y*)’, 
= 125 a6 — 150 aty?® + 60 a?y6 — 8 y/?. 


In like manner, a polynomial of three or more terms 
may be raised to any power by inclosing its terms in paren- 
theses, so as to give the expression the form of a binomial. 

(3) (a — 207432 4 4), 
= {(a° — 22°) + (8a + 4)?, 
= (x3 — 2a)? + 2(a3 — 2a*\(38a + 4) + (82 + 4)?, 
= 7° — 4954 494+ 6at —40° —16 2? + 9a? + 242 + 16, 
= 7 — 42° + 10at—4a3 — 7a? + 24a + 16. 


Exercise 72. 


Perform the indicated operations : 





1. (a°)*, 11. (2a%c*)'. 21. (— 8.a°b*c)’. 
oH cay 12. (— 5az*y’)’. 22. (— 82y’)® 
Shak 13. (—Tm'nay'*). 23. (— 5a?ba'*). 
cOaNe 2 aby \° 3ab’\4 
aiea\e 14,(—="7). Ath ; 
) ( aA ( fe 
3x*y \ Preah 
5. (320y. | ‘ (ee. 
cou 15. (8241). 25 ( ; ) 
6. (x + 2). 16. (22 —a)*. 26. (l—a —a’)*. 
7. (a — 2)t, 17. (84+ 2a)’. 27. (2-84442°), 
8. (2+ 8)% 18. (24 —y)*. 28. (l—22+ 2’), 
9. (1+ 22). 19. (w’y—2ay’), 29. (1—xz+2")*. 


10. (2m — 1)°. 20. (ab — 3)". 30. (1+2+2’). 
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184. Evolution. The operation of finding any required 
root of an expression is called evolution. 

Every case of evolution is merely an example of factor- 
ang, in which the required factors are all equal. Thus, the 
square, cube, fourth ..... roots of an expression are found 
by taking one of the two, three, four ..... equal factors of the 
expression. 

The symbol which Rereee that a square root is to be 
extracted is ,/; and for other roots the same symbol is 
used, but with a number-symbol written above to indicate 
the root; thus, +/, +/, signify the therd root, fourth root. 


185. Index Law. If m and 7 are positive integers, 


CAS eee § 179 
Therefore BV hien =e 


Hence, the root of a simple expression is found by divid- 
ing the exponent of each factor by the dex of the root, and 
taking the product of the resulting factors. 


Thus, the cube root of a® is a?; the fourth root of 8la', that is, 
3¢al2, is 3a3; and so on. 


The above is the index law for evolution. 
Also, since (Oe 0 Os. 
therefore, V arb" = ab = Va" x Vb". 


186. It is evident from § 181 that 


I. Any even root of a posztive number will have the 
double sign, +. 


II. There can be no even root of a negative number. 


III. Any odd root of a number will have the same sign 
as the number. 


187. The indicated even root of a negative number is 
called an impossible, or imaginary, number. 
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188. If the root of a number expressed in figures is not 
readily detected, it may be found by resolving the number 
into its prime factors. Thus, to find the square root of 
3,415,104 : 


2° | 3415104 
2° | 426888 
3” 53361 
7 5929 
i 847 
1] 121 
mt 


8,415,104:==) 2% ><: Ste 75 ee 
, V3415104 = 2x 8 x7 x 11 = 1848. 
Exercise 73. 
Simplify : 
1. Vai, V28, 4a", V64, Vara y®, V/16abic’, W320". 
2. V—17288d"ay?, V3375 5%, 3111696 0%. 


— 216b%% of 64 
343.2% N'729 2% 


4. V25 ee + V8aid'o — V81 abet — VB2abMC. 

















3. V58361 bicty?2, ‘| 


5. V2T ay x V248y2 x V 16 2t2’. 
When a=1,b=3,2=2, y= 6, find theyvalues on 
gi ADE NE ee 
7. 2aV8ax + bV12by + 4abevV bay. 
8. Va?+ 200 +8 x Vai+ 30% + 300 +B 
9. Vb — 38a + 3ba?— a + Ve + a? — 2ab. 
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189. Square Roots of Compound Expressions. Since the 
square of a+ 0 is a’ + 2ab + 6’, the square root of 
“7+2ab+6isa+ bd. 
It is required to devise a method of extracting the square 


root a+ 6 when a’-+ 2ab + 0 is given. 


The first term, a, of the root is obviously the square root of the 
first term, a’, in the expression. 
a*+2ab+b’|a+6 — Tf the a? is subtracted from the given 


a expression, the remainder is 2ab + 0?. 
2a + Zab + BD? Therefore, the second term, 6, of the root 
2ab + 6? is obtained by dividing the first term 


of this remainder by 2a, that is, by 
double the part of the root already found. Also, since 2ab + ? 
=(2a+b)d, the divisor is completed by adding to the trial-divisor the 
new term of the root. 


The same method will apply to longer expressions, if care 
be taken to obtain the ¢rial-divisor at each stage of the 
process, by doubling the part of the root already found, and 
to obtain the complete divisor by annexing the new term of 
the root to the trial-divisor. 


Find the square root of 
1 +102? + 25 2* + 162° — 242° — 202° — 42. 


16 x6 — 242° + 25a* — 20a? + 10a?-—4a241|403-—30?+ 20-1 
16 x6 
1 a ee 
— 242° +4 Oat 
8a? — 62? + 22|16 at — 202° + 102? 
1Ga*=— 1222+ 42°? 
82° —62?+4e2—1|— 8a84+ 6a?-—424+1 
— 82°+ 627?—4241 











The expression is arranged according to descending powers of a. 
It will be noticed that each successive trial-divisor may be obtained 
by taking the preceding complete divisor with its last term doubled. 


—_ 


o ovr oOo oO Ff» OD W 


—_ 
= 


_ 
— 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Exercise 74. 


Extract the square root of: 


a'+4a+2a¢—4a+1. 

at — 2a*y + 382° — 2a + y'. 

4a® — 12a’ + 5a'‘2’ + 60%’ + a?r*. 

9x° — 12a°y' + 1627 — 242+? + 476+ 1627/7. 
4a®+ 16c° + 16a? — 32a°c°. 

4o4+ 9 — 80a — 202° + 8727. 

16 xt — 16.abz? + 16 bx? + 4 07b? — 8ab® + 45+. 
eo + 252? + 10a* — 42° — 202° + 16 — 242. 

x + Baty’ —4a°y — 4 ay’ + 8a’y* — 102° + ¥. 
4—12a—1la‘t+ 5a’ — 4a’ + 4a°+ 14a’. 


. 90 — 6ab+ 80ac+ bad + B — 10bce — 2bd 


+ 25c? + 10cd + d?. 
25 «® — 81 a'y? + 842° — 30 ary + y® — Bay + 10277. 


m> —4m' + 10m* — 20m? — 44m? + 35 m* 
+ 46m? — 40m + 25. 


at ee wy 24 a Lay? + ey" + Ti 
xt — 4ay + 6a%y? — Bay? +5y¢— 24 4 ¥ 
hd 


4 3 : at 
Saat ee 
A. .10 20 2b ae 16 
1 SY a ee ee 
Tao ae ee 8 
#2015 26.00 iy, oa 


itt k 
be ob Cen 1 319 
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190, Arithmetical Square Roots. In the general method 
of extracting the square root of a number expressed by 
figures, the first step is to divide the figures into groups. 


Since 1 = 1?, 100 = 10?, 10,000 = 100?, and so on, it is evident that 
the square root of any integral square number between | and 100 lies 
between | and 10; the square root of any integral square number 
between 100 and 10,000 lies between 10 and 100. In other words, 
the square root of any integral square number expressed by one or 
two figures is a number of one figure; the square root of any integral 
square number expressed by three or four figures is a number of two 
figures; and so on. 

If, therefore, an integral square number be divided into groups of 
two figures each, from the right to the left, the number of figures in 
the root will be equal to the number of groups of figures. The last 
group to the left may consist of only one figure. 


Find the square root of 3249. 


32 49 (57 In this case, a in the typical form a? + 2ab + b? 

25 represents 5 tens, that is, 50, and 6 represents 7. 

107) 7 49 The 25 subtracted is really 2500, that is, a?, and the 
749 complete divisor 2a + 6 is 2x 50 + 7 = 107, 


The same method will apply to numbers of more than 
two groups by considering that @ in the typical form repre- 
sents at each step the part of the root already found, and 
that a represents ¢ens with reference to the next figure of 
the root. 


191, If the square root of a number have decimal places, 
the number itself will have ¢wice as many. 


Thus, if 0.11 be the square root of some number, the number will 
be (0.11)? = 0.11 x 0.11 = 0.0121. Hence, if a given number contains 
a decimal, we divide it into groups of two figures each, by beginning 
at the decimal point and proceeding toward the left for the integral 
number, and toward the right for the decimal. We must be careful 
to have the last group on the right of the decimal point contain two 
figures, annexing a cipher when necessary. 
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192, If a number contains an odd number of decimal 
places, or gives a remainder when as many figures in the 
root have been obtained as the given number has groups, 
then its exact square root cannot be found. We may, 
however, approximate to the exact root as near as we please 
by annexing ciphers and continuing the operation. 


Find the square roots of 3 and 357.357. 


BU: an 3 57.35 70(18.908..... 
1 
27) 2,00 28) 257 
189 2,24 
343) 11 00 369) 33 35 
10 29 33 21 
3462) 71 00 37803) 14 70 00 
69 24 11 34.09 





193. The square root of a common fraction is found by 
extracting the square root of the numerator and the square 
root of the denominator. But, when the denominator is 
not a perfect square, it is best to reduce the fraction to a 
decimal and then extract the root. 


Exercise 75. 


Extract the square root of: 








1. 120,409: 4816.36: 1867.1041: 1435.6521-; 64.128064. 
2. 16,803.93869; 4.54499761; 0.24873969; 0.56875738056. 
3. 0.9: 6.21: 0.43: 0.00852; 17; 129; 347.259, 

A 14295 387 20 | 2000s a 0.057 LL 

52. .0,00111 + 0,004 2) 0: O0R lia) 5 3.20 200.0, 

6. 4; $32) 625° 

ie 
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194, Cube Roots of Compound Expressions. Since the cube 
ofa+bisa*?+3a°b+4+ 8 ab? + 23, the cube root of 


a+ 3a7b + 3ab? + isa+ 6. 


It is required to devise a method for extracting the cube 


root a+ 6 when a®+ 307) + 3a0? + B is given. 
a + 30°) + 3ab? + Bla +b 


3a? a 
+3ab +B 3076 + 3ab? + 68 
3a?2+3ab + 6? D107) oO. a0" 42 be 


The first term of the root is a, the cube root of a3. 

If a? is subtracted, the remainder is 3a2b + 3a0?+ 83: therefore, 
the second term 6 of the root is obtained by dividing the first term 
of this remainder by three times the square of a. 

_ Also, since 3.a7b +3 ab? + 8 =(3 a? + 3ab + b%)d, the complete divisor 
is obtained by adding 3ab + 6 to the trial-divisor 3 a?. 


The same method may be applied to longer expressions 
by considering a in the typical form to represent at each 
stage of the process the part of the root already found. 


Find the cube root of 2° — 825 + 523 — 32 —1., 


[x?-—w#—1 
oo Oe oe 1 
3 at x 


(3 2? — x)\(— x) = —d3ar+_ zw — oe +o 
oa oa et) 955 +3et— 28 


—32t £622 —327—1 









3 (a? — x)? = 3a* — 623 + 322 
(32?—32—-1)(—l)= —3e+4+32+1 
3at— 623 +3@+1|—32t+6a%—32—-1 





The first trial-divisor is 3a, and the first complete divisor is 
3at—3x?+2x?, The second trial-divisor is 3 (2? —«)?, or 8 at 6434+ 32°, 
The second term of the root is found by dividing —325, the first term 
of the remainder, by 3a*, the first term of the root. The second 
complete divisor is 32*— 62° + 3a +1. 
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Exercise 76. 


Find the cube root of: 


1. 2 +6ay+4+ 1227+ 8y*. 

2. & —9a¢’+ 27a —2Q7. 

3. 2+12277+ 482 + 64. 

4. 2° —8aa> + 5a‘a’ — 3 a's — a®. 

5. 24+ 8° + 6a'°4+ 72° + 62° 4+ 382-41. 

6. 1—92+ 892? — 992° + 1562* — 1442° + 642° 

“7. a&&—6a°+ 9at+ 4a°— 9a —6a—1. 

8. 642° 1992 + 1442+ — 322° — 3674127 ae 

9. 1—821+627—102°+122'—122°+ 102°_62'413 292", 
10. a® + 9a°b — 185a0°d? + 729 ab? — 729°. 

11. c&—126bce°+600%ct — 160 6c? + 240 b*c? — 192 b'c + 640°. 
12. 8a°+48a°b +60 a'd? — 80 a7b? — 90. a7b*+- 108 ab? — 27 B°. 


195, Arithmetical Oube Roots. In extracting the cube 
root of a number expressed by figures, the first step is to 
divide it into groups. 

Since 1 = 1°, 1000 = 103, 1,000,000 = 100°, and so on, it follows 
that the cube root of any integral cube number between 1 and 1000, 
that is, of any integral cube number which has one, two, or three 
figures, is a number of one figure; and that the cube root of any 
integral cube number between 1000 and 1,000,000, that is, of any 
integral cube number which has four, five, or six figures, is a number 
of two figures; and so on. 

If, therefore, an integral cube number be divided into groups of 
three figures each, from right to left, the number of figures in the 
root will be equal to the number of groups. The last group to the 
left may consist of one, two, or three figures. 


196. Ifthe cube root of a number have decimal places, 
the number itself will have three tumes as many. 


a 


INVOLUTION AND EVOLUTION. 205 


Hence, if a given number contains a decimal, we divide the figures 
of the number into groups of three figures each, beginning at the deci- 
mal-point and proceeding toward the left for the integral number, 
and toward the right for the decimal. We must annex ciphers if neces- 
sary, so that the last group on the right may contain three figures. 

If the given number is not a perfect cube, zeros may be annexed, 
and an approximate value of the root found. 


197, In the typical form, the first complete divisor is 
3807+ 3ab-+ 0; 
the second trial-divisor is 8(a+ 6)’, or 8a?+ 6ab+ 88?, 
which may be obtained by adding to the preceding com- 
plete divisor 2s second term and twice its third term. 


Extract the cube root of 5 to five places of decimals. 
5.000 (1.70997 


1 
3 x 10? = 300 4000 
3(10 x 7) = 210 
7= 49 
559 3913 
259 87000000 









3 x 1700? = 8670000 
3(1700 x 9)= 45900 


9? = 81 
8715981 78443829 
45981 85561710 
3 X 17092 = 8762043 78858387 


67033230 
61334301 






After the first two figures of the root are found, the next trial- 
divisor is obtained by bringing down the sum of the 210 and 49 
obtained in completing the preceding divisor ; then adding the three 
lines connected by the brace, and annexing two ciphers to the result. 

The last two figures of the root are found by division. The rule 
in such cases is, that two less than the number of figures already 
obtained may be found without error by division, the divisor being 
three times the square of the part of the root already found. 
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Exercise 77. 


Find the cube root of: 


1. 274,625. 7. 1601.613. 13. 33,076.161. 
2. 110,592. 8. 1,259,712. 14. 102,503,232. 
3, 262,144. 9. 2.803221. 15. 820.025856. 
4. 884,736. 10. 7,077,888. 16. 8653.002877. 
5. 109,215,352. 11. 12.812904. 17. 1.371830631. 
6. 1,481,544. 12. 56.623104. 18. 20,910.518875. 
19. 91.898648466125. 20. 5.340104393289. 

21. Find to four figures the cube roots of 2.5; 0.2; 0.01; 

4; 0.4. 


198, Since the fourth power is the square of the square, 
and the sixth power the square of the cube; the fourth root 
is the square root of the square root, and the sixth root is 
the cube root of the square root. In like manner, the eighth, 
ninth, twelfth..... roots may be found. 


Exercise 78. 

Find the fourth root of: 

1. 8la*t— 540a°d + 1350.75? — 1500 ab? + 625 d¢. 

2. 1—42+102?—162°+192*—162° + 102° —42'+4 2°. 
Find the sixth root of: 

~3. 64—19227-+ 24027 — 1602° + 602* — 124° + o* 

4. 7292°—14582°+ 12152*—5402°+ 1852?—18¢+1. 
Find the eighth root of: 

5. 1—8y+28y’—56y*+ 70y4*— 567° + 28° --8y'+y’*. 


CHAPTER XVI. 
THEORY OF EXPONENTS. 


199. If mn is a positive integer, we have defined a” to 
mean the product obtained by taking a as a factor n times. 
Thus a* stands foraxXaxXa; 0‘ stands fordxbxb~x b. 


200. From this definition we have obtained the following 
laws for positive and integral exponents: 
VEL OYe hee OO Big ke meaner y arate 

Il, (a™)*"=a™. 

Wt “=a, if m>n. 
a 

Als Van = a™. 

Ve Poin One 


201, Since by the definition of a” the exponent 7 denotes 
simply repetitions of a as a factor, such expressions as as 
and a~* have no meaning whatever. It is found convenient, 
however, to extend the meaning of a” so as to include 
fractional and negative values of n. 


202. If we do not define the meaning of a” when n is 
a fraction or negative, but require that the meaning of a” 
must in all cases be such that the fundamental index law 
shall always hold true, namely, 


em C—O, | 
we shall find that this condition alone will be sufficient to 
define the meaning of a” for all cases, 
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203. To find the Meaning of a Fractional Exponent. 
Assuming the index law to hold true for fractional expo- 
nents, we have 
at x at =a) +t 0" = 


as x a x at = gh thtt = a’ =a, 


3 3 3 3 eet Sa ey 3 12 

1 1 ae i to m terms n 
a” Xa". ton factors=a" ” == gt== a) 

Ls ae abel Pre to m terms ome ‘ 
OC ers ton factors=a”" == (pect, 


That is, a? is one of the two equal factors of a, 
a® is one of the three equal factors of a, 


at is one of the four equal factors of a’, 
1 
a” is one of the m equal factors of a, 


a” is one of the ” equal factors of a”. 
Hence, at = Va: a? = Vai 


m 
RM Vee Ft ea n= 
at = Va’; a® = Va". 
1 


Also, OC eh eames to m factors, 
1 1 + bs sense to m terms ig 
= Oke n n — OK. 


The meaning, therefore, of a”, where m and 7 are posi- 
tive integers, is, the nth root of the mth power of a, or the 
mth power of the nth root of a. 

Hence the numerator of a fractional exponent indicates 
a power, and the denominator a root; and the result is the 

_same when we first extract the root and raise this root to 
the required power, as when we first find the power and 
extract the required root of this power. 
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204, To find the Meaning of a”. 
By the index law, 
ere) cea Ch hone om (2 
we =O a" 
*, a° =1, whatever the value of a is. 


205. To find the Meaning of a Negative Exponent. 
If m stands for a positive integer, or a positive fraction, 
we have.by the index law, 
a*xa*=a**=a". 
But a? = 1. 
.axa*= 1. 


That is, a” and a™ are reciprocals of each other (§ 149), 


so that a” —1 and a” =—. 
a” Cae 

206. Hence, we can change any factor from the numerator 
of a fraction to the denominator, or from the denominator 
to the numerator, provided we change the sign of its exponent. 

b? 
Thus “. may be written ab’c*d-*, or —_—__- 
op aed 

207. We have now assigned definite meanings to frac- 
tional and negative exponents, meanings obtained by 
subjecting them to the fundamental index law of positive 
integral exponents; and we will now show that Law IL, 
namely, (a”)” = a™", which has been established for positive 
integral exponents, holds true for fractional and negative 
exponents. 


(1) If nis a positive integer, whatever the value of m, 
we have 
(a™)* = a™ x a™ x a™ ----- to n factors, 
— qm+m+m - ton ied aa 


=am™, 
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(2) If is a positive fraction “, where p and q are posi- 
tive integers, we have 


(any = (an) = Yan)p 2-203 
= Var (1) 
mr 3 203 
mx? 
=a q 
=qm 


(3) If nis a negative integer, and equal to — p, we have 
1 








(am)" = (am)-P = cat 8 205 
1 
ip es (1) 
= a-™ 8 205 
= g™—?) 
SSG 


(4) If 7 is negative and equal to the fraction _2, where 














p and q are positive integers, we have q ‘ 
RY 1 
od NU NOES ce 8 205 
(a™)¢ 
1 
—— 2 203 
V/ amp 
1 
= 8 203 
qg 
= 1 he 
ls mx 
a 
ae! 
i" qm(-n) 
1 
at qa (1) 
= qmn. 2 905 


Hence, (a”)" =a”, for all values of m and n. 


THEORY OF EXPONENTS. AD) 


208. In like manner it may be shown that all the index 
laws of positive integral exponents apply also to fractional, 
and negative, exponents. 


Exercise 79. 
Express with fractional exponents : 
V2; Mie (Vx); Vat: Vas: (Wa); Vaid? 
2. Vay, Vaya, Vaeb%e'; 5Varbex". 
Express with radical signs: 
3. Mee a2’: 4 xey-s Ba%y78 
Express with positive exponents : 


2a a 


ne 88 YI Sa 


Write in the form of integral expressions: 





Simplify : 
a? x ab: bb x BF o8 x cl: dé x dts, 


= 


4 
ee 


1 ve Hl 3 ee dS 
7% mxm*:nt*xn??; &xa 
a a Bx ay wed 5 pas 
8. a? x Va; ot xve; yt xVy; t®xVo 
9. abte x a tbe! atbtct x atb-2ehd. 


10. aiysct x gay hg abytz? x go hy hed, 


fee et, (ay\t fo2\b fy? Nt 
ll. a’ xa’xa EE ae ante x | oop 
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12. at + at: c8 =f; nit ni; ae + -Vae. 

13. (ak)? + (a8; (C4; (my; (nt); AD. 
14. (pty? gy? @ ty) 4, (at x aty Ht. 
15. (404)? (278-78, (640%) *; (826-8. 


LON Udep\n* § -8\-3. (256) 
es : : . . 
ae) M Gas} ? (3 a ) ’ (338) 





209. Oompound Expressions having fractional or negative 
exponents are multiplied and divided the same as com- _ 
pound expressions having positive integral exponents. 


(1) Multiply yt +y?+y*+1 by #-1. 


yrytyt+l 

yi 

ytyityttyt 

y —1 y—1. Ans. 


(2) Divide xf +2%— 12 by a? — 3. 
dy d—0(2=8 
Be sar a ih a4 


Aad —12 
4a =iL2 a8 +4. Ans. 


Exercise 80. 


Multiply : 

a? + ay? +? by a? — ay? + y®. 
amma by ah ymnan 

at —Qa% +1 by ot — 1. 

8a? + 4046? + 5atb? +967 by 2a? —B?, 


es Be 
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5. 1t+tab'+a7b" by 1—ab-'+ 07d. 
6. w7b7?4+2+ab? by avb?—2—-ab’. 
7 42°+3827+424'41 by x?-2'+1, 
Divide: 
8. 2” — 7 by 2*— 7". 
9. t+y+2— Batytzt by at + yf + 28. 
10. ~+y by xe — wey? -+ iyi — xy? + yp. 
ll. wy? +2+a4%y by ty *+2 Vy. 
12. a*+t+a’b?+b— by a?—a'b'+b%. 
Find the squares of : 
13. 4ad7'; at — 3? -ata’; 2.a%b? — a7 208, 
If a=4, 6=2, c=11, find the values of : 
14. abd «aT ee (ab)? a 2h-3¢8 la Oy. 
15. Expand (a? — b3)*; (227! + «)*; (ab-! — by“. 
Extract the square root of: 
16a — 182° yy + 152%y — 6a-ty? +y*. 
Extract the cube root of: 
17. 845+ 122? — 30x —- 85+ 4541+ 2727 — 274% 
Resolve into prime factors with fractional exponents : 
18. V12, V72, V96, 64; and find their product. 
Simplify : 
fois) xX (ae) paz 20. (al x yet 
21. 3(a? +52)? — 4(a? +.B! )(a? — bY) + (a? — 252). 


1 1 


22. §(a")™ int, 24. [{(a-™)-"}}=[ f(amy yr] 


Peta at \P-49 2p(q—1) __ »,29(p—1) 
7a es ~iie \ 3 25. abi ist st Set 
x gr? ] agP(a-1) + apenas 








CHAPTER XVII. 
RADICAL EXPRESSIONS. 


210. A radical expression is an expression affected with 
the radical sign ; as, Va, V9, Vai, Va+ 6, V32. 


211. An indicated root that cannot be exactly obtained 
is called a surd. An indicated root that can be exactly 
obtained is said to have the form of a surd. 

The required root shows the order of a surd; and surds 
are named quadratic, cubic, biquadratic, according as the 
second, third, or fourth roots are required. 

The product of a rational factor and a surd factor is 
called a mixed surd; as 83V2, bVa. The rational factor 
of a mixed surd is called the coefficient of the radical. 

When there is no rational factor outside of the radical 
sign, that is, when the coefficient is 1, the surd is said to 
be entire; as, V2, Va. 


212. A surd is in its sxmp/est form when the expression 
under the radical sign is integral and as small as possible. 

Surds which have the same surd factor, when reduced 
to the simplest form, are said to be similar. 


Note. In operations with surds, arithmetical numbers contained 
in the surds should be expressed in their prime factors. 


REDUCTION OF RADICALS. 


213. To reduce a radical is to change its form without 
changing its value, 


RADICAL EXPRESSIONS. 915 


Case I. 


914, When the Radical is a Perfect Power and has for an 
Exponent a Factor of the Index of the Root. 


(1) Va = at = a? e/a 

(2) ~/36ab' = ¥/(6aby = (6ab)? = (6b)? = Vbab; 

(3) ¥/25a'BE = V/(Sarbc = (5abet)* = (Barbet) 
ia 

We have, therefore, the following rule: 


Divide the exponent of the power by the dex of the root. 


Exercise 81. 








Simplify : 

1. V6. 6. V4arb’. ee Ges 
2. VBI. 7 V9eB. ane 
Brey 120. 8. V 16a‘. 12. ea 
4. ~/100. 9. 343 a°0*, re 
5. 348. 10. V8latbt ni \o7 ah 


Case II. 


215, When the Radical is the Product of Two Factors, One of 
which is a Perfect Power of the Same Degree as the Radical. 


Since Va"b = Va" x Vb =avVb (§ 185), we have 
a a Vb VE: 
(2) V108 =V27 x 4 =V27 x V4 =8V4; 


216 ALGEBRA. 


(3) 4V7207b' = 4-V36 070? x 26 = 4-V 36.070? x V2 
— 4x 6abV2b = 24abV26; 

(4) 2V54a' = 2V 270? X 2ab = AV 27a x W2ab 
=2 x 8aV2ab = bav2ab. 

We have, therefore, the following rule: 


Resolve the radical into two factors, one of which is the 
greatest perfect power of the same degree as the radical. 

Remove this factor from under the radical sign, extract 
the required root, and multiply the coefficient of the radical 
by the root obtained. 


Exercise 82. 














Simplify : 
1. --V125. SMa. a5. «21a 
Pate 5mm y 3 
2. W248. 14. 7Vm?n. Gay 
3. »/162. 15. 5/Bia3. og. «(4908 
Wyaaln ee 36 277° 
4. 256. 16. 6V ale, 
aie ra tt 3]512 2? 
5. 375. y Wy By/ a2), 27. 125y* 
6. 320. 18. 764%. — 
ine anne < ee 
7. W486. 19. 6/108 mn’, 3125 
47 Sr 4 2 
8. V729. 20. 4Vally™. an Ne 
9. »/208. 21. 2-/— 1029. 
4 it Ne 5 ala (Pees. 
10. 605. 92 (ABS. 1030) 2[e—ve 
re try 
11. 2/144. 23. 3>/1875. 


31 4 ab 75 ed 
12. 3>/2662. 24. 4/686. " Be V16 a2? 





RADICAL EXPRESSIONS. aby 


Case ITI. 


216. When the Radical Expression is a Fraction, the Denomi- 


nator of which is not a Perfect Power of the Same Degree as 
the Radical. 


(1 bis wv fig. 
) 8 16 Seas Le 


ane | (Psy Ome Ly re 
aa Ix9 N21 X gg 421; 


(3 3| 315 x 8x 4 = A)60 x 
) i =V55> NO7x8 

iL 3/an 3/55 

pe NU) emi N/ OU); 

apy. bv 


We have, therefore, the following rule: 


Multiply both terms of the fraction by such a number as 
will make the denominator a perfect power of the same 
degree as the radical; and then proceed as in Case LI. 


Exercise 83. 














Simplify : 
1. V4. 4. 3/4. Tee hy DAVEE. 
2. V4. ae Bio ae oh) Bayes, 
3. Vi 6. 8V 25 Ce ee 12. mon ote 
atc? slazat acy’ 
13 <a 15. ae 17 Nes 
bd? 3| Ta? 313 a®b?c? 
14. bia 16. 18. 2 
acc? 1252 228 


4 xyz 


218 ALGEBRA. 


CasE IV. 
217. To reduce a Mixed Surd to an Entire Surd. 
Since aWb = Va" x Vb = Va"b, we have 
(ly BV b= V8" ba Oey 
(2) @boVbe = V(ab) x be = Va'b? x be = Va'ibc; 
(3) 2aVay = V2) xX cy = V8 xX ay = V8 27; 
(4) By VP = VG Xa = VEIPH 
We have, therefore, the following rule: 


fase the coefficient to a power of the same degree as the 


radical, multiply this power by the gwen surd factor, and 
undicate the required root of the product. 


Exercise 84. 


Express as entire surds: 


CRA ie 


8V5. By VT) 9. ON A 

8V21. 6. 3V8.° 10. 3/7 ae 

V2. . 7%. 275... 11 —mV10." Teta 

OV5, 8. 22. 918.2 a. eee 
CasE V. 


218. To reduce Radicals to a Common Index. 
(1) Reduce V2 and V3 to a common index. 
V5— 2 8 YB — YB, 
23 = Staph e V5 — Vo. 
We have, therefore, the following rule: 


RADICAL EXPRESSIONS. 219 


Write the radicals with fractional exponents, and change 
these fractional exponents to equivalent exponents having the 
least common denominator. Raise each radical to the power 
denoted by the numerator, and indicate the root denoted by 
the common denominator. 


Exercise 85. 


Reduce to surds of the same order: 


1. V3 and V2. 7. V2, V8, and W5. 

2. V7 and V6. 8. Va, Vb, and Ve. 

3. V3 and V4. 9. Vai, Ve, and V2. 

4. Vaand Vb. 10. Vay, Vabe, and V2z. 
5. V5 and V25. ll. Ve—yand Vz+y. 
6. 32, 38, and 34. 12. Va+tb and Va—6. 


Nore. Surds of different orders may be reduced to surds of the 
same order and then compared in respect to magnitude. 


Arrange in order of magnitude : 


13. 2V3, 8V2, V4. 15. 2-22, 8-V7, 4V2. 
14. V3, V4. 16. 3V19, 5V2, 8-V3B. 


ADDITION AND SUBTRACTION OF RADICALS. 
219. In the addition of surds, each surd must be reduced 
to its simplest form ; and, if the resulting surds are similar, 


Find the algebraic sum of the coefficients, and to this sum 
annex the common surd factor. 


If the resulting surds are not similar, 


Connect them with their proper signs. 


220 | ALGEBRA. 


(1) Simplify V27 + V48 + 147. 
Vii = (32x 3)' =3 x3! =3v3; 
V8 = (2 x 3)? = 2 x 8% 4x 3? = 43; 
VIdi = (7? x 3)? =7x 32 =7V3. 
o. V27 + V48 + V147 = (8 +44 7) V3 = 14V3. 


(2) Simplify 2-320 — 3-40. 
29/320 = 2(28 x 5)5 =2x 2x 5S = 85; 
39/40 = 3 (23 x5) =3x 2x53 = 6, 
. 27320 — 3.40 = (8 — 6) V5 = 25. 


(3) Simplify 2V3 —8-V3+ V4, 
2V8 = 2V15 = 2V15 x 4 =3vi5; 
pens hee 


A Scr ant ee eae 
e =4/15 X VIB 


o. 2V8 —38V3 4+ Va = (8-8 + 7%) V15 = 3 V15. 





Exercise 86. 


Simplify : 

1. 8V11+ 7V11 — 10VI1. 

2. 83V5—5V5+7V5. 
V7 +. 2°/48 4+ 3-V108. 7. V1000+ V50+-V288. 
V128-+V686+-V16. 8. V54+3V16 + 432. 
. 12772 — 8-128. 9. 7V81 —3V1029. 
. 2V84+8V14— V4. 10. V84+V60—-V15 =v 


a 
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i rs RE 
12. V2+V7,—Va. 
13. V4a% + -V25 ab? — (a — 5h) V ab. 
14. eVablie — aV abi + bV aA. 
15. 2V40+ 8-V108 + W500 —-V320 — 2/1872. 
16. W363 — 2243 + -V108 — 2V/147. 
17. W189 — 21/448 + 875 +:-V/1512. 
dey 102-512 + 2/382 — V/1250. 
190) = ol —8~/— 24 + 2/192. 
20. V20+~V45 — V4. 


3/76 
21. 2Vaib? + V ap 1 /e 


3 
22. VW50+ a / DER ee ote 
V2 /450 


23. 1701 + 1-84 — 1-525. 


MULTIPLICATION OF RADICALS. 


220. Since Va x Vb = Vad, we have 

(man econ 23 X/b< V8 x V2=—15/16 = 60: 
(2) 8V2 x 4V38 =8V8 x 4V9 = 12V72. 

We have, therefore, the following rule: 


Express the radicals with a common index. Find the 
product of the coefficients for the required coefficient, and the 
product of the surd factors for the required surd factor. 

Feduce the result to its simplest form. 


— 999, ALGEBRA. 


Exercise 87. 


Find the product of: 


Lov 2b 61 6. 2V10 by 57, V15. 
20 2 5 by By lps 7. 5V2 by $V162. 
3. 2V/10 by 5V14. 8. 8/21 by 2 Vsh. 
4. 327 by 7V48. 9. 108 by 5-V382. 
5. 2V4 by 5V32. 10. 5W54 by 7V48. 


221. Compound radicals are multiplied as follows: 
Multiply 2V3 + 8Vz by 8-V3 — 4vz. 
2V3 + 3Vx 
8V3 —4Va 
18 +9V3a 
~8V32—122 


184+ V3a2—122 


Exercise 88. 


Find the product of : 
1. (2Vz—) x 8Vz. 6. (V2+ V8 — V5)". 
2, (Va— vb). 7. (V5 +8.) 22a 
SiON 0 ee a 8. (2V5 — V2— V7). 
4. (V74+8V38)(V7—2V38). 9. (2V2+ V8 2a : 
5. (8V5—V2)(V5—38-V2).. 10. (2a? 8 yaa 
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DIVISION OF RADICALS. 


222. Since Vad _ : Va x Vb | = Wb, we have 





Va Va 
(1) en IV 4 = 


4V8 _4V8* _4V3" x 2 _ sz 


V2 BB -QN/ 3 
We have, therefore, the following rule : 








(2) 


Express the radicals with a common index. Find the 
quotrent of the coefficients for the required coefficient, and 
the quotient of the surd factors for the required surd factor. 

Reduce the result to its sumplest form. 


Exercise 89. 


Divide: 
PeevAIGQiby-/2.. 4. V+ by--V¥. 7. V5 by V4. 
2, Vel by V3. in aN ay ao 8. V2 by V4. 
Seenomby Var. 6. ee by V2. 9. V8 by V3. 


10, 8V24+V72 — 8V8 by V3. 
11. 9-V2 —6V6—38V8 + 12-82 by 8-V2. 
12, V2—V6+4 V10 —VI12 by V2. 


223. The quotient of one surd by another may be found 
by rationalizing the diwisor; that is, by multiplying the 
dividend and divisor by a factor which will free the divisor 
of surds. 


224, This method is of great utility when we wish to 
find the approximate numerical value of the quotient of 
two simple surds; and is the method required when the 
divisor is a compound surd, 


224 ALGEBRA. 


(1) Given V2 = 1.41421, find the value of a 


De eave = PN 2 _ LOTIOS _ 3.53553. 


V3 vVaxve 2 





(2) Divide 8V5 — 4-V2 by 2/5 + 8-V2. 
8V5—4V2_ (8V5—4V2)(2V5—3V2) _ 54—17V10 
2V5+3V2 (V5 +3V2)\2V5—3v2)\ 201 


_ 54—17V10 _ 
2 





27 — 84/10. 


By two operations the divisor may be rationalized when 
it consists of three quadratic surds. | 


Thus, if V6+ V3—-V2 be multiplied by V6— V3 + V2, the 
result will be 6 —5 + 2V6=142V6; andif 1 +2V6 be multiplied 
by 1 —2V6, the product will be 1 — 24 = — 23. 


Exercise 90. 


Find the approximate value of: 


1. a 2. ve 3. ee ae eS 
Divide: 

5. 3 by V7+ V5. 10. 7-+2V10 by 7— 2-10. ; 
6. 7 by 2V5— V6. 11. V5-- V6 by 2V5 = V6; 
7. 6 by 5—2V6. 12. a+) by a 


8. 4/2 by T4--V2" 18. 1 by VBE VBEVE. 
9. V5+V2 by V5B-V2. 14.2 by W5— 3V2+ Vi. 
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INVOLUTION AND EVOLUTION OF RADICALS. 


225, Any power or root of a radical is easily found by 
using fractional exponents. 


(1) Find the square of 2Wa. 
(2a) =(2a8) = 2a? = 403 —4 Ve. 
(2) Find the cube of 2Va. 
(2Va)3 =(2a2) = 8a2 = 8a? = 8ava. 
(3) Find the square root of 4aV ad’, 
(4a Vash)? = (42026)? = 42 tate? = 42 2tatat — 2 Vasbea. 
(4) Find the cube root of 42-Va'd’. 


3 


i 5 Ai ae gt fle SB 7h 94 0 pees 
(40-Va303)3 = (4aa2b?)5 = 43 2302b? = 4% woah? = V16 abia?, 








Exercise 91. 


Perform the operations indicated : 


1a (V8)*, 4. (ava). 7. (V256)4. 
2. (652. 8. (a2) 8. (2/2)! 
Sea A) Genan/3):. 9. (2V4a%)3. 


PROPERTIES OF QUADRATIC SURDS. 


226. The product or quotient of two dissimilar quadratic 
surds 1s a quadratic surd. Thus, 

Vab x Vabe=abve; Vabe + Vab = Ve. 

For every quadratic surd, when simplified, will have 
under the radical sign one or more factors raised only to 
the first power ; and two surds which are dissymilar cannot 
have all these factors alike. 

Hence, their product or quotient will have at least one 
factor raised only to the first power, and will therefore be 
a surd. 


< 


226 ~ ALGEBRA. 


227, The sum or difference of two dissimilar quadratic 
surds cannot be a rational number, nor can it be expressed 
as a single surd. 

For if Va+WVoé could equal a rational number ec, we 
should have, by squaring, 

Ua BV O00 = 
that is, 2 2/00. = ee 

Now, as the right side of this equation is rational, the 
left side is rational; but, by § 226, /ab cannot be rational. 


Therefore, Va-+ Vb cannot be rational. hs 4 
In like manner, it may be shown that Va+~Vb cannot 
be expressed as a single surd Vc. 


228. A quadratic surd cannot equal the sum of a rational 
number and a surd. 


For if Va could equal e+-Vé, we should have, by 
squaring, ik 
a=e?+2cvb +4, 
and, by transposing, 
2eVb=a—b—e*. 
That is, a surd equal to a rational number, which is 
impossible. 


229. Ifat+Vb=24+-vVy, then a will equal x, and b 
will equal y. 

For, by transposing, Vb —Vy=2—a; and if b were 
not equal to y, the difference of two unequal surds would 
be rational, which by § 227 is impossible. 


(00) == ANG Oo 


In like manner, if a—-Vb=a2—Vy, a will equal ag, 
and 6 will equal y. 


RADICAL EXPRESSIONS. 


230. To extract the Square Root of a Binomial Surd. 


Extract the square root of a + Vb. 





Suppose V ap Wb so + Vy. 
By squaring, a+Vb=24+2Vay + y. 
.a=n2+y and Vb = 2V ay. 
Therefore, a—Vb=x2—2Vay+y, 
and Va— Vb = V2 — Vy. 
Multiplying (1) by (4), 
Vai—b=2-y. 
But G=24+Y. 
Adding, and dividing by 2, z= atve—>, 
Subtracting, and dividing by 2, 
oR Jove Va? — b 
‘ 2 


Re aii —\2 IS 0 xi ES 


227 


From these two values of x and y, it is evident that this 
method is practicable only when a’ — 6 is a perfect square. 


(1) Extract the square root of 7+ 4V3. 


Let Vi + Vy =V744V3. 
Then Va — Vy = V7—4V3 
Multiplying, a—y = V49 — 48. 
°° 2—-y=l. 
But x+y = 7. 
. e=4, and y=3. 


. Vn+ Vy =24 V3. 
V7 4 4V3 =24 V3. 


228 ALGEBRA. 


A root may often be obtained by inspection. For this purpose, 
write the given expression in the form a+2-V6, and determine two 
numbers whose sum is equal to a, and whose product is equal to d. 


(2) Find by inspection the square root of 18 + 277. 


It is required to find two numbers whose sum is 18 and whose 
product is 77; and these are evidently 11 and 7. 


Then 184+2V77=11+7+2V11xX7, 
=(V11l+ V7). 
That is, V11 + V7 =square root of 18 + 2V77. 
(3) Find by inspection the square root of 75 — 12-21. 


It is necessary that the coefficient of the surd be 2; therefore, 
75 —12V21 must be put in the form 


75 — 2v'756. 


The two numbers whose sum is 75 and whose product is 756 are 
63 and 12. 


Then 75 — 2V'156 = 63 + 12 — 2V63 x 12, 
= (V63 — V12)? = (3V7 — 2V3)2, 
That is, 3V7—2V3 =square root of 75 —12V21. 


Exercise 92. 


Extract the square roots of : 


144+ 6V5. 6. 20-86, 11. 14246) 
PEC EV AB uh 96 Sh Tih OF 12. 88124 
10+ 2V21. .8. 94—49\/5. 138) 9103=eeenee 
16+2V55. 9. 183-2730. 14) 57 eeeneee 
9—2V14. 10. 11—6v2. 15. 34-10. 
16: 24+ 2Vaiso% eels. oi. ee 
17. a’—2bVai—b%. 19. (a+b6)?—4(a—b)Vab. 


i 


EA PAE Bro Va LET 
IMAGINARY EXPRESSIONS. 


231, An imaginary expression is arly expression which 
involves the indicated even root of a negative number. 

It will be shown hereafter that any indicated even root 
of a negative number may be made to assume a form which 
involves only an indicated square root of a negative num- 
ber. In considering imaginary expressions, we accordingly 
need consider only expressions which involve the indicated 
square roots of negative numbers. 

Imaginary expressions are also called imaginary numbers 
and complex numbers. In distinction from imaginary num- 
bers, all other numbers are called real numbers. 


232, Imaginary Square Roots. If @ and 6 are both posi- 


tive, we have 
ie ee ax 0. 8 IT (Va) =a. 


If one of the two numbers a and 6 is positive and the 
other negative, Law I. is asswmed still to apply; we have, 
accordingly : 

V—4= V4—-l = V4 x V—-1=2v-1; 
V=5 = Vi(—1) = V8 x V1 = 8'vET; 
V—a= Val—1l) = Vax V—-1=av-1; 
and so on. 
It appears, then, that every imaginary square root can 


be made to assume the form aWV—1, where a is a real 
number. 


230 ALGEBRA. 


233, The symbol V— 1 is called the imaginary unit, and 
may be defined as an expression the square of which is —1. 


“Hence, Vx Ve ea ee 
V—ax V-b=Vax V-1x Vbx V=1 
= Vax Vb x (V—1) 
= Vab x (— 1) 
UT 
234, It will be useful to form the successive powers of 
the imaginary unit. 
(V1) ee ae 2 a 
Gs oes eal 
(V—18=(V—- Set I Pie 1) Vai ae 
(V—-1)=(Vo DW l= 6 
(V—18=(V-TIfV=1 =41)V-1=4+ yet; 
and soon. We have, therefore, if m is any integer, 
(Vr 4 VT 
(Valet == 1; 
(Va 1th = — Vets 
(V= Tet = +1. 





235, Every imaginary expression may be made to assume 
the form a+6V—1, where a and 2 are real numbers, and 
may be integers, fractions, or surds. 

If 6 =0, the expression consists of only the real part a 
and is therefore real. 

If a= 0, the expression consists of only the imaginary 





’ 


part 6/—1, and is called a pure imaginary. 





~“ 
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236. The form a+6~V—1 is the typical form of imagi- 
nary expressions. 

Reduce to the typical form 6 A/S: 

This may be written B-an/ 8 al or Sty a 


here a = 6, and 6 = 2V2. ie 
237. Two expressions of the form a+b y —l,a—bvV— i 


are called conjugate imaginaries. 
To find the sum and product of two conjugate imagina- 


ries, 





atbV/—1 
a—bV—1 
The sum is 2a 
atbV—1 
a —b V—-1 
haMiiey abv = 1B 
The product is a + 8? 


From the above it appears that the sum and product of 
two conjugate imaginaries are both real. 


238. An wnaginary expression cannot be equal toa real 
number. 


For, if possible, let 


atbV—l=c. 
Then transposing a, bV/—1=c¢c—a, 
and squaring, — 6? =(ce—a)’. 


Since 0? and (¢ — a)’ are both positive, we have a nega- 
tive number equal to a positive number, which is impossible. 


Dae ALGEBRA. 


239. Jf two imaginary expressions are equal, the real 
parts are equal and the imaginary parts are equal. 


For let atbV—l=c+dv-1. 
Then (b—d)V—l=c—a@; 
squaring, —(b—d)=(e— a)’, 


which is impossible unless 6 = d and a=e. 


940, If x and y are real and x+yV—1=0, then x=0 
and y=0. 


For, UN le 
— a = gt 
vty =0, 


which is true only when x = 0 and y= 0. 


241. Operations with Imaginaries. 
(1) Add 5+7V—1 and 8—9V-1. 


The sum is Bb Be V2 le oy 
or ge eel! 


(2) Multiply 8+ 2V—1 by 5—4V—1. 
(3.227 215 eed) 


= 15 —12V—1+10V—1— 8(-1) 
ee DS ee 11, 

(3) Divide 14+5V—1 by 2—8V—1. 
14+5V—-1_ (144+5V—1)2+3V-1) 
2—-3V=1 . 2 38V— 1)(243_ 

_ 13 +52V-1 
4— (— 9) 
_ 13 +52V~1 
13 
we] ne, 


IMAGINARY EXPRESSIONS. Boo 


Exercise 93. 


Reduce to the form 6-V— 1 and add: 


Re tans OF. Gran ais V/A la 
6 Sy 
Rede /2100.' 82 Vm t Vn —V—4. 


i V—L6a*t-vV — 4947 Vv = 404 


Mee oe 16. 9. 8aV—4a' + 2a?V— 49. 


eee y= A9/' 10. V18 Y= 18 — V_ 8B. 


Reduce to the form 6V—1 and multiply : 


Al. 
12. 
13. 
14. 
15. 
16. 
17. 
ite 


1+ V—4 by 1— V—4. 
ORE ar ey art 

Re on 2 by a Veo. 
V54 —-V— 2 by V54+ V— 2. 
eee bby Va VO. 
av — a?b* by aV— aid. 

By ay So bn eV V5. 
V—10-by V— 2. 


Reduce to the form J-/— | and divide: 

. V—12 by V—3. 23 an Joi vy 5, 

. V15 by V—5. 24, —/= 95 by — V—5. 
Mee tbyiVan20,, 25. 4\/— 20 by. — 2V/— 25. 
maby VV — a. 26.04 any ee bye N/E: 


CHAPTER XIX. 
QUADRATIC EQUATIONS. 


242. We have already considered equations of the first 
degree in one or more unknowns. We now proceed to the 
treatment of equations containing one or more unknowns 
to a degree not exceeding the second. An equation which 
contains the square of the unknown, but no higher power, 
is called a quadratic equation. 


248, A quadratic equation which involves but one un- 
known number can contain only: 


(1) Terms involving the square of the unknown number. 


(2) Terms involving the first power of the unknown 
number. 


(3) Terms which do not involve the unknown number. 


Collecting similar terms, every quadratic equation can 
be made to assume the form 


ax’ + bx+e=0, 


where a, 6, and ¢ are known numbers, and x the unknown 
number. 

If a, 6, c are numbers expressed by figures, the equation 
is a numerical quadratic. Ifa, 6, c are numbers represented 
wholly or in part by letters, the equation is a literal quadratic. 


244, In the equation axz’?+ bx+e¢=0, a, 6, and ¢ are — 


called the coefficients of the equation. The third term ¢ is 
called the constant term. 
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If the first power of # is wanting, the equation is a pure 
quadratic; in this case 6 = 0. 

If the first power of x is present, the equation is an 
affected or complete quadratic. 


PURE QUADRATIC EQUATIONS. 


245, Examples. 
(1) Solve the equation 52? — 48 = 22’, 


We have 5 a* — 48 = 227. 
Collect the terms, 32? = 48. 
Divide by 3, oa 16, 
Extract the square root, e= +4, 


It will be observed that there are two roots, and that these are 
numerically equal, but of opposite signs. There can be only two 
roots, since any number has only two square roots. 

It may seem as though we ought to write the sign + before the x 
as well as before the 4. If we do this, we have +2=+4, —x=—4, 
+e=—4,-av7=+4+4. 

From the first and second equations, =4; from the third and 
fourth,  =—4; these values of x are both given by the equation 
a=+4. Hence it is unnecessary to write the + sign on both sides of 
the reduced equation. 


(2) Solve the equation 32?—15=0. 


We have 32? = 15, 
or a= 5. 
Extract the square root, a=+ V5. 


The roots cannot be found exactly, since the square root of 5 can- 
not be found exactly; they can, however, be determined approxi- 
mately to any required degree of accuracy ; for example, the positive 
square root of 5 lies between 2.23606 and 2.23607. 


(3) Solve the equation 327+ 15 = 0. 


We have 9 laa ot Be, 
or xg? = — 5. 
Extract the square root, e=+tv—5, 
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There is no square root of a negative number, since the square of 
any number, positive or negative, is necessarily positive. 

The square root of —5 differs from the square root of +5 in that 
the latter can be found as accurately as we please, while the former 
cannot be found at all. 


246. A root which can be found exactly is called an 
exact or rational root. Such roots are either whole numbers 
or fractions. 

A root which is indicated but can be found only approx- 
imately is called a surd. Such roots involve the roots of 
imperfect powers. 

Rational and surd roots are together called real roots. 

A root which is indicated but cannot be found, either 
exactly or approximately, is called an imaginary root. Such 
roots involve the even roots of negative numbers. 


Exercise 94. 




















Solve: 
1 Gea = 40: 6. 52—9=27+ 24 
2. 2(2°—1)—3(2?4+1)4+14=0. 7. (@+ 2) =42+ 5. 
3 x’ —5 Pass gtk all 8 ww —10_ 4 50+? 
ea 38 6 2 iach 15 25 
nN 3 i 3 aa! 9. 327° — 27 90+ 42? _w 
lt+az l1-z v’+3 “+g 
3 1 7 7 652 
5 i 10. 8 _-=—— 
Ae) Gn ees Tables 7 
11 4a 4-00 2a Dl ee 
ae 15 20 


1027+17 122774+2 527-4 
18 llz’?—8 9 
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1477+16 227+8 22? 


ee ee ee ee 
21 827-11 38 
14. 2° +bx+ a= bx(1— bz). 
15. me’+n=gq. 16. 2? —ax+b=axr(x—1). 


AFFECTED QUADRATIC EQUATIONS. 


247, Since (x+ 6 =2?+ 2bx+ 0’, it is evident that 
the expression 2” + 26x lacks only the third term, 6’, of 
being a perfect square. 

This third term is the square of half the coefficient of 2. 

Every affected quadratic may be made to assume the 
form 2?+ 26% = c, by dividing the equation through by 
the coefficient of x”. 

To solve such an equation : 

The first step is to add to both members the square of 
half the coefficient of x. This is called completing the square. 

The second step is to extract the square root of each 
member of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. 


(1) Solve the equation x? — 8x = 20. 


We have x? — 8a = 20. 

Complete the square, «?—8x2+16=36. 

Extract the square root, e—-4=+6., 

Reduce, 2=4+6=10, 
or e=4-—6=—2, 


The roots are 10 and — 2. 


Verify by putting these numbers for « in the given equation : 
c= 10, x= — 2, 
10? — 8(10) = 20, (— 2)? — 8(— 2) = 20, 
100 — 80 = 20. 4 +16 = 20. 
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a Lak a oes 
x—-l <2#+9 








(2) Solve the equation 


Free from fractions, (« + 1)(a + 9) =(# —1)(4a— 8). 

Simplify, 3a7—172=6. 

We can reduce the equation to the form a? — 2 ba by dividing by 3. 
Divide by 3, og? — Lig = 2. 


Half the coefficient of « is } of — 12 = — 4,1, and the square of — 4¢ 
is 282, Add the square of — 1 to both sides, and we have 


pels (ln ee 


3 6 36 
E7\ 7 304 
or 231 ae A) yl pet 
2 fat 36 
Extract the square root, oil + oe 
4 nysieaieren lek cles 9% 
eRe Shum 13) 
or phd LOE 2 ee 


The roots are 6 and — ; 


Verify by putting these numbers for x in the original equation : 











1 
x= 6, nr 
6+ ie 48 _1 |S 
6146-9 3 Usoie 

I 1 
(Geis 737 oe 
Ep S205. 
4a Oe 
Pe 
That Cite 
Vike Bw That is, eee 


QUADRATIC EQUATIONS. _ 289 


248. When the coefficient of 2 is not unity, we may 
proceed as in the preceding section, or we may complete 
the square by another method. 

Since (ax + 6) is identical with aa’ + 2abz + 6’, it is 
evident that the expression a’z?+ 2abx lacks only the 
third term, 0’, of being a perfect square. 

This third term is the square of the quotient obtained 
by dividing the second term by twice the square root of 
the first term. 

Every affected quadratic may be made to assume the 
form a2? + 2abr = ¢ (§ 247). 

To solve such an equation : 

The first step is to complete the square; to do this, we 
diwide the second term by twice the square root of the first 
term, square the quoteent, and add the result to both mem- 
bers of the equation. 

The second step is to extract the square root of each 
member of the resulting equation. 

The third step is to reduce the two resulting simple 
equations. . 


249, Numerical Quadratics are solved as follows: 


(1) Solve the equation 162’?+ 52 —38=72?—x-+ 45. 
162? + 52-—3=72?—-27 + 45. 


Simplify, 9a? + 6a = 48. 

Complete the square, 9a7+62+1 = 49. 

Extract the square root, 3a+1=+7. 

Reduce, 32=-—-1+7or—1-—-7; 
32 = 6 or —8. 


*. w= 2 or — 23. 
Verify by substituting 2 for « in the equation 
16a? + 5a—3=7a?—«a + 45. 
16 (2)? + 5(2) — 3 = 7(2)? — (2) + 45, 
64 + 10 —3 = 28 — 2 + 45, 
71=71, 
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Verify by substituting — 23 for x in the equation 
162? + 5¢2—3=7a*—«2 + 46. 


(HNC H)- (Ces 


1024 40 448 8 
—— —-— —3 =—— +=-+4 
9 3 9 ay ®, 
1024 — 120 — 27 = 448 + 24 + 405, 
877 = 877%. 


2) Solve the equation 32? —4z = 82. 
(2) q 


Since the exact root of 3, the coefficient of x?, cannot be found, it 
is necessary to multiply or divide each term of the equation by 3 to 
make the coefficient of x a square number. 





Multiply by 3, 9a? — 12a = 96. 
Complete the square, 9a?—127%+4= 100. 
Extract the square root, 3¢2—2=+10. 
Reduce, 382=2+4+100r2—10; 
3a = 12 or—8. 
x =4 or — 24. 
Or, divide by 3, it 
5) 3 
4x 4 32 4 _ 100 
2 _- -—=—=— ee -_- Se" 
Complete the square, ee + eer 7 5 GED 
Extract the square root, x — : = + = 
2+10 
_o= 
3 
= 4or — 28. 
Verify by substituting 4 for « in the original equation, 
48 — 16 = 382, 
32 = 32. 


Verify by substituting — 23 for x in the original equation, 
214 + (102) = 32, 
32 = 32. 
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(3) Solve the equation — 327+ 54 = — 2. 


Since the even root of a negative number is impossible, it is neces- 
sary to change the sign of each term. The resulting equation is 








327 — 5a = 2, 
Multiply by 3, 9a? — 152 =6. 
3 25 49 
Complete the square, 9a? —15a@4 Fars 
Extract the square root, 3a — : = + t 
Reduce, 3a = 281, 
3%=6or—1 
x = 2 or — = 
Or, divide by 3, gt oe _ 2. 
Bei: 
5a 25 49 
Complete the s ft hee 
p e square, ees ey 2 
Extract the square root, x — : = + i 
Ny CaaEae 
| 6 
= 2 or — di 
oO 


If the equation 32? — 5x = 2 is multiplied by four tumes the coeffi- 
cient of x, fractions will be avoided: 


36 x? — 604 = 24. 
Complete the square, 36a?— 602+ 25=49. 


‘a 


Extract the square root, 6a—5=+7. 
62=5 7, 
* gaa) 2 OF — 1 
3 


The number added to complete the square by this last method is 
the square of the coefficient of « in the original equation 3a? — 5x = 2. 


Nore. If the coefficient of # is an even number, we may multiply 
by the coefficient of x”, and add to each member the square of half the 
soefficient of # in the given equation, 
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3° 4 Ne 
52. On eee 
Simplify, 4a? — 232 = — 30. 
Multiply by four times the coefficient of #, and add to each side 
the square of the coefficient of 2, 


64.2? —() + (23)? = 529 — 480 = 49. 








(4) Solve the equation 2. 


Extract the root, 82—23=+7. 

Reduce, 8a2=23 +7; 
8 x == 30 or 16, 
*, = 3% or 2. 


If a trinomial is a perfect square, its root is found by taking the 
roots of the first and third terms and connecting them by the sign of 
the middle term. It is not necessary, therefore, in completing the 
square, to write the middle term, but its place may.be indicated as 
in this example. 


(5) Solve the equation 72.2 — 302 =— 7. 

Since 72 = 23 x 37, if the equation is multiplied by 2, the coeff- 
cient of 2? in the resulting equation, 144~? — 60” =-— 14, will bea 
square number, and the term required to complete the square will be 
go\2 — (§)?= 25. Hence, if the original equation is multiplied by 
4x 2, the coefficient of 2 in the result will be a square number, and 
fractions will be avoided in the work. 

Multiply the given equation by 8, 

576 a — 240% = — 56. 
Complete the square, 
576 2? —() + 25=— 31. 
Extract the root, Age Gms V = Si 
Reduce, * Mya 5+ V—3i- 
._ t= gz (8 Ea V 31). 
Exercise 95. 

Solve : 

1. te 4e e124 ee 8. 1 2—z2=6, 
2. 2—62=16.. 5. 32°—47—7. 8. baa 
3. 2—l122+6=—4. 6. 122*+2-1—0. 9.) 2a 2s 


10. 


al. 


12. 


22. 


23. 


24. 
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Peeawitlat yyy) 21 2e—1 

rate i Up +4 2£+6 
eR x z+3 FE 
——== 2 2): 14. = =a ee 
Sean Pun DO (era "1a 
a2, 4 118 2 3 2 
aoe Ss a Se est) =e SS Se : 
re Ley? 6 %—l ABET Oy 
16. 5x2(%—3)—2 (a? — 6)=(#+ 8)(x+ 4). 
17. of Dec 23 


Dl) a Sihaietoa lo 4 (2 11); 
18. («— 2)(z —4)— 2(x—1)(a — 38) =0. 


19. ae 4) 5 (e 2) n(ems5). 
2 2 iI 2 as 2 
20. Gag eo ru aaenGg — 1)= 2(x% — 2)*. 


22, 8x—50 122470 




















21. — S28 wheats TU a 

15° 3(0+2) 190 
x. 15—Tz 25 l4%—9 2?—8 
Se eS Se eee i — j 
2—l 8(1—2z) 8z—38 exe+1 
Mey ke 8 26 pet ope oO 
Pea 6) it —2 Get l. «—2 
2t+2 4-2 7 x 1-2 

pee 27. 17% _ 99. 
x—l 22 3 7 a x 42 
28 2043 0. to viileeeom 

wea (22) e2(e4-1) 4482 

122° — 1l2’?+102— 78 1 
29. polaeete Sa psn oll Daal esesaye 9 ae 

827 Ta +6 en 8 

30. O26 ee Ae 5 








ae Oe ee 
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250. Literal Quadratics are solved as follows: 
(1) Solve the equation az’ + br=e. 


Multiply the equation by 4a and add the square of b, 
4a7u? ++()+0?=4a0e + B*. 


Extract the square root, 2az+b=+ WV 4ac + 0. 

Reduce, 2ax=—b+ V4ac + 6. 
y oe oe Oe V 4ac + OF 
, 2a 


(2) Solve the equation adx — acu’? = bex — bd. 


Transpose bca and change the signs, 
ace? + bex — adx = bd. 
Express the left member in two terms, 
acau* + (be — ad) «x = bd. 
Multiply by 4ac, 
4 a?c?a? + 4ac (bc — ad) « = 4abed. 
Complete the square, 
4 a%c?x? + () + (be — ad)? = b?c? + 2abed + a*d?. 
Extract the root, Zacu + (be — ad) = + (bc + ad). 


Reduce, 2acx = — (be — ad) + (be + ad) 
= 2ad or — 2be. 
free oe 
c a 
(3) Solve the equation px? — px + g2?+ qu= PT 
Pr 


Express the left member in two terms, 


(p + )0*—(p—ga= FF 
Multiply by 4 times the coefficient of «?, 
4(p + 9) a" —4(p*— q’) 2 = 409. 
Complete the square, 
4(p +g)? a —() + (p— gy =p? + 2pq + @. 
Extract the root, 2(p + g)x—(p—q)=+(p+ 49). 


Reduce, 2(p+q)%=(p—q)+(prt+q) 
= 2p or — 2g. 
P q 


2 = ——— or — ——. 
he | Peg 
Nott. The left-hand member of the equation when simplified 
must be expressed in two terms, sumple or compound, one term con- 
taining x, and the other term containing a, 


13. 


27. 


QUADRATIC EQUATIONS. 


245 


Exercise 96. 


Solve : 
+ 2ax=a’. 


v= 4ar+ 7a’. 


ee... 6? 


(@+a} (@—ay 





. (+ 1)¢ = ax? +a. 
a Se PIED 
oir b... 
1 
atbt-s mF 
i (oie ae AREZ, 
atx  @a— x 








x—e 

: ee ee ae 

radi, x 

eee mo 

a-—-2x 

pare (a +67) __ 5: 
a+ b 


(22 — a)’ Z 
Q22—a+2b 





e+ 





14. 
15. 


16. 


17. 


18. 


- 19. 


20. 


21. 


22. 


23. 


26. 











(ax — b)(bx — a) =’. 
axz+b_mx+n 
bata na km 

m m 
mt+x2x m—z# 








== C, 


(a—1)’a?+2(8a—l1)x _ 


4a—1 
(a? — B’)(a? ate ox 
Gat bt x 
AMINE a). 
(m+n) (m — 7) 


1 14@ —5ab — 108 , 2a—3d)e 
18476’ 


2ab 
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tx _ Gat +ab—20* Bate 
Cc 


3m — 2a ATE In, 2 


30, Or} eee Bae ze 
oi 6a 


31. 8 (a2 + a? + ab) = 42(20a-+40). 
32. 2? —(b—a)c=ax— br+ cz. 
33. v2 —2mx=(n—p+m)\(n—p—Mm),. 
34. vw’ —(m+n)a—i(p+qtm+n\(p+q—m—N). 
35. mna’—(m-+n)(mn+ 1)a+(m+ny=0. 
20--G— 20, SAO el geet 
bx ax—bzx ab—B 
37. 227(a? — 6’) — (807+ 6 )\(«#—1) = (80? +a*)\(a+ 1). 


a—2b—x  5b6—2., 2a—a2—196 
av—4h ax + 2bx 262 — ax 


w+18a+8b 1 a—2b 





=0. 








At 5a—38b—2 c+ 2b 
40 #4360 36 es er ee 
' 8a—1206 98—40 (2a+36)(¢ —386) 
41. nz’ + px — px’?’—mz+m—n=0. 
42. (at+b+c)2—(2a+b+c)x+a=0. 
43. (ax —b)(e —d) =(a— b)(cx —d) x. 
4A 2a 1! ils Va mee 
b BNO m icy a 
1 1 Ga. \ Ome Es 


45. 








SME UTS #8 A NL bee ax’ —a 
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251. Solutions by a Formula. Every affected quadratic 
may be reduced to the form 2?+ px+q= 0, in which p 
and g represent numbers, positive or negative, integral or 
fractional. 

Solve : x +-px+q=0. 

Stee G)hbP =P 49, 
2a+p=tvp’—4g. 
si = male il 233 4 
Me Aone Vp —44¢. 
By this formula, the values of x in an equation of the 


form xz’ + px+q=0, may be written at once. Thus, take 


the equation 
827—527+2=—0. 





Divide by 3, Ree pin Br), 
lvide by x Ce ha 
Here, p=-2, and q-2 
5 sy 8 
w= —+-*AJ—-— 
Gee 9 3 
Breer 
=—_+— 
6 6 
Store 
3 


252. Solutions by Factoring. A quadratic which has been 
reduced to its simplest form, and has all its terms written 
on one side, may often have that side resolved by wnspection 
into factors. 

In this case the roots are seen at once without complet- 
ing the square. 


(1) Solve 2+7x%—60=0. 


Since a? + 72 — 60 = (x + 12)(a —5), 
the equation a+ 72—60=0 
may be written («+ 12)(a—5)=0. 
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If either of the factors « + 12 or x—5 is 0, the product of the two 
factors is 0, and the equation is satisfied. 


Hence, x+12=0, orx—5=0., 
*,e=—12, or x=5, 


(2) Solve #?+ 72% =0. 


The equation w+ 72 =O 
becomes x(x +7) =0, 
and is satisfied if<=0, orif~#+7=0. 


.. the roots are 0 and — 7. 
This method is easily applied to an equation all the terms of which 
contain 2. 


(3) Solve 22° — 2? —62=0. 


The equation 22° — o*-62=0 
becomes x (20% —«—6)=0, 
and is satisfied if « = 0, or if 227-2 —6=0. 


By solving 2a? — #—6 =0 the two roots 2 and — ; are found. 


“. the equation has three roots, 0, 2, — S. 


(4) Solve a -+2?—4x—4=0. 


The equation a +a027-4er—4=0 
becomes a? (e¢+1)—4(~@+1)=0, 
(a? — 4) (a + 1) =0, 

. the roots of the equation are — 1, 2, — 2. 


(5) Solve 2 —22?—1lz+12=0. 


We find by trial that if we put 1 for a, the equation is satisfied. 
Hence, 1 is a root. 
Divide by «—1; the given equation may be written 
(a — 1) (a? — x — 12) =0, 
and is satisfied if e—1=0, or if 2? -—2x—12—=0. 
The roots are found to be 1, 4, — 8. 


(6) Solve the equation x(z2*— 9) = a(a?— 9). 


If we put a for x, the equation is satisfied; therefore a is a root 


(2 68). 
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Transpose all the terms to the left member, and divide by x-— a. 
The given equation may be written 


(x — a)(a + aw + a? — 9) = 0, 


and is satisfied if x -a=0, orifa*?+ar+a?—9=0. 
The roots are found to be 


a, 3(—a+ V 36 —3a?), 3(—a— V 36—3a?). 


Exercise 97. 


Find all the roots of: 


1. (2@+1)(e—2)(?+2—2)=0. 7%. 2&—2?-—2z+1=0. 
2. (#—32+2)(2?—x—-12)=0. 8. 8%°—1=0. 

3. (~+1)(@— 2)(27+ 8) =— 6. 9. 82°+1=0. 

4. 22° + 427? —707=0. 10. 2 — 1:=0. 

5. (27 —a#—6)(a7—2—20)=0. 11. x(2—a)(x’—0’)=0. 
6. «(x+1)(7+2)=a(a+l1)(a+2). 12. n(2*+1)+¢+1=0. 


253, Equations in the Quadratic Form. An equation is in 
the quadratic form if it contains but two powers of the 
unknown number, and the exponent of one power is exactly 
twice that of the other power. 


254. Equations not of the second degree, but of the 
quadratic form, may be solved by completing the square. 


(1) Solve: 82° + 6327 = 8. 


We have . 8a8 + 6303 = 8. 
Muitiply by 32 and complete the square, 

| 256 a® + () + (63)? = 4225. 
Extract the square root, 162° + 63 = + 65. 


Hence, ge = ! or — 8.° 
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Extracting the cpbe root, two values of x are 4 and—2. To find 
the remaining roots, it remains to solve completely the two equations 


oF = 4, 
We have, 823 —1=0, 
or, (2%—1)(42? + 247+1)=0. 
“. either 2x2—1=0, 
or, 447+ 2%+1=0. 


Solving these, we find for three 
values of 2, 
, —l+v—3 ~1~Vv—-3 
2 4 ’ 4 


v= — 8, 
We have, x +8 =0, 
or, (x + 2)(a? — 24+ 4)=0. 
.. either x£+2=0, 
or, w?—227+4=0. 


Solving these, we find for three 
values of x, 


—2 LEV—8 lee eee 


These six values of a are the six roots of the given equation. 


(2) Solve: 


Vx — 8-2 = 40. 


3 
Using fractional exponents, we have «2 —3 nt = 40. 


Complete the square, 4a? — 1208 +9= 169. 


Extract the square root, 


a 
22% —3=+ 13. 
aa 2x8 = 16, or — 10, 


3 
v* = 8, or —5, 
x= 16, or ~5W5. 


There are other values of x which we do not at present find. 


(3) Solve: 
Add 2 to both members, 


1 if 
e+ bebomd, 


24+ 2++¢n+1 ne, 
x x 
Put «+ : =y; the equation becomes 
yty=6. 
Solving this, y = 2, or —3. 


nf! +i nd, orzpim—B, 
x x 


Solving these two equations, we find for the four values of a, 
461 ~8tVv5 —3-Vv5, 


2 


2 


oo Be yf 


(4) Solve: xt —4a°+ 5a? — Yea 
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bo 
oS 
i 

fo) 


Begin by attempting to extract the square root. 


%t — 403 + 5a? — 2a — 20|22 — 2” 


at 


2079-227 |—42° +52? 
—498 +422 


x? — 2x4 — 20. 


Hence, the equation may be written in the quadratic form 


(x? — 2x)? + x — 24 — 20 =0. 


Put #?—2a%=y; the equation becomes 


y? +y —20=0. 
Solving this, y =—5, or +4. 
* #2 —2e =— 5, or 2? —22=4. 


Solving these two equations, we find for the four values of 2, 


Mee el Vl, 1/5) V5. 


Exercise 98. 


Solve : 

yd ngs 8. (2?—9)?=3+11 (2?— 2). 
zv*—527+4=0. 9. 2©+142°+ 24= 0. 
87 27°—9 = 42". 100 Oe ea LG rae: 

162° = 172* — 1. LI ere oat 21 = 0. 


822 — 3382°+1=0. 12. 2™-++3a¢"—4=—0. 
(7? —2)Y=4(2¢? +12). 13. 42*—202*°4+ 232?+52=6. 


x x 


. 2 — 42° — 1027+ 282—15=0. 


16. 2 — 22° — 1827+ 142 =— 24. 
17. 1082* = 202(92? — 1)— 5127+ 7. 
18. (“? —1)(@? — 2)+ (a — 3)(a2? — 4)= a* + 5. 
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255. Radical Equations. If an equation involves radical 
expressious, we may first clear of radicals as follows: 


Solve \W2 +44 V22+6= Vic+1& 
Square both sides, 

+44 2V(e4+4)(2e+6)+204+6=72 +14, 
Transpose and combine, 2V(« + 4)(2e+6)=4a 44. 


Divide by 2 and square, (x + 4)(2” + 6) = (2a + 2)%, 
Multiply and reduce, x*—3a”=10. 
Hence, z= 5, or —2. 


Of these two values, only 5 will satisfy the original equation. 
The value — 2 will satisfy the equation 


Vi+4—V202+6=Viax4+ 14. 

In fact, squaring both members of the original equation is equiva- 
lent to transposing V72 + 14 to the left member, and then multiply- 
ing by the rationalizing factor V2 +4+V22+6+V7a +14, so 
that the equation stands 
(Ve +44+V20+6—V72414)(V24+44 V20+4+64+ Vie +14) =0, 
which reduces to V(x + 4)(22 + 6) —(2a + 2)=0. 

Transposing and squaring again is equivalent to multiplying by 
(V2 +4— V204+64 W720 + 14)(V2 +4-— V204+6-— V72 + 14). 

Multiplying and reducing, we have 

a? —32—10=0. 














Therefore, the equation «2 — 3x2 —10=0 is really obtained from 
(Ve+44+ V224+6—V72+414) 
x (Wa +44 V204+6+4+ Vie +14) 
x (Va +4— V204+6-— V7a +14) 
x (W2+4—V22+6+V724+14)=0. 


This equation is satisfied by any value that will satisfy any one 
of the four factors of its left member. The first factor is satisfied 
by 5, and the last factor by — 2, while no values can be found to 
satisfy the second or third factor. 
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Hence, if a radical equation of this form is’proposed for solution, 
if there is a value of w that will satisfy the particular equation given, 
that value must be retained, and any value that does not satisfy the 
equation given must be rejected. (See Wentworth, McLellan, and 
Glashan’s Algebraic Analysis, pp. 278-281.) 


256. Some radical equations may be solved as follows: 
Solve 7a*— 5274 8V72? —524+1=-—8. 
Add 1 to both sides, ee 
70° —52 +14 8V7e?—5e2+1=—7. 
Put V7a?—52+1=y; the equation becomes 





y+ 8y=—7. 
Hence, y=—1, or —7, 
gy? = 1, or 49. 


We now have 72? —52+1=1, or 72?—dx24+1= 49, 


Solving these, we find for the values of z, 
Ac eat 
7 7 


These values all satisfy the given equation when we take the 
negative value of the square root of the expression 7a?—52+1; 
they are in fact the four roots of the biquadratic obtained by clear- 
ing the given equation of radicals. 


Exercise 99. 
Solve: 


eee og be 8x 3 4. 8 = 0, 
Ay Oe | 
| pc EM Ea ees BY aaa ee 
a aie 36 
3. (2? — 3x)? — 2(2a? — 32) = 15. 
4. (ax — by + 4a(ae —b)=2%. 


4 
5. 3(2a?— x) —(22*— 2)? =2. 
6. 152 —82?+4(2?—52+5)?=16. 
7. @+at*+etat=4. 9. etati(e@tat=t. 
8. 2+ V2—7T=19. 10. (c+ D?+(@—1)? =5. 
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Wipes 12. Vaeh5— Vor bee. 
13. (a4 1) —a(@’? +1) =— 227, 
14. 22? —2V22* — 52 = 5(2+8), 
15. 2+2—4aV2+2= 1227 
16. V2e+at+vVIr=—o=be 
17. V9e+ 2lea+1—V927+ 62+ 1=8z2. 
18. 2 —4e28 +e % 449 2-4, 
19. Vz+1+V2+16= V2 +25. 
20, Viet 1 Ved ay eee 
21. Ve+8+Ve+8=5Va. 
a2. VeLei Vex. 93, V/e— 1 
V3+ Vv 























X% x’*-—-1 
24. Lane Lees pice: 
Val Vena 
25 Va+2a—Va-—2a_ # 


“PA/ pe en 


26 82+ V4nna Jy a4 Vivit+4+2V3a-—1_y 
82—-WV42—2? V12'+4—9\/ Spek 


28. V(2—a)?+2ab+0 =2—a+b, 
29. Via ta)?+2ab+0'=b—a—z. 


30. Vit3t NES 


31. 42? —3 (2% + 1)(x? — 2) = 23 (10 — 32%). 





32. (a? —2)(at — 4) = 28 (2? — 1)? — 12. 
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257. Problems involving Quadratics, Problems which in- 
volve quadratic equations apparently have two solutions, 
since a quadratic equation has two roots. When both roots 
of the quadratic equation are positive integers, they will 
give two actual solutions of the problem. 

Fractional and negative roots will in some problems give 
admissible solutions; in other problems they will not give 
admissible solutions. 

No difficulty will be found in selecting the result which 
belongs to the particular problem we are solving. Some- 
times, by a change in the statement of the problem, we may 
form a new problem which corresponds to the result that 
was inapplicable to the original problem. 

Imaginary roots indicate that the problem is impossible. 

Here as in simple equations 2 stands for an unknown 
number. 


(1) The sum of the squares of two consecutive numbers 
is 481. Find the numbers. 


Let % = one number, 
and x + 1 =the other. 
Then a? + (x +1)? = 481, 
20x 2074+ 2¢4+1=481. 


The solution of which gives x = 15 or — 16. 

The positive 15 gives for the numbers, 15 and 16. 

The negative root — 16 is inapplicable to the problem, as consecu- 
tive numbers are understood to be integers which follow one another 
in the common scale 1, 2, 3, 4..... 


(2) A pedler bought a number of knives for $2.40. 
Had he bought 4 more for the same money, he would have 
paid 3 cents less for each. How many knives did he buy, 
and what did he pay for each? 

Let « = number of knives he bought. 


Then A Bebe number of cents he paid for each. 
2 
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But if x + 4= number of knives he bought, 
240 _ number of cents he paid for each, 
u+ 
240 _ 240 _ the difference in price. 
es “+4 

But 3 = the difference in price. 

220 i S2E0UNTD 

a BPAY 
Solving, x = 16 or — 20. 


He bought 16 knives, therefore, and paid 24°, or 15 
cents for each. 

If the problem is changed so as to read: A pedler bought 
a number of knives for $2.40, and if he had bought 4 dess 
for the same money, he would have paid 3 cents more for 
each, the equation will be 


240 240 


———=43. 


ex—-4 & 
Solving, x = 20 or — 16. 





This second problem is therefore the one which the neg- 
ative answer of the first problem suggests. 


(3) What is the price of eggs per dozen when 2 more in 
a shilling’s worth lowers the price 1 penny per dozen? 





Let x = number of eggs for a shilling. 
Then 1 _ cost of one egg in shillings. 
2% 
and 12 _ cost of 1 dozen in shillings. 
a“ 
But if x + 2=number of eggs for a shilling, 
12 = cost of 1 dozen in shillings. 
z+ 2 
Ma " - = = = (1 penny being 7; of a shilling). 


The solution of which gives x = 16, or — 18. 
And if 16 eggs cost a shilling, 1 dozen will cost 9 pence. 


Therefore, the price of the eggs is 9 pence per dozen. 


10. 
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Exercise 100. 


The sum of the squares of three consecutive numbers 
is 365. Find the numbers. 


Three times the product of two consecutive numbers ex- 
ceeds four times their sum by 8. Find the numbers. 


- The product of three consecutive numbers is equal to 


three times the middle number. Find the numbers. 


A boy bought a number of apples for 16 cents. Had 
he bought 4 more for the same money he would 
have paid 3 of a cent less for each apple. How 
many did he buy ? 

For building 108 rods of stone-wall, 6 days less would 
have been required if 3 rods more a day had been 
built. How many rods a day were built? 


A merchant bought some pieces of silk for $900. Had 
he bought 3 pieces more for the same money he 
would have paid $15 less for each piece. How 
many did he buy? 


. A merchant bought some pieces of cloth for $168.75. 


He sold the cloth for $12 a piece and gained as 
much as 1 piece cost him. How much did he pay 
for each piece ? 


. Find the price of eggs per score when 10 more in 623 


cents’ worth lowers the price 314 cents per hundred. 


The area of a square may be doubled by increasing its 
length by 6 inches and its breadth by 4 inches. De- 
termine its side. 


The length of a rectangular field exceeds the breadth 
by 1 yard, and the area is 3 acres. Determine its 
dimensions. 


258 


11; 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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There are three lines of which two are each # of the 
third, and the sum of the squares described on them 
is equal to a square yard. Determine the lengths 
of the lines in inches. 


A grass plot 9 yards long and 6 yards broad has a 
path round it. The area of the path is equal to 
that of the plot. Determine the width of the path. 


Find the radius of a circle the area of which would be 
doubled by increasing its radius by 1 inch. 


Divide a line 20 inches long into two parts so that the 
rectangle contained by the whole and one part may 
be equal to the square on the other part. 


A can do some work in 9 hours less time than B can 
do it, and together they can do it in 20 hours. 
How long will it take each alone to do it? 


A vessel which has two pipes can be filled in 2 hours 
less time by one than by the other, and by both to- 
gether in 2 hours 55 minutes. How long will it 
take each pipe alone to fill the vessel ? 


A vessel which has two pipes can be filled in 2 hours 
less time by one than by the other, and by both to- 
gether in 1 hour 52 minutes 30 seconds. How long 
will it take each pipe alone to fill the vessel? 

An iron bar weighs 36 pounds. If it had been 1 foot 
longer each foot would have weighed 4 a pound less. 
Find the length and the weight per foot. 

A number is expressed by two digits, the units’ digit 
being the square of the other, and when 54 is added 
its digits are interchanged. Find the number. 

Divide 35 into two parts so that the sum of the two 
fractions formed by dividing each part by the other 
may be 2,4. 


m1. 


22. 


23. 


25. 


26. 


27. 
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A boat’s crew row 34 miles down a river and back 
again in 1 hour 40 minutes. If the current of the 
river is 2 miles per hour, determine their rate of 
rowing in still water. 


A detachment from an army was marching in regular 
column with 5 men more in depth than in front. 
On approaching the enemy the front was increased 
by 845 men, and the whole was thus drawn up in 
5 lines. Find the number of men. 


A jockey sold a horse for $144, and gained as much 
per cent as the horse cost. What did the horse cost? 


. A merchant expended a certain sum of money in goods, 


which he sold again for $24, and lost as much per 
cent as the goods cost him. How much did he pay 
for the goods? 


A broker bought a number of bank shares ($100 each), 
when they were at a certain per cent drscownt, for 
$7500; and afterwards when they were at the same 
per cent premium, sold all but 60 for $5000. How 
many shares did he buy, and at what price? 


The thickness of a rectangular solid is 2 of its width, 
and its length is equal to the sum of its width and 
thickness; also, the number of cubic yards in its 
volume added to the number of linear yards in its 
edges is 3 of the number of square yards in its sur- 
face. Determine its dimensions. 


If a carriage-wheel 164 feet round took 1 second more 
to revolve, the rate of the carriage per hour would be 
1Z miles less. At what rate is the carriage travelling? 


CHAPTER XxX. 
SIMULTANEOUS QUADRATIC EQUATIONS. 


258, Quadratic equations involving two unknown num- 
bers require different methods for their solution, according 
to the form of the equations. 


CasE I. 


259. When from One of the Equations the Value of One of 
the Unknown Numbers can be found in Terms of the Other, and 
this Value substituted in the Other Equation. 


Solve : 32° — 2Zry=5) (1) 
x—y=2$ (2) 
Transpose x in (2), y=a— 2. 


In (1) put w — 2 for y. 
3a? — 24(x% — 2)=5. 


The solution of which gives # = 1, or « = —5. 
Tf x=1, 
y=1-—2=—-1; 
and if v= —5, 


y=—5-2=—7. 
We have therefore the pairs of values, 
= 1 x2=—d 
; or 
y=—1 y=—7 
The original equations are both satisfied by either pair of values. 
But the values x =1, y=—7, will not satisfy the equations; nor will 
the values x =-- 5, y=—1. 


The student must be careful to join to each value of x 
the corresponding value of y. 
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260. When the Left Side of Each of the Two Equations is 


Case II. 


Homogeneous and of the Second Degree. 





Solve : hee ae ara 
y? —z’=16 
Let y = vz, and substitute va for y in both equations. 
From (1), 2v%x? — 4 vx? + 3x? = 17. 
pe i sa hd ay 
2° —4y43 
From (2), vx — a = 16. 
fee ri8 
y= A 
ye] 
16 


Equate the values of 2’, 





ny Perera ee i 


32? — 640 + 48 = 172? — 17, 


15? — 64v = — 65, 
225 v? — 960 v = — 975, 


2250? —() + (82)? = 49, 





5 
If Vv=-=—) 
3 
a a 
y 3 
Substitute in (2), 
9 
7 = 9, 
c=+3, 
5a 
= —=:4+5 
PRT 


159 — 32 = + 7. 





5 13 
, v=—, or — 
5 5 
13 
If =—, 
sane, 
= on LO. 
y 5 
Substitute in (2), 
16927 is 16, 
25 
go? = 25, 
9 
5 
ec=t- 
3 
132 13 
= ———— = tH 
iG 3 
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Case III. 


261. When the Two Equations are Symmetrical with Respect 
to x and y; that is, when x and y are similarly involved. 


Thus, the expressions 
22843807 +42y, 2ey—8e—8y+1, —38xy—8ay7+y,, 


are symmetrical expressions. In this case the general rule 
is to combine the equations in such a manner as to remove 
the highest powers of x and y. 


Solve : xt + y* = 337 (1) 
Aa Oe Ba Of (2) 


To remove «* and 4, raise (2) to the fourth power. 


at + 4a5y + 6a?y?+4ay3+ y*= 2401 
Add (1), a + yt= 337 


2a* + 4a5y + 6a?y? + day? + 2y* = 2738 
Divide by 2, w+ 2ary + 3a%y? + 2ay? + y* = 1369, 
Extract the square root, e+ oy+y?=+ 37. (3) 
Subtract (3) from (2)?, xy = 12, or 86. 


We now have to solve the two pairs of equations, 


aty= 7), e+y= 7). 


sy=125° sy =86 
From the first, 3 2) 
y — 3 ; y = 4 
From the second, eee v= 295 
Riga: vV— 295 


y 2 
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262. The preceding cases are general methods for the 
solution of equations which belong to the kinds referred to; 
often, however, in the solution of these and other kinds of 
simultaneous equations involving quadratics, a little inge- 
nuity will suggest some step by which the roots may be 
found more easily than by the general method. 


(1) Solve : zty= 40 (1) 
») ay = 800 (2) 
Square (1), x? + 2ay + y? = 1600. (3) 
Multiply (2) by 4, 4 ay = 1200. (4) 
Subtract (4) from (3), 
x* — 2ey + y? = 400. (5) 
Extract root of each side, «w—y=+ 20. (6) 
From (1) and (6), =a or t= 10Y. 
y=10)' y=30 
eye 9 
2) Solve: = += =— 
(2) Solve ie at 56 (1) 
os orl 
Pah 9S aol are (2 
nm c y® 400 
Wi) ee 
eee) gt ee 3 
Square (1), ail aie ia 400 (3) 
2 40 
ea ON ay 4 
Subtract (2) from (3), ew 100 (4) 


Subtract (4) from (2), 


Extract the root, Berd cs + me (5) 
x 


From (1) and (5), e=u4)  #='5 
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(3) Solve: z2—y= 4 t (1) 

x+y? = 40 (2) 
Square (1), a? —2aey + y? = 16. (3) 
Subtract (2) from (38), — 2ey = — 24. (4) 


Subtract (4) from (2), 
a+ 2ary + y? = 64. 


Extract the root, et+y=+8. (5) 
From (1) and (5), gas 6: . or” ee 
y= 2 =—6 
(4) Solve: e+ty=91 ; (1) 
aty= 7 (2) 
Divide (1) by (2), a —ay + y? = 13. (3) 
Square (2), a + Qay + y? = 49. (4) 
Subtract (3) from (4), 3ay = 36. 
Divide by —3, — xy =—12. (5) 
Add (5) and’(3), a? — 2ay+y?=1. 
Extract the root, e—-y=+1. (6) 
From (2) and (6), G = 4 Ouee 3 
y=3 y=4 
(5) Solve: ety =18xy ; (1) 
x+y =12 (2) 
Divide (1) by (2), #2 ay +y?= a (3) 
Square (2), x? + 2Qay + y? = 144. (4) 
Subtract (4) from (3),  —3ay= at ~ 144, 
which gives ay = 32. 
We now have, e+y=12 
xy = 32 
Solving, we find, e=i8)  .. geo 


10. 
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Exercise 101. 


I ia 
12. 
13. 
14. 
15. 
LG: 


Li. 


18. 


ase 


} 20. 


xrty=49 \ 
a+ y? = 1681 


eRe eee 
at+ty=l1l1 


pi deeg at 
aty=12 


|e 


Bl 8 


Sie Slr 


wi 
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Exercise 102. 
Solve : 

1. ePtay+2y7= 74 \ oF Me 
2+ Qaeyt+y’= 73 62? + ay —- y* = 50 
2. aac ai 10. v2 —ay—y=5 } 
8a7°+8y=14 22° + 38a2y+ yy’? = 28 

3. i a era 14% oy eee 
y’ — 2xy=— 15 z+ty=6 

4. ee eNO 12. at! os 
ay + 2y—-38=0 xy =6 

5. Pip he hae a 13. 2 st ae 
sy +y?—18=0 4(a—y)= xy 

6. Tih Pale Wee 14. 4(x+y)=38x2y ; 
227—azy+y =16 styta2+ty = 26 

th; READE \"| 15. iia 
sy—y’? —2=0 5a? + 5y* = 65 


8. 2—ayty=T ae oy Cait 
382°+13a2y+8y'=162 v+y = 35 


Exercise 103. 


Solve: 

1. ¢—y=T ; 5. 24—B5y=9 \ 
etayty =18 Y—axyty=T7 

2. eae 6. x—y=9 ; 
ay—y' =6 xy+8=0 

3. hives 7 524—Ty=0 
x—2y=5 bat BY 4 — Ty 


4. zy —T=0 \ 
x* +-y* = 50 


20. 


re NA 


SIMULTANEOUS 


<a yi 1 i 


x’? -+ y* = 8h 


e’+4ry=3 \ 
doy +y'=24 


p mS 


z—y—8=0 


. #@+3ey+y=1 \ 


82+ay+3y=138 


; eet} 


v+ay—y=t 


oe ay = 0, ; 


Ary —a? = — 40? 


- £—y=l1 


—~+==21 
yt ; 


x 


: eae 


Tay—y=171 


. ety=6 \ 


ety = 72 


; pa eS | 


8a2—2y=0 


pea 1 \ 


—yi=19 


2 py’ = 2728 \ 


x — xy +y’ = 124 


ery=a t 
ety = 6? 
ea = 0 


827-A4ryt+by=9) 
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22. 


23. 


25. 


30. 


31. 


32. 


33. 


2 BA i ia 
i eye AND 
x’ + y*? = 45 
ieee 
eis 

li i) 17 





z+ 1 ytl1 12 


_ P—ryty=tT 


xt + xy? +y= Dates 


zt+y=4 
e+ y* = 82 


: fener? 


L—Yy=-a 


: fina 


xy — 4? = 2ab 

: a ee 

ay =a? — b° 

spars =a) i 

a UG 
e+ayty = 37 ; 
x* + x4 + y* = 481 
ARM 3c 

y’ = ay + bx 


xr—-y—2=0 \ 
15 (2? — y?) = 16 xy 


ASB Mra’ Shersa aul 89 
t—y @ty vo 
62 = 20y+ 9 
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Age aa 35. vi + y= T+ ay \ 
a: e+y=6bry-1 
LE + 236; : ae 
ees x—y=38 


37. 3(a—1)—-2(¢+]ly—-1l=- ah 
a(Y +2) = 4(@ + 2) 

38. 102°+ lizzy =8ab we 
107° + lidzy = 8 ab — 20° 


39. (24+ 3y)—2(24+ 38y) pr 
v—y= 21 





40. St) Aa AD} oe 
a—y+Ve-—y=b sy = 12 
41. i ice 43. OS 


2 zy +a =8 a+Vayty=b 
44. a ed, an 
xy? — 3xy = 54 


45. hanes Gan) 
(e+ yy =2(e—y)’ 


Ba \t , faty\t_ 
46. a a 
; Ga + (cae) ; 


xy — (a +) = 54 





47. AAC ee 


2+ y+ ry = 336 


Exercise 104. 


1. If the length and breadth of a rectangle were each 
increased by 1, the area would be 48; if they were 
each diminished by 1, the area would be 24. Find 
length and breadth. 
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2. The sum of the squares of the two digits of a number 
is 25, and the product of the digits is 12. Find the 
number. 


3. The sum, the product, and the difference of the squares 
of two numbers are all equal. Find the numbers. 
Note. Represent the numbers by «+ y and a — y, respectively. 
4. The difference of two numbers is 2 of the greater, and 
the sum of their squares is 356. What are the 
numbers? 


5. The numerator and denominator of one fraction are 
each greater by 1 than those of another, and the 
sum of the two fractions is 1,3; if the numerators 
were interchanged the sum of the fractions would 
be 14. Find the fractions. 


6. A man starts from the foot of a mountain to walk to 
its summit. His rate of walking during the second 
half of the distance is 4 mile per hour less than his 
rate during the first half, and he reaches the summit 
in 54 hours. He descends in 3? hours, by walking 
1 mile more per hour than during the first half of 
the ascent. Find the distance to the top and the 
rates of walking. 

Nort. Let 2x= the distance, and y miles per hour = the rate at first. 
Then 2 + = 5} hours, and ie ae 34 hours. 
y Booed 





2 

7. The sum of two numbers which are formed by the 
same two digits in reverse order is 32 of their dif- 
ference; and the difference of the squares of the 
numbers is 3960. Determine the numbers. 

8. The hypotenuse of a right triangle is 20, and the area 
of the triangle is 96. Determine the sides. 


Nore. The square on the hypotenuse = sum of the squares on the 
legs; and the area of a right triangle = } product of legs. 
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9. Two boys run in opposite directions around a rectan- 
gular field, the area of which is an acre; they start 
from one corner and meet 13 yards from the oppo- 
site corner; and the rate of one is @ of the rate of 
the other. Determine the dimensions of the field. 


10. A, in running a race with B, to a post and back, met 
him 10 yards from the post. To make it a dead 
heat, B must have increased his rate from this point 
412 yards per minute; and if, without changing his 
pace, he had turned back on meeting A, he would 
have come 4 seconds after him. How far was it to 
the post ? 


Note. If 2«=the number of yards to the post and back, and 
y the number of yards A runs a minute, then ait of y, or 
vy — 10 i 


z+1 





= the number of yards B runs a minute. 


11. The fore wheel of a carriage turns in a mile 132 times 
more than the hind wheel; but if the circumferences 
were each increased by 2 feet, it would turn only 
88 times more. Find the circumference of each. 


12. A person has $6500, which he divides into two parts 
and loans at different rates of interest, so that the two 
parts produce equal returns. If the first part had 
been loaned at the second rate of interest, it would 
have produced $180; and if the second part had 
been loaned at the first rate of interest, it would 
have produced $245. Find the rates of interest. 


CHAPTER XXL 
PROPERTIES OF QUADRATICS. 


263, Lvery affected quadratic can be reduced to the form 
ax’ + bz + ¢=0, the solution of which gives the two roots 


b Vb —4ac b Vb —4ae 4 ac 
eA OS Rt SCS I 
Bat 2a Og Dee) mle Sen: 


CHARACTER OF THE Roots. 


264, As regards the character- of the two roots, there are’ 
three cases to be distinguished. 


I. If b’—4ac is Positive and not Zero. In this case the 
roots are real and wnequal. The roots are real, since the 
square root of a positive number can be found exactly or 
approximately. If 6’--4ae is a perfect square, the roots 
are rational; if 6? —4ac is not a perfect square, the roots 
are surds. 


The roots are unequal, since V 6? — 4ac is not zero. 


II, If b?—4ac is Zero. In this case the two roots are 


real and equal, since they both become a3 
a 


III. If b’— 4ac is Negative. In this case the roots are 
umagimnary, since they both involve the square root of a 
negative number. 

The two imaginary roots of a quadratic cannot be equal, 
since 6” — 4a¢ is not zero. They have, however, the same 
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real part, -3. and the same imaginary part, but with 
a 


opposite signs; such expressions are called conjugate imagi- 
naries. The expression 6?—4ac’is called the discriminant 
of the expression az’ + bx +e. 


265. The above cases may also be distinguished as follows: 


CasE I. 0?—4ac>0, roots real and unequal. 
CasE II. 6?—4ac=0, roots real and equal. 
Case III. 6?—4ace< 0, roots imaginary. 


266. By calculating the value of 6° — 4ac, we can deter- 
mine the character of the roots of a given equation withoat 
solving the equation. 

(1) #—52+6=0. 


Here a=1,b=—5,c=6. 
b?—4ac = 25 — 24 =1. 


The roots are real and unequal, and rational. 


(2) 82472—-1=0. 


Here a=3, =7'c=—1, 
b?— 4ac=49 +12=61. 


The roots are real and unequal, and are both surds. 
(3) 42°—127+9=0. 


Here a=4,b=—12,c=9. 
b? —4ac = 144 —-144=0, 


The roots are real and equal. 
(4) 22?—827+4=0. 


Here a=2,b=—3,c=4, 
b?—4ac=9 — 32 = — 23. 


The roots are both imaginary. 
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(5) Find the values of m for which the following equa- 
tion has its two roots equal: 


2mx’ + (5m + 2)x+ (4m+ 1) =0. 
Here a=2m,b=5m+2,c=4m+4+1. 
If the roots are to be equal, we must have 
b? — 4ac =0, or (5m + 2)?—8m(4m41)=0. 
This gives m = 2, or — = 
For these values of m the equation becomes 
4e?4+12%+9=0, and 427—427+1=0, 


each of which has its roots equal. 


Exercise 105. 


Determine without solving the character of the roots of 
each of the following equations: 


1. #—Tr1+12=0.. 6. #+427+1=0. 
2. 2 —izcz—30=0. 7. 2—22+9=0. 
38. 2+4r—5=0. 8. 38279—47—4=0. 
4. 52°+8=0. 9. #+471+4=0. 
5. Ta? —382 —22=—0. 10. 7x—32?—2=0. 


Determine the values of m for which the two roots of 
each of the following equations are equal: 


11. (m+1)2?+ (m—1)24+m+1=0. 
12. (8m+1)2?4+(2m+4+2)4+m=0. 
138. (m—2)2°+(m—5)x4+2m—5=0. 
14. 2mz?+2°>—6mzez—624+6m+4+1=0. 
15. m?’t+227+2m=38me—924+ 10. 
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RELATIONS OF Roots AND COEFFICIENTS. 


267. Consider the equation z7— 102+ 24=0. Resolve 
into factors, (« — 6)(a—4)=0. The two values of 2 are 
6 and 4; their sum is 10, the coefficient of x with its sign 
changed ; their product is 24, the third term. 


268. In general, representing the roots of the quadratic 
equation az’+ br+ce¢=0 ne r, and 7, we have (§ 263), 





4 V6 = 4a0 fac 
i a 
a+ dae 
ee he stabs — 4ae 
: Qa 2a 


‘ 


Adding, ™1+7%= ag 3 
multiplying, aS <. 

If we divide the equation az®+ba+c=0 by a, we 
have the equation 2+ Papi 0; this may be written 
x* + px + g=0 where p=~, (=o 


It appears, then, that if any quadratic equation is made 
to assume the form 2’?-+ px + g = 0, the following relations 
hold between the coefficients and roots of the equation : 

(1) The sum of the two roots is equal to the coefficient 
of x with its sign changed. 

(2) The product of the two roots is equal to the constant 
term. 

Thus, the sum of the two roots of the equation 

2 —Tz+8=0 
is 7, and the product of the roots 8. 
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269. Resolution into Factors. By § 268, if 7, and 7 are 
the roots of the equation 2’+px-+q—=O, the equation 
may be written 

v’—-(n+r)e+ nr, = 0. 

The left member is the product of «—7,, and x— 17, so 

that the equation may be also written 


(7 — 7,)(@ — 72) = 0. 


It appears, then, that the factors of the quadratic expres- 
ston x’?+px-+q are x—r7, and «—7,, where 7, and 7 are 
the roots of the quadratic equation x? + px + q= 0. 

The factors are real and different, real and alike, or 
imaginary, according as 7, and 7, are real and unequal, 
real and equal, or imaginary. : 

If 7, =7, the equation becomes (x — 7,)(x — 7) = 0, or 
(« —7,)? =0; if, then, the two roots of a quadratic equa- 
tion are equal, the left member, when all the terms are 
transposed to that member, will be a perfect square as 
regards x. 


270. If the equation is in the form az’?+ b2+c¢c=0, the 
left member may be written 


a(2" +- ae -|- ‘), 
ERC! 
a(« —1,)(x& —7). 
271. If the roots of a quadratic equation are given, we 
can readily form the equation. 
Form the equation of which the roots are 3 and — : 


The equation is (a — H(2 + 3) =); 


or (x — 3)(2a% + 5) =0, 
or 2u* -x —15=0, 
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272. Any quadratic expression may be resolved into 
factors by putting the expression equal to zero, and solving 
the equation thus formed. 

(1) Resolve into two factors 2 —5xa+3. 

Write the equation 

xv —5xe+3=0. 


Solve this equation, and the roots are found to be 


5+ v13 q 2 vi18 
pho te has Tae GR 


Therefore, the factors of x? —5x% +3 are 
$e¥b +s and po 


(2) Resolve into factors 32° —4xz+5. 
Write the equation 
327—42%+4+5=0. 
Solve this equation, and the roots are found to be 
2 Vo a eve 
3 3 
Therefore, the expression 3 x? 4a +5 may be written (? 270), 


(a ee 


Exercise 106. 


Form the equations of which the roots are 


Teron be 4. 2,—%. 7. a—26, 8a+26, 

2. 7, —8. 5. — 5, —4. 8 2a—b,b—38a. 
3. 4,4. 6. — 4, ¥%. 9. a+1,l—a. 
Resolve into factors : 

10. 327— 152 — 42. 13. 2 —3824+4, 

11. 92? — 272 — 70. 14. 2? Lae 


12. 4927+ 4927+ 6. 15. 427+12¢+4 18. 


CHAPTER XXII. 
RATIO, PROPORTION, AND VARIATION. 


273. Ratio of Numbers. The relative magnitude of two 
numbers is called their ratio when expressed by the indi- 
cated quotient of the first by the second. Thus, the ratio 
of a to bis = ora+3, ora: 8. 

The first term of a ratio is called the antecedent, and the 
second term the consequent. When the antecedent is equal 
to the consequent, the ratio is called a ratio of equality ; 
when the antecedent is greater than the consequent, the 
ratio is called a ratio of greater inequality ; when less, a ratio 
of less inequality. 

When the antecedent and consequent are interchanged, 
the resulting ratio is called the inverse of the given ratio. 
Thus, the ratio 3: 6 is the wnverse of the ratio 6: 3. 


274. A ratio will not be altered if both its terms are 
multiplied by the same number. For the ratio a:6 is 
ma. | 


ih ’ 


represented by 4 the ratio ma: mb is represented by 


heme oa 
and since —~= <=, we have ma:mb=a: 6b. 


mb 6b 


275, A ratio will be altered if different multipliers of its 
terms are taken; and will be increased or diminished ac- 
cording as the multiplier of the antecedent is greater than 
or less than that of the consequent. Thus, 
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If m>n, Tf m<n, 
then ma > na, then ma < na, 
d mana d Ma NA : 
vial nb ahs, ned nb nb 
nb »b nb b 
ma. a ma a 
——-: =) <> 
nb a b nh Ob 
or ma:nb>a:b. or ma:nb<a:b. 


276. Ratios are compounded by taking the product of the 
fractions that represent them. Thus, the ratio compounded 
ofa:bande:disac:bd. | 

The ratio compounded of a: 6 and a: 6 is the duplicate 
ratio a: 6?; the ratio compounded of a: 6, a: 6, anda: 6 
is the triplicate ratio a®: 6°; and so on. 


277. Ratios are compared by comparing the fractions 
that represent them. 


Thus, Onn ree oe 
according as B > or < = 
, ad be 
as bd Sha re) 
as. ad > or < be. 


278, Proportion of Numbers. Four numbers, a, 8, c, d, are 
said to be in proportion when the ratio a: 6 is equal to the 
ratio c: d. 

We then write a:6=c:d, and read this, the ratio of a 
to 6 equals the ratio of ¢ to d, or a is to b as ¢ is to d. 

A proportion is also written a: b::¢:d. 

The four numbers, a, 0, c, d, are called proportionals; a 
and d are called the extremes, 6 and c the means, 
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279, When four numbers are in proportion, the product 
of the extremes is equal to product of the means. 


For, if a0: da, 
th Le IA 
i bd 


Multiplying by dd, ad=be. 


The equation ad = be gives a= me Hee Ma thst an 


) 





extreme may be found by dividing the product of the 
means by the other extreme; and a mean may be found by 
dividing the product of the extremes by the other mean. 
If three terms of a proportion are given, 1t appears from 
the above that the fourth term can have one, and but one, 
value. 


280. If the product of two numbers is equal to the 
product of two others, either two may be made the ex- 
tremes of a proportion and the other two the means. 


For, if Ca — pe, 
then, dividing by 6d, = ad __ be 
bd bd 
or Ps 
6 ad 
DO ernd., 


281. Transformations of a Proportion. If four numbers, a, 
6, c, d, are in proportion, they will be in proportion by: 


I, Inversion; that is, 6 will be to a as d is toe. 
For, if hb = Cds 


then A 


b da 
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“ti j d 
b ad 
or -=-. 
a Mw 
DOs 
II. Composition; that is, a+ 6 will be to b asc+dis tod 
For, if G2b=c ad. 
then rope 
and malice san it 
at 6 sed 
or ; 7 


*atb:b6=ctd:d. 
III. Division; that is, a— 6 will be to 6 as e— dis to d.. 


For, if G0 O20, 
then Aree 
and ie eae 
a Ol Meta 

b d 








“ a—b:b=c—d:d. 


IV. Composition and Division; that is, a+6 will be to 
a—basc+distoc—d. 




















For, from II., ws + bitte + d, 
and from III., - > oe? 3 d 
hye’ a+b_et+d 
Dividing, pear), ae 


.atb:a—b=c+d:c—d. 
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V. Alternation; that is, a will be to c as b is to d. 


For, if ee Oy 
th Oe 
a REG 
“eae b ab be 
Multipl b =) =a ee ee 
roa se rae be cd 
or a_ 6 
om oO 

aso = or a, 


282, In a Series of Equal Ratios, the sum of the antecedents 
is to the sum of the consequents as any antecedent is to its 
consequent. 


For,if 2=—f=2=—7, 


SS fad C 
r may be put for each of these ratios. 
Then c= r, ae fe r, ae 


.atetetg=(6+d+f+h)r. 
‘ eo aia Aye a 


| ey a 
.atete+tg:b6+d+fth=a:b. 


In like manner it may be shown that 


mat+ne+ pe+qg:mb+nd+pft+qh=a:6. 


288. Continued Proportion. Numbers are said to be in 
continued proportion when the first is to the second as the 
second is to the third, and so on. Thus, a, 0, ¢, d, are in 


continued proportion when £= eee 
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284, Ifa, b,c are proportionals, so that a:b = 6: ¢, then 
6 is called a mean proportional between a and «¢, and ¢ is 
called a third proportional to a and 5d. 


If a:b=b:e, then b=Vae. 
For, if G2: 0 = 050 
b 
h ae a 
then sabe 
and OF ae! 
b=Vae 


285. The products of the corresponding terms of two or 
more proportions are in proportion. 


For, if C0 0, 
e:f=g ch, 
kab =e 

th Oh AGig ee eerie 
as bold: fin tn 


Taking the product of the left members, and also of the 
right members of these equations, 
ack _ogm. 
bft dhn 
'. Geeks bff =\cont; ann 


286. Like powers, or like roots, of the terms of a propor- 
tion are in proportion. 


For, if Cie 0 == cma: 
then ; = a 
Raising both sides to the nth power, 
gig} 
Cyd 
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1 1 
Extracting the nth root, a pia 
be ds 
ae te 
On Oa Ot 


287. The laws that have been established for ratios 
should be remembered when ratios are expressed in frac- 
tional form. 


2 Lae 
eee ee et eee 
v’—x—-l w#ta-—2 
By composition and division, 
Aes Mother e he 
2(e@+1) —2(«— 2) 
This equation is satisfied when e=0. For any other value of 2, 
we may divide by 2”. 
We then have ee 
e+l 2-2 
and therefore | c= 








bole 


(2) Ifa:6=c:d, show that 
?t+ab:0?—ab=c’+cd: d’*—cd. 














If Gece 
Daweh 
6 e+d 
th ar a ’ 
i pe iwi 
d Eppa h he 
an rs eer 
a a+6_¢ vct+d 
Lo oe Re, Miia zany 8 
1S a+tab_ c+cd 





Bab d?—ed 
or a+ab:6%—ab=c+cd: d* —cd. 
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(3) Ifa:6=c:d, and a is the greatest term, show that 
a-+ dis greater than b+. 








Since 3 = 5 anda >e, (1) 
the denominator ba 
From (1), by division, = 3 ee = (2) 
Since b>d, 
from (2), a—b>c—d. 
Now, b6+d=b+d. 
Adding, atd>b+e. 


288. Ratio of Quantities. To measure a quantity of any 
kind is to find how many times it contains another known 
quantity of the swme kind, called the unit of measure. Thus, 
if a line contains 5 times the linear unit of measure, one 


yard, the length of the line is 5 yards. 


289.' Commensurable Quantities. If two quantities of the 
same kind are so related that a unit of measure can be 
found which is contained in each of the quantities an i- 
tegral number of times, this unit of measure is a common 
measure of the two quantities, and the two quantities are 
said to be commensurable. 

If two commensurable quantities are measured by the 
same unit, their ratio is simply the ratio of the two numbers 
by which the quantities are expressed. Thus, 4 of a foot is 
a common measure of 24 feet and 32 feet, being contained 
in the first 15 times and in the second 22 times. 

The ratio of 24 feet to 32 feet is therefore the ratio of 
15 : 22. 

Evidently two quantities different in kind can have no 
ratio. 
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290. Incommensurable Quantities. The ratio of two quan- 
tities of the same kind cannot always be expressed by the 
ratio of two whole numbers. Thus, the side and the 
diagonal of a square have no common measure; for if the 
side is a inches long, the diagonal will be a /2, inches long, 
and no measure can be found which will be contained in 
each an integral number of times. 

Again, the diameter and the circumference of a circle 
have no common measure, and are therefore incommen- 
surable. 

In this case, as there is no common measure of the two 
quantities, we cannot find their ratio by the method of 
§ 289. We therefore proceed as follows: 


Suppose a and 6 to be two incommensurable quantities 
of the same kind. Divide 6 into any integral number (7) 
of equal parts, and suppose one of these parts is contained 
in a@ more than m times and less than m+ 1 times. Then 


a mc LN 


the ratio Pe but <———; that is, the value of % 5 lies 


between ” and m+ 1 
n 


n 
The error, therefore, in taking either of these values for 
; is less than os But by increasing 7 indefinitely, 1 can 
n n 


be made to decrease indefinitely, and to become less than 
any assigned value, however small, though it cannot be 
made absolutely equal to zero. 

Hence, the ratio of two incommensurable quantities can- 
not be expressed exactly in figures, but it may be expressed 
approxvmately to any desired degree of accuracy. 

Thus, if 6 represents the side of a square, and a the 
diagonal, 
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Now V2=1.41421356....., a value greater than 1.414213, 
but less than 1.414214. 
If then, a miliionth part of 6 is taken as the unit, the 


value of the ratio ; lies between ae an et 


and therefore differs from either of these fractions by less 


1 
han to 
than 7590000 


By carrying the decimal farther, a fraction may be found 
that will differ from the true value of the ratio by less than 
a billionth, a trillionth, or any other assigned value what- 
ever. 








291. The ratio of two incommensurable quantities is an 
incommensurable ratio, and is a fixed value toward which its 
successive approximate values constantly tend as the error 
is made less and less. 


292. Proportion of Quantities. In order for four quanti- 
ties, A, B, C, D, to be in proportion, A and B must be of 
the same kind, and Cand D of the same kind (but C and 
D need not necessarily be of the same kind as A and SB), 
and in addition the ratio of A to B must be equal to the 
ratio of C' to D. 

If this is true, we have the proportion 


Atehe 51D} 


When four quantities are in proportion, the numbers by 
which they are expressed are four abstract numbers in 
proportion. 


293. The laws of § 281, which apply to proportion of 
numbers, apply also to proportion of quantities, except that 
alternation will apply only when the four quantities in 
proportion are add of the same kind. 
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Exercise 107. 


If a:6::¢:d, prove that : 


1. ma:nb::me:nd. Te ART NORE Me ha 
2. 8a+6:6::38c+d:d. 5. a:a+b::e:e+d. 
ages oeo- c+ 2d:d. 6. a:a—b::c:e~—d. 


11. 


14. 


15. 


16. 
17. 
18. 
19. 
20. 


21. 


7. mat+tnb:ma—nb::me+nd:me—nd. 
8. 2a+36:38a—46::2c+3d:3c—4d. 
9. ma+ne’?:mb?+ nd’::a?: 8. 

10. ma’ + nab + pb’: me’ + ned + pd’: : 6: d’. 


Ifa:6::6:c, prove that: 


a+6:b+c::a:6b. 12. a? +ab:6°+ be::a:e 
13. a:¢::(a+6):(6+¢). 


When a, 6, and ¢ are proportionals, and a the greatest, 
show that a+ec> 20. 


If acs ae aig >on and x, y, z are unequal, show 
a aN eae 

Find z when ++ 5: 2x2%—8::54+1:82—8. 

Find x when x+a:2x%—6::34%+6:42—<a. 

Find « when Vz + Vb: Ve—-Vb::a:6 

Find z and y when x: 27::y:9, and 2: 27::2:2—y. 


Find « and y when x+y+1:x2+y+2::6:7, and 
when y+ 22:y—22::122+6y—3: 6y—122—1. 


Find 2 when 2’?—42+2:2°—22—-1:: 27-42: x7—2 2-2. 
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22. A railway passenger observes that a train passes him, 


23. 


24. 


25. 


26. 


27. 


28. 


moving in the opposite direction, in 2 seconds; but 
moving in the same direction with him, it passes him 
in 380 seconds. Compare the rates of the two trains. 


A and B trade with different sums. A gains $200 and 
B loses $50, and now A’s stock: B’s:: 2:4. But, if 
A had gained $100 and B lost $85, their stocks 
would have been as 15: 84. Find the original stock 
of each. 


A quantity of milk is increased by watering in the 
ratio 4:5, and then 3 gallons are sold; the remainder 
is mixed with 3 quarts of water, and is increased in 
the ratio 6:7. How many gallons of milk were 

- there at first ? 


In a mile race between a bicycle and a tricycle their 
rates were as 5:4. The tricycle had half a minute 
start, but was beaten by 176 yards. Find the rates 
of each. 


The time which an express-train takes to travel 180 
miles is to that taken by an ordinary train as 9: 14. 
The ordinary train loses as much time from stopping 
as it would take to travel 30 miles; the express- 
train loses only half as much time as the other by © 
stopping, and travels 15 miles an hour faster. What 
are their respective rates ? 


A line is divided into two parts in the ratio 2: 8, and 
into two parts in the ratio 3:4; the distance be- 
tween the points of section is 2. Find the length 
of the line. 


When a, 6, c, d, are proportional and unequal, show 
that no number x can be found such that a+a2, 
6+ 2x,ce+2x,d-+2, shall be proportionals, 
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VARIATION. 


294, A quantity which in any particular problem has a 
fixed value is called a constant quantity, or simply a constant ; 
a quantity which may change its value is called a variable 
quantity, or simply a variable. 

Variable numbers, like unknown numbers, are generally 
represented by x, y, z, etc.; constant numbers, like known 
numbers, by a, 4, e, ete. 


295. Two variables may be so related that when a value 
of one is given, the corresponding value of the other can be 
found. In this case one variable is said to be a function 
of the other; that is, one variable depends upon the other 
for its value. Thus, if the rate at which a man walks is 
known, the distance he walks can be found when the time 
is given; the distance is in this case a function of the time. 


296. There is an unlimited number of ways in which 
two variables may be related. We shall consider in this 
chapter only a few of these ways. 


297. When x and y are so related that their ratio is 
constant, y 1s said to vary as x; this is abbreviated thus: 
you. The sign o, called the sign of variation, is read 
‘varies as.” Thus, the area of a triangle with a given 
base varies as its altitude; for, if the altitude is changed 
in any ratio, the area will be changed in the same ratio. 

In this case, if we represent the constant ratio by m, 


4oG—M, Or sm ey ae 
Again, if y', 2! and y", x" be two sets of corresponding 


values of y and z, then 


by alternation, nies 


290 ALGEBRA. 


298. When x and yare so related that the ratio of y to a 
is constant, y 1s said to vary inversely as x; this is written 
y Thus, the time required to do a certain amount of 


work varies inversely as the number of workmen employed; 
for, if the number of workmen be doubled, halved, or 
changed in any other ratio, the time required will be 
halved, doubled, or changed in the inverse ratio. 


: it : m 3 
In this case, per Leo Ul eee and zy =m; that is, 
the product ay is constant. 
As before, Oe t Ya 
i S 
aly! = ally", 
or y' . he = yz! . gl. § 930 


299. If the ratio of y:2z is constant, then y is said to 
vary jointly as x and z. 


In this case, y = mx2z, 


and af ea acer geil ale 


300. If the ratio y:5 is constant, then y varies durectly 


as x and wnversely as z. 





M2 
In this case, y=— 
Z 
a valcl ! " 
ma nic ee 
and YY 
Z 2 Peers 
301. Theorems. 
I. Ifyou, and 2 xz, then y xz. 
For a) nee ANG een 


. Y= mnz. 


. ¥ Varies as 2. 
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Il. It ya, and z x 2, then (y + 2) <z. 
For y= mer and 2= nz. 
1 YEZ=(M+N)2. 


*. Yc 2 Varies as &. 


III. If yxzx when z is constant, and yoz when 2 is 
constant, then y «az when 2 and z are both yariable. 

Let a', y', 2’, and 2", y"', 2", be two sets of corresponding 
values of the variables. 

Let x change from 2! to 2", z remaining constant, and let 
the corresponding value of y be Y. 


Then TT 8 ae a (1) 
Now let z change from z! to z'’, x remaining constant. 
Then Ne as ot age (2) 
Multiply (1) and (2), then, 
ip emma — -§ 285 
or Ba are ee aycet ie! 
or OE ate TY oS LEA § 281, V. 


, the ratio “ is constant, and y varies as xz. 
xz 


In hke manner, it may be shown that if y varies as each 
of any number of quantities x, z, uw, etc., when the rest are 
unchanged, then when they all change, y « xzu, ete. 


Thus, the area of a rectangle varies as the base when the altitude 
is constant, and as the altitude when the base is constant, but as the 
product of the base and altitude when both vary. 

The volume of a rectangular solid varies as the length when the 
width and thickness remain constant; as the width when the length 
and thickness remain constant; as the thickness when the length and 
width remain constant; but as the product of length, breadth, and 
thickness when all three vary. 
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302. Examples. 

(1) If y varies inversely as x, and when y= 2 the cor- 
responding value of x is 36, find the corresponding value 
of when y = 9. 

Here y= or m= ay 

x 
'. m=2x 36 = 72. 
If 9 and 72 are substituted for y and m respectively in 


m 
y =-—) 

the result is 9= 72 or 92 = 72. 
x 
" v= 8, 


(2) The weight of a sphere of given material varies as 
its volume, and its volume varies as the cube of its diam- 
eter. Ifa sphere 4 inches in diameter weighs 20 pounds, 
find the weight of a sphere 5 inches in diameter. 

Let W represent the weight, 

V represent the volume, 


; D represent the diameter. 
Then We Vand Va D*. 


stag ee 10) Bean 
Put W=mbD'; 
then, since 20 and 4 are corresponding values of W and D, 

20 = m x 64. 

20D 

n= — = — 

64 16 
ia W= Ps DdD'. 


“. when D= 5, W= TPs of 125 = 397. 


Exercise 108. 
1. If do B, and A =4 when B=5, find A when B=12. 
2. If Ao B,and when B=4, A=}, find A when B=}. 


3. If A vary jointly as B and C, and 3, 4, 5, be simulta- 
neous values of A, B, C, find A when B= C=10, 


10. 


11. 


VARIATION. 2938 


If A co Fe and when A = 10, A= 2, find the value of 
B when A =4, 


: IA «2, and when A=6, B=4, and C=8, find 


GC 
the value of A when B=5 and C= 7. 


. Ifthe square of X varies as the cube of Y, and X= 8 


when Y= 4, find the equation between XY and Y. 


If the square of XY varies inversely as the cube of Y, and 
X=2 when Y=8, find the equation between Y 
and Y. 


If Z varies as XY directly and Y inversely, and if when 
Z=2, X=38, and Y=4, find the value of Z when 
iid and Y= 8. 


If Ao B+ where cis constant, and if 4 = 2 when B 
=1, and if A=5 when B=2, find A when B=3. 


The velocity acquired by a stone falling from rest 
varies as the time of falling; and the distance fallen 
varies as the square of the time. Ifit be found that 
in 3 seconds a stone has fallen 145 feet, and acquired 
a velocity of 962 feet per second, find the velocity 
and distance at the end of 5 seconds. 


If a heavier weight draw up a lighter one by means 
of a string passing over a fixed wheel, the space 
described in a given time will vary directly as the 
difference between the weights, and inversely as 
their sum. If 9 ounces draw 7 ounces through 8 
feet in 2 seconds, how high will 12 ounces draw 9 
ounces in the same time? 
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13. 


14. 


15. 


16. 


17. 


18. 


ALGEBRA. 


The space will vary also as the square of the time. 
Find the space in Example 11, if the time in the 
latter case is 3 seconds. 


Equal volumes of iron and copper are found to weigh 
77 and 89 ounces respectively. Find the weight of 
103 feet of round copper rod when 9 inches of iron 
rod of the same diameter weigh 31,% ounces. 


The square of the time of a planet’s revolution varies 
as the cube of its distance from the sun. The dis- 
tances of the Earth and Mercury from the sun being 
91 and 35 millions of miles, find in days the time of 
Mercury’s revolution. 


A spherical iron shell 1 foot in diameter weighs 3%}, 
of what it would weigh if solid. Find the thick- 
ness of the metal, knowing that the volume of ‘a 
sphere varies as the cube of its diameter. 


The volume of a sphere varies as the cube of its diame- 
ter. Compare the volume of a sphere 6 inches in 
diameter with the sum of the volumes of three spheres 
whose diameters are 3, 4, 5 inches respectively. 


Two circular gold plates, each an inch thick, the diam- 
eters of which are 6 inches and 8 inches respectively, 
are melted and formed into a single circular plate 
l inch thick. Find its diameter, having given that 
the area of a circle varies as the square of its diameter. 


The volume of a pyramid varies jointly as the area of 
its base and its altitude. A pyramid, the base of 
which is 9 feet square, and the height of which is 
10 feet, is found to contain 10 cubic yards. What 
must be the height of a pyramid upon a base 3 feet 
square, in order that it may contain 2 cubic yards? 


CHAPTER XXIII. 
PROGRESSIONS. 


303, A succession of numbers that proceed according to 
some fixed law is called a series; the successive numbers 
are called the terms of the series. 

A series that ends at some particular term is a finite 
series; a series that continues without end is an infinite 
series, 


304, The number of different forms of series is unlimited ; 
in this chapter we shall consider only Arithmetical Series, 
Geometrical Series, and Harmonical Series. 


ARITHMETICAL PROGRESSION. 


305. A series is called an arithmetical series or an arith- 
metical progression when each succeeding term is obtained 
by adding to the preceding term a constant difference. 

The general representative of such a series will be 


a,atd,a+2d,a+8d....., 
in which a is the first term and d the common difference ; 


the series will be wncreasing or decreasing according as d is 
positive or negative. 


306. The nth Term. Since each succeeding term of the 
series is obtained by adding d to the preceding term, the 
coefficient of d will always be one less than the number of 
the term, so that the nth term is a+(n— 1)d. 
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If the nth term is represented by /, we have 
t=a+(n—1)d. I. 
307. Sum of the Series. If / denotes the nth term, a the 


first term, x the number of terms, d the common difference, 
and s the sum of m terms, it is evident that 


s= a +(atd)+(at2d)+—-+(l—d)+ t or 
2 28=(atl+(atl)+(@atl) -ee+t(atl) +(at+l) 
=n(a+l). 
8s 5 (a kyl II. 


308. From the two equations, 


l=a+(n—1)d, } I. 
s=5(a+0), II. 


any two of the five numbers a, d, J, n, s may be found when 
the other ¢Aree are given. 


(1) Find the sum of ten terms of the series, 2, 5, 8, 11, ..... 


Here a=2, d=3, n=10. 
From I., (=2+ 27 = 29. 
Substituting in IT., $= aC + 29) = 155, 


(2) The first term of an arithmetical series is 8, the last 
term 81, and the sum of the series 186. Find the series. 


From I. and IL, 31=3+(n—-1)d, (1) 
136 = 5(3 +31). (2) 

From (2), n = 8, 

Substituting in (1), d = 4, 


The series. is °“3,° <7, * 411, 16," 19) 23) orem 
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(3) How many terms of the series, 5, 9, 13, ....., must be 
taken in order that their sum may be 275? 


From L., 1=5+(n—1)4. 
o l=4n41. (1) 
From IL., 275 = 50 + 1). (2) 


Substituting in (2) the value of 7 found in (1), 
275 = 5itn + 6), 


or 2n? + 3n = 275. 
We now have to solve this quadratic. 
Complete the square, 
16 n? + () + 9 = 2209. 
Extract the root, 4n+3=+47. 
*, n=11, or — 12h. 
We use only the positive result. 


(4) Find x when d, J, s are given. 


From L., a=l—(n—1)d., 
From II., a= 2s—In. 

n 
Therefore, Be (el) a 2s — In 

nr 


“. In— dn? + dn= 28 —In. 
. dn? — (214+ d)n=— 2s. 
This is a quadratic with n for the unknown number. 
Complete the square, 
4 d?n* —() + (21 + d)? = (21 + d? — 8ds. 
Extract the root, 
2dn —(21+ d) =+ V(21 + dy — 8ds. 


. na slit de v(2l+ d?—8ds 
; 2d 


Notr. The table on the following page contains the results of 
the general solution of all possible problems in arithmetical series, 
in which three of the numbers a, J, d, n, s are given and two required. 
The student is advised to work these out, both for the results obtained 
and for the practice gained in solving literal equations in which the 
unknown numbers are represented by letters other than a, y, z. 
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No. GIVEN. REQUIRED. RESULTS. 
u! adn l=a+(n—l)d. 
Oy ads l=—3d+Vv 2ds+(a—4d), 
l 
8 ans aetaer, 
n 
4| dns [eo Spelte = 1) 
| n 2 
5 adn s=3n[2a+4+(n—1)d]. 
6 adl eg ees Beas . 
5 2 2d 
Ke vasmed | s=5 (a+). 
8 dnl s= 3n[21—(n—1)d]. 
9 ait a=l—(n—1)d. 
10] Wns ee Se 
7 a n y, 
11 dls a=4diV(l+ $d) —2ds. 
ey nls ee a8 
n 
SUL ent ene 
m—1 
14 ans 2(s — an) 
é) n(n — 1) 
15 als med GS, 
TEE) HES) 
n(a — 1) 
7s cade nai 41, 
18 ate nuda 2a+V(2a— dP +85 
paras 
Ht 2 
19 als "ie. 
Lee ag 
20 Pas na tlt d+ V(214 dP —8ds 





| ad 
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309. The arithmetical mean between two numbers is the 
number which stands between them, and makes with them 
an arithmetical series. 

If a and 6 represent two numbers, and A their arithmet- 
ical mean, then, by the definition of an arithmetical series, 

A—a=b— A. 
Wy Bee at 6 
2 

310, Sometimes it is required to insert several arithmet- 

ical means between two numbers. 


Insert six arithmetical means between 8 and 17. 


Here the whole number of terms is eight; 3 is the first term, and 
17 the eighth. 
Byils 17=3 +4 7d. 
d = 2. 
The series.is 1 to. | (Ome Gor Ll Sa Los] 178 


the terms in brackets being the means required. 


311. When the sum of a number of terms in arithmet- 
ical progression is given, it 1s convenient to represent: 


Three terms by Bay, we, hey: 
Four terms by z—3y, x—y, x+y, z+3y. 


The sum of three numbers in arithmetical progression 
is 86, and the square of the mean exceeds the product of 
the two extremes by 49. Find the numbers. 


Let «—y, «, 2 +y represent the numbers. 
Then, adding, Bupa iOOx). 3 = A, 
Putting for « ts value, the numbers are 
12—y, 12, 12+y. 
The value of y is + 7; and the numbers are 
Deel 2 V 18s) ora dol L256: 


300 


LO; 
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Exercise 109. 


. Find the thirteenth term of 5, 9, 18..... 


ninth term of — 38, — 1, 1..... 

tenth term of — 2, — 5, —8..... 

eighth term of a, a+36,a+6b..... 
fifteenth term of 1, $, #..... 

thirteenth term of — 48, — 44, — 40..... 


The first term of an arithmetical series is 3, the thir- 
teenth term is 55. Find the common difference. 


Find the arithmetical mean between: (a.) 3 and 12; 
(6.) —5 and 17; (c.) a?+ ab — 8’ and a? — ab + 6’. 
Insert three arithmetical means between 1 and 19; and 


four means between — 4 and 17. 


Theefirst term of a series is 2, and the common differ- 
ence +. What term will be 10? 


The seventh term of a series, whose common difference 
is 8,is ll. Find the first term. 


. Find the sum of 


5+8+11+..... to ten terms. 
—4—]424..... to seven terms. 
at4a+Ta+... to n terms. 
$+75+4+.-:-- to twenty-one terms. 
1+ 22+ 44+... to twenty terms. 


The sum of six numbers of an arithmetical series is 27, 
and the first term is 1. Determine the series. 


. How many terms of the series -5—2+1-+.... must 


be taken so that their sum may be 63? 


The first term is 12, and the sum of ten terms is 10, 
Find the last term. 


Mt. 


12. 
13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
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The arithmetical mean between two numbers is 10, 
and the mean between the double of the first and 
the triple of the second is 27. Find the numbers. 


Find the middle term of eleven terms whose sum is 66. 


The first term of an arithmetical series is 2, the com- 
mon difference is 7, and the last term 79. Find the 
number of terms. 


The sum of fifteen terms of an arithmetical series is 600, 
and the common difference is 5. Find the first term. 


Insert ten arithmetical means between — 7 and 114. 


The sum of three numbers in arithmetical progression 
is 15, and the sum of their squares is 83. Find the 
numbers. 


Let «— y, x, x + y represent the numbers. 


Arithmetical means are inserted between 5 and 23, so 
that the sum of the first two is to the sum of the last 
two as 2is to 5. How many means are inserted? 


Find three numbers of an arithmetical series whose 
sum shall be 21, and the sum of the first and second 
shall be 3 of the sum of the second and third. 


Find three numbers whose common difference is 1, 
such that the product of the second and third ex- 
ceeds that of the first and second by 4. 


How many terms of the series 1, 4, 7..... must be 
taken, in order that the sum of the first half may 
bear to the sum of the second half the ratio 10: 31? 


A travels uniformly 20 miles a day; B starts three 
days later, and travels 8 miles the first day, 12 the 
second, and so on, in arithmetical progression. In 
how many days will B overtake A? 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 
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A number consists of three digits which are in arith- 
metical progression; and this number divided by 
the sum of its digits is equal to 26; but if 198 be 
added to it, the digits in the units’ and hundreds 
places will be interchanged. Required the number. 


The sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the 
squares of the means is 136. What are the numbers? 


Show that if any even number of terms of the series 1, 
BOE be taken, the sum of the first half is to the 
sum of the second half in the ratio 1: 3. 


A and B set out at the same time to meet each other 
from two places 343 miles apart. Their daily jour- 
neys are in arithmetical progression, A’s increase 
being 2 miles each day, and B’s decrease being 5 
miles each day. On the day at the end of which 
they met, each travelled exactly 20 miles. Find the 
duration of the journey. 


Suppose that a body falls through a space of 16, feet 
in the first second of its fall, and in each succeeding 
second 321 more than in the next preceding one. 
How far will a body fall in 20 seconds? 


The sum of five numbers in arithmetical progression 
is 45, and the product of the first and fifth is 3 of 
the product of the second and fourth. Find the 
numbers. 


If a full car descending an incline draw up an empty 
one at the rate of 14 feet the first second, 44 feet the 
next second, 74 feet the third, and so on, how long 
will it take to descend an incline 150 feet in length? 
What part of the distance will the car have de- 
scended in the first half of the time? : 
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GEOMETRICAL PROGRESSION. 


812. A series is called a geometrical series or a geometrical 
progression when each succeeding term is obtained by mul- 
tiplying the preceding term by a constant multiplher. 

The general representative of such a series will be 


2 3 4 
OTe OR OF In <a. i 


in which a is the first term and ¢ the constant multiplier 
or ratio. 

The terms increase or decrease in numerical magnitude 
according as 7 is numerically greater than or numerically 
less than unity. 


313, The nth Term. Since the exponent of 7 increases 
by one for each succeeding term after the first, the expo- 
nent will always be one less than the number of the term, 
so that the mth term is ar". 

If the nth term is represented by /, we have 


hn ery ate IL: 


314. Sum of the Series. If/ represents the nth term, a the 
first term, n the number of terms, 7 the common ratio, and 
s the sum of ” terms, then 


s=atartarteus a 
Multiply by 7, 
rs=artar taro ar" + ar". 
Subtracting the first equation from the second, 
Ts — s=ar" — a, 
or (r—1)s=a(r*— 1). 


as 2 (Mize)! itt 
r—l 
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Since ar”' = /, it follows that av”= rl, and II. may be 
written 
rl—a 
= TIT. 
rae se 


815. From the two equations I. and II., or the two 
equations I. and III., any two of the five numbers a, 7, J, 
n, 8, may be found when the other three are given. 


(1) The first term of a geometrical series is 3, the last 
term 192, and the sum of the series 381. Find the num- 
ber of terms and the ratio. 


From I. and III., 192 237%) . (1) 
38] — 192 r= 3) (2) 
r—l 
From (2), nem 2 
Substituting in (1), ht = Of ean 
n= i: 


The series is 3, 6,° 12, “2h §48. 9G.) 182: 


(2) Find / when 7, , s are given. 











From I., a= 

yr-l 

rb — = 
Substituting in III., $= — — — 


(r—1)s= xe l. 


ies Cr 1) eae 
7 —] 


Nort. The table on page 305 contains the results of all possible 
problems in geometrical series in which three of the numbers a, r, J, 
n, s, are given and the other two required, with the exception of 
those in which n is required ; these last require the use of logarithms 
with which the student is supposed to be not yet acquainted. 
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No. GIVEN. REQUIRED. RESULTS. 
1 arn l=ar"-!, 
D) ars Peet We ys. 
l r 
3 ans l(s —1)"-1— a(s—a)"-1=0. 
4 rns rp hates 88 Eine 
ye — 1 
5 te, Ore aL), 
r—l 
6 arl peice 
Toa) 
§ ‘al 7 nel 
ay anl eee tea aiviat, 
cA / (een) 
8 rnl $= aca 
yr — yn-l 
9 rnl a= d . 
yr-l 
10 rns i ail) 
a ge — I 
11 rhs a=rl—(r—1)s. 
12 nls a(s — a)”-!— [(s —/)""1 = 0. 
Hoel e 
1 anl r= -. 
a 
14 ans pee a) 
2 a 
15 als gh me 
a4 
16 nls see raed st Lae} 
oH) gad 


316. The geometrical mean between two numbers is the 
number which stands between them, and makes with them 
a geometrical series, 
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If a and } denote two numbers, and G their geometrical 
mean, then, by the definition of a geometrical series, 


Gey O8 
a @ 
“ G@=~vab. 


317, Sometimes it is required to insert several geometri- 
cal means between two numbers. 
Insert three geometrical means between 3 and 48. 


Here the whole number of terms is five 7 3 is the first term, and 48 
the fifth. 


By L., 48 = 37%, 
rt = 16, 
r=+2. 


The series is either of the following: 
et herent Be 24,] 48; 
Bi ifeBy;, lL Oie aes as: 


The terms in brackets are the means required. 


318, Infinite Geometrical Series. When 7 is less than 1, 
the successive terms become numerically smaller and 
smaller; by taking n large enough we can make the nth 
term, ar*?, as small as we please, although we cannot 
make it absolutely zero. 

a pes . 
l—r. l—r 


rl 











The sum of » terms, es . may be written 
We oy 





this sum differs from Tee. by the fraction Trae by taking 
—fr 


— Ya 
enough terms we can make /, and consequently this dif- 
ference, as small as we please; the greater the number of 


terms taken, the nearer does their sum approach aa 
—r 


Hence is called the swm of an infinite number of 





terms of the series. 
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(1° Find the sum of the infinite series 





UD habe 
2 u 4 8 a 
Here, a= 1, Bedi 
2 
SPT AME | 2 
The sum of the series is or =. 
l+% 3 
pa zat) NS Mae : 
We find for the sum of » terms Basta) this sum evidently 


approaches 3 asin is increased. 


(2) Find the value of the recurring decimal 0.12135135..... 


Consider first the part that recurs; this may be written 





135 
HARE rataesca tl +..., and the sum of this series is pL DO0CTs 
100000 100000000 ye 1 
1 1000 
which reduces to —-. Adding 0.12, the part that does not recur, we 
740 449 





obtain for the value of the decimal { 
: 3700 


Exercise 110. 


1. Find the seventh term of 2, 6, 18..... 
sixthoterm, 015,612 «2. 
ninthetermee! 6. 5. 14... 
eighth term of 1, —2, 4..... 
twelfth term of z°, x‘, 2°..... 
fifth term of 4a, — 6ma?, 9m?a?..... 


2. Find the geometrical mean between 18 2°y and 302y'z 


3. Find the ratio when the first and third terms are 5 
and 80 respectively. 


4. Insert two geometrical means between 8 and 125; and 
three between 14 and 224. 
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10. 


11. 


12. 


13. 


14. 


15. 
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If a=2andr=8, which term is equal to 162? 


The fifth term of a geometrical series is 48, and the 
ratio 2. Find the first and seventh terms. 


Find the sum of 
SER GeO ee eaettD eight terms. 
1—38+9—.... to seven terms. 

8+44+24..... to ten terms. 
0.1+05+2.5-+..... to seven terms. 

mm, m 

m Ki + — 


16 


The population of a city increases in four years from 
10,000 to 14,641. What is the rate of increase ? 


The sum of four numbers in geometrical progression is 
200, and the first term is 5. Find the ratio. 


Find the sum of eight terms of a series whose last term 
is 1, and fifth term 4. 


--- to five terms. 


In an odd number of terms, show that the product of 
the first and last will be equal to the square of the 
middle term. 


The product of four terms of a geometrical series is 4, 
and the fourth term is 4. Determine the series. 


If from a line one-third be cut off, then one-third of 
the remainder, and so on, what fraction of the whole 
will remain when this has been done five times ? 


Of three numbers in geometrical progression, the sum 
of the first and second exceeds the third by 3, and 
the sum of the first and third exceeds the second by 
21. What are the numbers? 


Find two numbers whose sum is 3+ and geometrical 
mean 13, 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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A glass of wine is taken from a decanter that holds ten 
glasses, and a glass of water poured in. After this 
is done five times, what part of the contents 1s wine? 


There are four numbers such that the sum of the first 
and the last is 11, and the sum of the others is 10. 
The first three of these four numbers are in arith- 
metical progression, and the last three are in geomet- 
rical progression. Find the numbers. 


Find three numbers in geometrical progression such 
that their sum is 13 and the sum of their squares 
is 91. 


The difference between two numbers is 48, and the 
arithmetical mean exceeds the geometrical by 18. 
Find the numbers. 


There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24, 
and the sum of the extremes is to the sum of the 
means as 7 to 8. Find the numbers. 


A number consists of three digits in geometrical pro- 
gression. ‘The sum of the digits is 13; and if 792 
be added to the number, the digits in the units’ and 
hundreds’ places will be interchanged. Find the 
number. 


Find the sum of each of the infinite series: 


(oO SATie) eaee i aes 

fe are 0.1 + 0.01 + 0.001 + ----- 
re cls: 0.868686 ..... 
Ege ee, See 0.54444 ..... 

i Ss ES 0.83636 ..... 
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HARMONICAL PROGRESSION, 


319. A series is called a harmonical series, or a narmonical 
progression, when the reciprocals of its terms form an arith- 
metical series. 

The general representative of such a series will be 


RR I LO 
a atd a+2d a+(n—1)d 
Questions relating to harmonical series are best solved 


by writing the reciprocals of its terms, and thus forming an 
arithmetical series. 


320. If a and 6 denote two numbers, and // their har- 
monical mean, then, by the definition of a harmonical series, 








Lyd Sele 
H ab FH 
. ee ae en Bn 
NW 2 Ants Kae ab 
2ab 
Bess; 


321. Sometimes it is required to insert several harmoni- 
cal means between two numbers. 


Insert three harmonical means between 3 and 18. 


Find the three arithmetical means between u and —. 
19 14 9 3 18 
These are found to be —, —, —; therefore, the harmonical means 
, 72 72 72 
are ia 2 i. or 348, 54, 8 
19 14 9 


822. Since, §§ 309, 316, 320, 


A=2t* G=~vVab, and H= 2ab 


a+b 








’ 


we have : A’. G= G.: A. 





10. 


11. 
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Exercise 1114. 


Insert four harmonical means between 2 and 12. 


Find two numbers whose difference is 8 and the har- 
monical mean between them 1¢. 


Find the seventh term of the harmonical series 3, 33, 


Continue to two terms each way the harmonical series, 
two consecutive terms of which are 15, 16. 


The first two terms of a harmonical series are 5 and 6. 
Which term will equal 30? 


The fifth and ninth terms of a harmonical series are 8 
and 12. Find the first four terms. 


The difference between the arithmetical and harmonical 
means between two numbers is 14, and one of the 
numbers is four times the other. Find the numbers. 


Find the arithmetical, geometrical, and harmonical 
means between two numbers a and 6; and show that 
the geometrical mean is a mean proportional between 
the arithmetical and harmonical means. Also, ar- 
range these means in order of magnitude. 


The arithmetical mean between two numbers exceeds 
the geometrical by 18, and the geometrical exceeds 
the harmonical by 12. What are the numbers? 


The sum of three terms of a harmonical series is 11, and 
the sum of their squares is 49. Find the numbers. 


When a, 8, ¢ are in harmonical progression, show that 
a:c::a—6b:b—ce. 


CHAPTER XXIV. 
INDETERMINATE COEFFICIENTS. 


323, Convergent and Divergent Series. By performing the 
; | 
the 


—2x£ 
infinite series l+a2+2?+2°+....... This series, however, 


indicated division, we obtain from the fraction 





is not equal to the fraction for all values of z. 


824, If x is numerically less than 1, the series is equal to 
the fraction. In this case we can obtain an approximate 
value for the sum of the series by taking the sum of a num- 
ber of terms; the greater the number of terms taken, the 
nearer will this approximate sum approach the value of the 
fraction. The approximate sum will never be exactly equal 
to the fraction, however great the number of terms taken ; 
but by taking enough terms, it can be made to differ from 
the fraction as little as we please. 

Thus, if =4, the value of the fraction is 2, and the 
serles 18 1.061 


The sum of four terms of this series is 12; the sum of 
five terms, 113; the sum of six terms, 134; and so on. 
The successive approximate sums approach, but never 
reach, the finite value 2. 


325, An infinite series is said to be convergent when the 
sum of the terms, as the number of terms is indefinitely in- . 
creased, approaches indefinitely some fixed finite value; this 
finite value is called the sum of the series. 
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Saue vine tine series 1 a a? + a + ..... suppose 2 
numerically greater than 1. In this case, the greater the 
number of terms taken, the greater will their sum be; by 
taking enough terms, we can make their sum as large as 
we please. The fraction, on the other hand, has a definite 
value. Hence, when 2 is numerically greater than 1, the 
series is not equal to the fraction. 

Thus, if x = 2, the value of the fraction is — 1, and the 
series 18 


et Oe Ae Sota 


The greater the number of terms taken, the larger the sum. 
Evidently the fraction and the series are not equal. 


327. In the same series suppose x= 1. In this case the 
i : = and the series 1+1+1+1+.---. 
The more terms we take, the greater will the sum of the 
series be, and the sum of the series does not approach a 
fixed finite value. 

If x, however, is not exactly 1, but is a little less than 1, 


fraction is 





the value of the fraction 





L will be very great, and the 
— 2 


fraction will be equal to the series. 





Suppose a=— 1. In this case the fraction is i * i , 
and the series 1~1+1—14-.... If we take an even 
number of terms, their sum is 0; if an odd number, their 


sum is 1. MHence the fraction is not equal to the series. 


828, A series is said to be divergent when the sum of the 
terms, as the number of ‘terms is indefinitely increased, 
either increases without end, or oscillates in value without 
approaching any fixed finate value. 
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No reasoning can be based on a divergent series; hence, 
in using an infinite series it is necessary to make such 
restrictions as will cause the series to be convergent. Thus, 
we can use the infinite series 1+2+2?+ 2° ..... when, 
and only when, 2 lies between + 1 and — 1. 


329. A series, ax + bx? + cz? + dz*+..---,in which the co- 
efficients a, b,c, d..... are finite, may, by taking z sufficiently 
small, be made less than any assigned value. 


For if g is any assigned value, and & the greatest of the coeffi- 
cients a, 0, ¢, ....., then 











ax + ba? + cx? + +++ < ke + ka? + ko? + seaee 
But ke + ka? + ka? + «.. = kee 
l—«2 
(as is evident by dividing kx by 1 — 2). 
*, ax + ba? + ca? + < = , if x is taken less than 1. 
—2 
Hence, if bs be taken less than q, 
that is, ifa<—L, 
qt+k 


then ax + bx? + ca’ + ..... will be less than g. 


330. Theorem of Indeterminate Coefficients. Jf two series, 
arranged by powers of x, are equal for all values of x that 
make both serves convergent, the corresponding coefficients are 
equal each to each. 


For, if A+ Bat Cx? +. = A’ + Bla + (la? + 
by transposition, 
A— A’ =(B/— B)x+(M%—C)a? + 


’ 


Now by taking « sufficiently small, the right side of this equation 
can be made less than any assigned value whatever, and therefore 
less than A— A’, if A— A’ has any value whatever. Hence A—A/ 
cannot have any value. 
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“ A—A’=0 or A=JA’. 
Hence, Ba + Cx? + Da + = Bla + Ox? + D/23 +» 
or (B— B’)a = (C’ —C) a? + (D/ — D) a +; 
by dividing by a, 
B-— Bl =(% —C)a+(D/ — D) a? + 5 
and, by the same proof as for A — A’, 
Pb.) oF BB", 
In like manner, 
C=(’, D=D?’, and go on. 
Hence, the equation 
A+ But Oe? + = Al+ Bla t+ Cla? tone, 


if true for all finite values of z, is an identical equation; 
that 1s, the coefficients of like powers of x are the same. 


Expand Babee ascending powers of w. 
lta2z+2 
Assume SoSEae A + Ba + Ce? + Da? + -..-. 


T+ae+2? 


then, by clearing of fractions, 


24+3¢%=A+ Be+ Ce? + Dai + - 
+ Ax + Bu? + Cx? +» 
+ Ax? + Bad +... 
»243e@=A+(B+ A)a+(C+ B+ A)? +(D+ C+ B)B+-- 
 A=2, B+A=3, 04+ 84+A=0, D+C+B=0; 
whence B=1, C=—3, D=2:; and so on. 


2+32 


e ieee ect aoe 


The series is of course equal to the fraction for only such values 
of x as make the series convergent. 
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Note. In employing the method of Indeterminate Coefficients, 
the form of the given expression must determine what powers of the 
variable « must be assumed. It is necessary and sufficient that the 
assumed equation, when simplified, shall have in the right member 
all the powers of « that are found in the left member. 

If any powers of x occur in the right member that are not in the 
left member, the coefficients of these powers in the right member will 
vanish, so that in this case the method still applies; but if any powers 
of x occur in the Jeff member that are not in the right member, then 
the coefficients of these powers of « must be put equal to 0 in equating 
the coefficients of like powers of x; and this leads to absurd results. 
Thus, if it were assumed that 

24+3¢2 


WER cs ue ee seeee 


there would be in the simplified equation no term on the right cor- 
responding to 2 on the left; so that, in equating the coefficients of 
like powers of x, 2, which is 2x°, would have to be put equal to 02°; 
that is, 2=0, an absurdity. 


Exercise 112. 


Expand to four terms in ascending powers of 2: 


Lach 9 La 3 Stag 4 l—z 
ay feo "4-834 ’ l-a¢4+-27 
ip 5 2a 4a — 62? 

5. ———____.: 6. ————_—_—: . See 

1— 22+ 32 1482-2 1—22+32 


i 











331. Partial Fractions. To resolve a fraction into partial 
fractions is to express it as the sum of a number of frac- 
tions of which the respective denominators are the factors 
of the denominator of the given fraction. This process is 
the reverse of the process of adding fractions which have 
different denominators. 

Resolution into partial fractions may be easily accom- 
plished by the use of indeterminate coefficients. 

In decomposing a given fraction into its simplest partial 
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fractions, it is important to determine what form the assumed 
fractions must have. 

Since the given fraction is the swm of the required par- 
tial fractions, each assumed denominator must be a factor 
of the given denominator; moreover, all the factors of the 
given denominator must be taken as denominators of the 
assumed fractions. 

Since the required partial fractions are to be in their 
simplest form incapable of further decomposition, the nu- 
merator of each required fraction must be assumed with 
reference to this condition. Thus, if the denominator is 
a” or (a+ a)", the assumed fraction must be of the form 
ee for ifit had the form 22+ 5, Av 2 
a (a a)" ae (7+ a)” 
it could be decomposed into two fractions, and the partial 
fractions would not be in the simplest form possible. 

When all the monomial factors, and all the binomial 
factors, of the form xz+a have been removed from the 
denominator of the given expression, there may remain 
quadratic factors which cannot be further resolved; and 
the numerators corresponding to these quadratic factors 
may each contain the first power of x, so that the assumed 





fractions must have either the form eee or the 
w+ ax 
Porth At+ B 
ve+}é 
(1) Resolve = i into partial fractions. 


Since 2° + 1 =(x+1)(a? 2+ 1), the denominators will be +1 
and #?—2+1. 














Assume 3 = A Be+ . 
ee ht op 
then 3=A(e?—a2+1)4+ (Bot Cia +1) 


=(A+ B)ax?+(B+C—A)u+(44+0C); 
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A+(0=3, B+C+A=0, A+ B=0; 





whence, 
and A=, Bel, C=2: 
3 1 x—2 
Therefore, —— = - a. 
aot 2e+1 #41) f—241 


3 mn a 
(2) Resolve Ser into partial fractions. 
rah te 


The denominators may be a, 2”, 2 + 1, (a + 1)”. 


F AS — 42 3¢—2. AB C D 
ssume ———— = — HF 8 
a (a1) oe 8 w+ 1) (os 


408 — 2? —34 —2— Aa(w +1)? + Bla + 1)? + Cu®(@ +1) + De? 
=(A+C)4+(2A+B4+C+D)e2+(A+2B)e+B; 











whence, A+C=4, 
244+B4+C0+D=-1, 
A OB aaa. 
B=—2; 
or B==2, A=1, C=3, D=—4 
Therefore, SN eee ei 3 
x(a +1)? pl) ae? se ee eae 


Exercise 113. 


Resolve into partial fractions : 





1 aa ie A ae ae 7 Egor 

' (@+4)(2—5) = 2-82-10  a(@45) 

Ppa LAO i's. og. se eee 
(a+8)(a+4) z*— 1  (—1)(a+2) 

= preg xo —x2—3 9 202 Te 











(22 —1)(z—5) ‘i a (a*— 4) ; z*—] 


CHAPTER XXV. 
BINOMIAL THEOREM. 


332, Binomial Theorem, Positive Integral Exponent. By suc- 
cessive multiplications we obtain the following identities: 
(a+ bv =a’?+2ab +0’; 

(a+ b8 = a+ 8a’ + 3ab’+ 6; 
(a + b)* = at + 40°) + 60°70’ + 4ab?* + Ot. 

The expressions on the right may be written in a form 
better adapted to show the law of their formation: 


(a+ bv =a-+ 2ab ory ; 
Duce 


(a+b) =a°+3a% +25 = ab? + a 
8- 





1 
4° 





ae 2h? + 


Note. The dot eres the Arabic figures means the same as the 
sign X. 


333. Let 2 represent the exponent of (a+ 6) in any one 
of these identities; then, in the expressions on the right, 
we observe that the following laws hold true: 

I. The number of terms is n+ 1. 

II. The first term is a”, and the exponent of a@ is one 
less in each succeeding term. P 

The first power of 6 occurs in the second term, the 
second power in the third term, and the exponent of 6 is 
one greater in each succeeding term. 

The sum of the exponents of a and 6 in any term is n. 
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III. The coefficient of the first term is 1: of the second 


term, n; of the third term, ~ ee uF ; and so on. 


334, Consider the coefficient of any term; the number 
of factors in the numerator is the same as the number of 
factors in the denominator, and the number of factors in 
each is the same as the exponent of 6 in that term; this 
exponent is one less than the number of the term. 


335. Proof of the Theorem. To show that the laws of g 833 
hold true when the exponent is any positive integer : 
We know that the laws hold for the fourth power; 


suppose, for the moment, that they hold for the Ath power. 
We shall then have 


(a-+5)¥ =a + kat + A neo ath? 


ee a | 
+ ER DER) ot! oe (A) 


Multiply both members of (1) by a+ 0; the result is 
(af oy at + (b+ 1) a + EEOE gry 
a (+ I)k(&—-1) qt-}3 


es: 
In (1) put £+1 for £; this gives 
(a+ by? = at (k+ 1) a + eee ath? 
+ G+ 1G + 11K 

Gren (heya ee t ve kB? 


4. DeR—1), qi B3 a? 
iaoeae prayers BP. (8) 


Equation (3) is seen to be the same as equation (2). 


aha (2) 








5 
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Hence (1) holds when we put 4+ 1 for &; that is, if the 
laws of § 333 hold for the sth power, they must hold for 
the (k + 1)th power. 

But the laws hold for the fourth power; therefore they 
must hold for the fifth power. 

Holding for the fifth power, they must hold for the sixth 
power; and so on for any positive integral power. 

Therefore they must hold for the nth power, if 7 is a 
positive integer; and we have 


(a+ 6)*=a"+ na 3 4 2G 2) 1) Orah* 


Pe a, spas 


Notr. The above proof is an example of a proof by mathematical 
induction. 


336. This formula is known as the binomial theorem. 

The expression on the right 1s known as the expansion of 
(a+ 6)"; this expansion is a finite series when 71 1s a positive 
integer. That the series is finite may be seen as follows: 

In writing the successive coefficients we shall finally 
arrive at a coefficient which contains the factor n—n; the 
corresponding term will vanish. The coefficients of all the 
succeeding terms likewise contain the factor n—n, and 
therefore all these terms will vanish. 


337. If a and 6 are interchanged, the identity (A) may 
be written 


(at BP =(b +a) =o" + nba +2 uD oeg : 


4 1% ~ va oz . brSg8 
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This last expansion is the expansion of (A) written in 
reverse order. Comparing the two expansions, we see 
that: the coefficient of the last term is the same as the 
coefficient of the first term; the coefficient of the last term 
but one is the same as the coefficient of the first term but 
one; and so on. 

In general, the coefficient of the rth term from the 
end is the same as the coefficient of the rth term from 
the beginning. In writing an expansion by the binomial 
theorem, after arriving at the middle term, we can shorten ~ 
the work by observing that the remaining coefficients are 
those already found, taken in reverse order. 


838. If 5 is negative, the terms which involve even 
powers of 6 will be positive, and those which involve odd 
powers of 6 negative. Hence, 


(a — b)" =a" — na" 5+ 2G) <a n—2p2 


ie eyo Te a B3 bee (B) 


Also, putting 1 for a and wz for 6, in (A) and (B), 


(Ue are ke no + POD a 


+2@—Ua— 2) oe (0) 


(1-2 =1—net2G—D a 


_n(n—1)\(n—2 
105.3 aie 
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339, Examples. 
(1) Expand (1+ 22)’. 
In (Q) put 2 for and 5 for n. The result is 


(1+ 2a))=1+5(22) +2 S40 4 923 89 


+ 322° 


¢ 


ye 
Bo 408° 
133-3": 
=1+4+102 4 402? + 802° + 802t + 322° 


B°4°3:2 16.4, 5°4:3'2'1 
4 1°2°3°4°5 


bo] > 


(2) Expand to three terms ee a 


Put a ae -, and b (eee —— ; then, by (B), 
x 


(a — bff = Ab 6 a®d + 15.048? — 


Replacing a and d by their values, 


ee) (2) (22) 4 25(3)'(22)'_- 
x 3 x 7. 3 xv 3 


840, Any Required Term. From (A) it is evident (§ 335) 
that the (r+ 1)th term of the expansion of (a + 6)” is 


n(n — 1)(n— 2)..... to 7 factors 
UY eae Sa 


Nore. In finding the coefficient of the (r + 1)th term, write down 
the series of factors 1 x 2x 3.....r for the denominator of the coefii- 
cient, then write over this series the factors n(n —1)(n— 2) - etc., 
writing just as many factors in the numerator as there are in the 
denominator. 


The (7 + 1)th term in the expansion of (a — 6)” is the 
same as the above if 7 is even, and the negative of the 
above if r is odd. 


aq” —r hr 
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: ; a? 10 
Find the eighth term of (4 5) 


nig 
Here G4, bee Tat ad 
Pl 8 ire ir ee if 
The term required is 108 (4) a 
1° 253° 4" 626g 2 
which reduces to — 60a!4 


341. A trinomial may be expanded by the binomial 
theorem as follows: 

Expand (1 + 22 — 2’). 

Put 20 — 2 =a\2+ 
then (l+2%=14324+32? 423, 

Replace z with 2a — a”. 

o. (1+ 2a — 2? =1+43(2”— a?) + 3(2¢— 2?) + (2a —a?)8 
=1+ 62+ 9a? — 423 —9at + 62° — 26, 


Exercise 114. 


1. (1422). 3.4 (2oreoyye Mey (1 a aa 
2. Gay ae ower cy. 6. (1 + a 


7. Find the fourth term of (22—5y)”. 
’ v y 10 
8. Find the seventh term of (G+ :) , 

9. Find the twelfth term of (a?— az)”. 
10. Find the eighth term of (5a°y — 2ay’)’. 
; : oarey 8 
11. Find the middle term of Gu 2 ; 

9) ae 


12. Find the middle term of & ak 
PG 


x 


7 
13. Find the two middle terms of ( — ) : 
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14. Find the rth term of (2a+ 2)”. 

15. Find the rth term from the end of (2a+ 2)”. 
16. Find the (7+ 4)th term of (a+ 2)”. 

17. Find the middle term of (a+ 2)”. 


18. Expand (2a+ x), and find the sum of the terms if 
oe —— 2. 


Expand: , 
19. (Va+ Vb). 24. (Wmi+-V29). 29. (Va — 2b). 
20. (2a*—4Va). 25.(2Vz'—4y")'. 30.(=5 — Vir). 
Y 


21. (va— i) 26. oe xy 31. (a'b - xy. 
2Vb AC 2a 
(i ae) AGO B 32. (Fe 4bva). 


23. ( ave 28. (“2 8Vb). a3. (ve 3b) 





2 


nw 











342. Binomial Theorem, Any Exponent. We have seen 
(§ 338) that when m is a positive integer we have the 
identity 


ae mte= 1) 5 nba Win —2) 9 
(1+ 2) 1+ na+ = x + oes e+ 


We proceed to the case of fractional and negative expo- 
nents. 
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I. Suppose 7 is a positive fraction, is We may assume 
that 


(l+2yP=(A+ But Ce? + Du? + -)% (1) 
provided x be so taken that the series 
A+ Bat 02? + Da? +... 
is convergent (§ 325). 
That this assumption is allowable may be seen as follows: 
Expand both members of (1). We obtain 


L+p2+PP—2) ca) at EAP ES) op v6 . 


and A®4+-gAt Bet (as At Big Ae 0) aie 


In the first & coefficients of the second series there enter 
only the first & of the coefficients A, B, C, D,..... If, then, 
we equate the coefficients of corresponding terms in the 
two series (§ 330) as far as the Ath term, we shall have just 
k equations to find k unknown numbers A, B, C, D, ..... 
Hence the assumption made in (1) is allowable. 

Comparing the two first terms and the two second terms, 
we obtain 


Ale a 
GAT Be De ORG bee De es B=t 
Extracting the gth root of both members of (1), we have 


(+aya14fe+ Cot + Dai 4 we (2) 


where zv is so taken that the series on the right 18 con- 
vergent. 
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II. Suppose n is a negative number, integral or frac- 
tional. Let »=—~m, so that m is positive; then 
iE 
1l+2)"=(1+2)"= . 
ee Ot 2) == 
From (2), whether m is integral or fractional, we may 
assume 





a? 1 
eee Tone 4 co* Ea ...-. 
By actual division this gives an equation in the form 


(1-2)? = 1 — ma + Ce? + Da? + (3) 
343, It appears from (2) and (8) § 342 that whether x be 


integral or fractional, positive or negative, we may assume 
(l+2)*=1l+n¢e4+ C? + Di? +--, 
provided the series on the right 1s convergent. 
Squaring both members, 
(1+ 242+ 27)" =1+ 2nzv+ 200? + 2 D2? +... (1) 
tre? + 2nC72 +: 





Also, since | 
(+y)*=l1+ny+ Of + DY to, 
we have, putting 22-+ 2” for y, 
(l+2e+2=14n(Qe4+2)+C2r+e') 
+ D(2a 4+ 27) oe 
=1+42ne-+ nx? +402 + 
+407?+ 8Dx?+-" (2) 
Comparing corresponding coefficients in (1) and (2), 
n+4C= 20+ vr’, 
40+ 8D=2D+ 2nC. 





Poa an, and C= iss ; 
n(n —1)(n— 2). 


=(n—2)C, and D= 
SL. (0 \C, an oe : 
and so on. 
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Hence, whether m be integral or fractional, positive or 
negative, we have 


(Clete tere es as! fp BODO) + oe 


if zis so taken that the series on the right is convergent. 
The series obtained will be an infinite series unless 7 is a 
positive integer (§ 336). 


344, If w is negative, 


_ P= ne B=) 2 Dee 
(1—2) nx + = x es e+ 
Also, if ~<a, 


Pde pet Vy 
(a+2)"=a a) 


if x>a, 


345, Examples. 
(1) Expand (1 + 2)3. 
(1 +28 =143042G—D2 4 1G IG) 5 seeee 





if x is so taken that the series is convergent. 
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(2) Expand (1+ 2)? 











eases in (— 5 ea neo as ee aaa ao ge Bolt 
Be 2g 
1:4 be4edy'y, 
eet ae ee 
3-6, 8-6-5 
if x is so taken that the series is convergent. 
1 
(3) Expand ——_. 
Vliet 
pal; 
eal 2) 
vl—2z 
5 1 5 2 
mee (254 SBE e Mak tabs diet Ot 
SE on ean (epee re 
Me ee 15-8 ae 


44 4-se1a 
if x is so taken that the series is convergent. 


A root may often be extracted by means of an expansion. 


(4) Extract the cube root of 344 to six decimal places. 


1 
344 = 343(141_\_ 7 
( “alle m( ee) 








3 ea\ 
- 344 = (ca ee 
i( ay 
2 1 (eee 5: 
“( i ale te 2 Car $s ) 
= 7(1 + 0.000971817 — 0.000000944) 
= 7.006796. 
aa! 
(5) Find the eighth term of ( a) “ 
4V x. 
Here a=, aaa ahs pees i (eet ke 
4V x 4x? 2 
The term ig —2°—2°—?° rere ag! 
1°2°3°4°5°6°7 Agt! 


or 





see ee 18 
6-8-1 
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Exercise 115. 


Expand to four terms: 


1. (1+ x)?, 5. (a? — xt)? 9, ee 
2 ibs V (4a°—8ax) 
2. (1+2)°. 62 (2 aye, SE 
; 10,. 6 aa 
3. (a+2)F. la (Qa —B8y)F. Va — 3y)° 
an (1 2)-4 8. Vl—5z 11. (l1t+2+42)!. 


12. (l—2+2°)3. 

13. Find the rth term of (a + x)? 

14. Find the rth term of (a — x)~*. 
15. Find V65 to five decimal places. 
16. Find V1, to five decimal places. 
17. Find V129 to six decimal places. 


18. Expand (1—2%-+ 84%) 3 to four terms. 

(1+22)° 

(1+32)* 

20. By means of the expansion of (1+ x)? show that the 
limit of the series 

1 +5— 1 1x3 1x3x5 


19. Find the coefficient of 2* in the expansion of 


eee 





xR TOXBx aD 2x3x4xo 


CHAPTER XXVI. 
COMMON LOGARITHMS. 


346. If the natural numbers are regarded as powers of 
ten, the exponents of the powers are the Common or Briggs 
Logarithms of the numbers. If A and & denote natural 
numbers, a and 6 their logarithms, then 

iNOS eee Whe see 
or, in logarithmic form, 


lop A =a, log B= 0b. 


847. The logarithm of a product is found by adding the 
logarithms of its factors. 


For re LO a 1 OP%?. 
Therefore, log(A x £)=a+b=log A+ log B. 


848, The logarithm of a quotient is found by subtracting 
the logarithm of the divisor from that of the dividend. 





Aces LOSE 
For 2 i0 LOSE 
Therefore, log " =a—b6b=log A — log B. 


849, The logarithm of a power is found by multiplying 
the logarithm of the number by the exponent of the power. 


For mca ia (LOA Ot. 
Therefore, log A” = an = nlog A. 
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_ 850, The logarithm of the root of a number is found by 
dividing the logarithm of the number by the index of the 
root. 


For V A= 10S an Oe 
Therefore, logy, Ae a _ log A 
n n 


851, The logarithms of 1, 10, 100, etc., and of 0.1, 0.01, 
0.001, etc., are integral numbers. The logarithms of all 
other numbers are fractions. 


Since -10°= <1, 107° (=,;) =0.1, 
10°= 10, 107 (= 745) =0.01, 
10? = 100, 107° (= zooa) = 0.001, 
therefore log 1--0, . logO.1 .=—1, 
log 10=1, log 0.01 =— 2, 
log 100 = 2, log 0.001 = — 3. 


Also, it is evident that the common logarithms of all 
numbers between 


land 10willbe O-+ a fraction, 
10 and 100 will be 1- a fraction, 
100 and -1000 will be 2-+ a fraction, 
land0O.1 will be—1-+ a fraction, 
0.1 and 0.01 will be —2-+ a fraction, 
0.01 and 0.001 will be — 8+ a fraction. 


362, If the number is less than 1, the logarithm is nega- 
tive (§ 851), but is written in such a form that the fractional 
part is always positive. 


358, Every logarithm, therefore, consists of two parts: a 
positive or negative integral number, which is called the 
characteristic, and a posztwve proper fraction, which is called 


COMMON LOGARITHMS. 833 


the mantissa. Thus, in the logarithm 3.5218, the integral 
number 8 is the characteristic, and the fraction .5218 the 
mantissa. In the logarithm 0.7825 — 2, which is sometimes 
written 2.7825, the integral number — 2 is the character- 
istic, and the fraction 0.7825 is the mantissa. 


$54. If the logarithm has a negative characteristic, it is 
customary to change its form by adding 10, or a multiple 
of 10, to the characteristic, and then indicating the sub- 
traction of the same number from the result. Thus, the 
logarithm 2.7825 is changed to 8.7825 —10 by adding 10 
to the characteristic and writing — 10 after the result. The 
logarithm 13.9278 is changed to 7.9273 — 20 by adding 20 
to the characteristic and writing — 20 after the result. 


855. The following rules are derived from § 351: 


Rute 1. If the number is greater than 1, make the 
characteristic of the logarithm one unit less than the num- 
ber of figures on the left of the decimal point. 

RuueE 2. If the number is less than 1, make the charac- 
teristic of the logarithm negative, and one unit more than 
the number of zeros between the decimal point and the 
first significant figure of the given number. 

Rue 38. If the characteristic of a given logarithm is 
positive, make the number of figures in the integral part of 
the corresponding number one more than the number of 
units in the characteristic. 


Rutz 4. If the characteristic is negative, make the num- 
ber of zeros between the decimal point and the first signifi- 
cant figure of the corresponding number one /ess than the 
number of units in the characteristic. 


Thus, the characteristic of log 7849.27 is 3; the character- 
istic of log 0.037 is —2=8.0000— 10. If the characteristic 
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is 4, the corresponding number has five figures in its integral 
part. If the characteristic is — 8, that is, 7.0000 — 10, the 
corresponding fraction has two zeros between the decimal 
point and the first significant figure. 


856. The mantissa of the common logarithm of any inte- 
gral number, or decimal fraction, depends only upon the 
digits of the number, and is unchanged so long as the 
sequence of the digits remains the same. 

For changing the position of the decimal point in a 
number is equivalent to multiplying or dividing the num- 
ber by a power of 10. Its common logarithm, therefore, 
will be increased or diminished by the eaponent of that 
power of 10; and since this exponent is zntegral, the man- 
tissa, or decimal part of the logarithm, will be unaffected. 


EWN Pais eye lee 24196 10's 
DILDO ere 0.27196 = 1045-20 
27.196: = 10184"), 000271 96 == 10isae 


One advantage of using the number ¢en as the base of a 
system of logarithms consists in the fact that the mantissa 
depends only on the sequence of digits, and the characteristic 
on the position of the decumal pornt. 


357. In simplifying the logarithm of a root the equal 
positive and negative numbers to be added to the logarithm 
should be such that the resulting negative number, when 
divided by the index of the root, gives a quotient of — 10. 

Thus, if the log 0.002% = 4 of (7.8010 — 10), the expres- 
sion 4 of (7.3010 — 10) may be put in the form 4 of 
(27.8010 — 80), which is 9.1003 — 109, since the addition 
of 20 to the 7, and of — 20 to the — 10, produces no change 
in the value of the logarithm. 
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Exercise 116. 


Given: log2=0.8010; log3 =0.4771; log5 =0.6990; 
log 7 = 0.8451. 

Find the common logarithms of the following numbers 
by resolving the numbers into factors, and taking the sum 
of the logarithms of the factors. 7 


1. log35. 5. log 12. 9. log0.05. 13. log 1.75. 
2. log9. 6. log60. 10. log12.5. 14. log 105. 
38. log8. 7. log 75. © 11. log1.25. 15. log 0.0105. 
4. log49. 8. log7.5. 12. log37.5. 16. log1.05. 
Find the common logarithms of the following : 
Teme oo. b*. 23. 2%. 26; 817, 29. Bi. 
Poet. 3°) 24, 58 e778 | "30. 7, 
fommemeroa 7s, | 2b. BY) 628. 88 a. 218. 


858, The logarithm of the reciprocal of a number is 
called the cologarithm of the number. 
If A denote any number, then 


colog A = log | =log1 —log A (§ 348) =— log A.(§ 351). 


Hence, the cologarithm of a number is equal to the log- 
arithm of the number with the minus sign prefixed, which 
sign affects the entire logarithm, both characteristic and 
mantissa. 

In order to avoid a negative mantissa in the cologarithm, 
it is customary to substitute for —log A its equivalent 
(10 — log A) — 10. 

Hence, the cologarithm of a number is found by subtract- 
ing the logarithm of the number from 10, and then annexing 
— 10 to the remainder, 
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The best way to perform the subtraction is to begin on 
the left and subtract each figure of log A from 9 until we 
reach the last significant figure, which must be subtracted 
from 10. 

If log A is greater in absolute value than 10 and less 
than 20, then in order to avoid a negative mantissa, it is 
necessary to write —log A in the form (20— log A) — 20. 
So that, in this case, colog A is found by subtracting log A 
from 20, and then annexing — 20 to the remainder, 


(1) Find the cologarithm of 4007. 


10 —10 
Given : log 4007 = 3.6028 
Therefore colog 4007 = 6.3972 — 10 


(2) Find the cologarithm of 103992000000. 


20 — 20 
Given : log 103992000000 = 11.0170 


Therefore, colog 103992000000 = 8.9830 — 20 


If the characteristic of log A is negative, then the subtra- 
hend, —10 or — 20, will vanish in finding the value of 
colog A. 


(3) Find the cologarithm of 0.004007. 


10 —10 
Given : log 0.004007 = 7.6028 — 10 
Therefore, colog 0.004007 = 2.3972 


By using cologarithms the inconvenience of subtracting 
the logarithm of a divisor is avoided. For dividing by a 
number is equivalent to multiplying by its reciprocal. 
Hence, instead of subtracting the logarithm of a divisor, its 
cologarithm may be added. 
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i) 
1) Find the logarithm of ——— 
(1) Find the logarithm o 0002 
log >... = log5 + colog 0.002. 


log 5 = 0.6990 
colog 0.002 = 2.6990 


log quotient = 3.3980 


(2) Find the logarithm of a . 


log a = log 0.07 + colog 2°. 


log 0.07 = 8.8451 — 10 
colog 2? = (10 — 3 log 2) — 10 = 9.0970 — 10 


log quotient = 7.9421 — 10 


Exercise 117. 


Given: log 2—0.8010; log8 = 0.4771; log 5 = 0.6999; 
log 7 = 0.8451; log11 = 1.0414. 
Find the logarithms of the following quotients: 











2 5 0.05, 0.05 0.022 
ure, ¥i2. 13, 0.0. 19, 0:05, a 
wna iis 3 0.003 Pas 
9, 2. g, 2. 14, 9.905 = a,_: 0.007, 26, 3. 
7 9 2 0.02 0.022 
3, 3. Oath 15, 9:97. 93, 0.02. Oye ee 
i 3 5 0.007 0.022 
3 "7 5 0.005 0.073 
aes: 10. /. ig a2, 9:005, a8, 0.07. 
7 9 0.07 0.07 0.003% 
Meeeeeaitee: yy 2 | og, 0.08. 997) 2008" 
7 2 0.007 7 73 
ih 12, ©. 19, 9:003 = gq, 0.0007, gg, 
5 0.5 7 0.2 0.0052 
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359. Tables. A table of fowr-place common logarithms 
is given on pages 340 and 341, which contains the common 
logarithms of all numbers under 1000, the decumal point 
and characteristic being omitted. The logarithms of single 
digits, 1, 8, etc., will be found at 10, 80, ete. 

Tables containing logarithms of more places can be pro- 
cured, but this table will serve for many practical uses, and 
will enabl» the student to use tables of five-place, seven- 
place, and ten-place logarithms, in work that requires 
greater accuracy. 

In working with a four-place table, the numbers corre- 
sponding to the logarithms, that is, the antilogarithms, as 
they are called, may be carried to four significant digits. 


360. To find the Logarithm of a Number in this Tabie, 


(1) Suppose it required to find the logarithm of 65.7. 
In the column headed ‘‘N”’ look for the first two significant 
figures, and at the top of the table for the third significant 
figure. In the line with 65, and in the column headed 7, 
is seen 8176. ‘To this number prefix the characteristic and 
insert the decimal point. Thus, 


log 65.7 = 1.8176. 


(2) Suppose it is required to find the logarithm of 20347. 
In the line with 20, and in the column headed 8, is seen 
8075; also in the line with 20, and in the 4 column, is seen 
3096, and the difference between these two is 21. The dif- 
ference between 20800 and 20400 is 100, and the difference 
between 20300 and 20347 is 47. Hence, 45 of 21= 10, 
nearly, must be added to 3075; that is, 


log 20347 = 4.3085. 
(3) Suppose it is required to find the logarithm of 


0.0005076. In the line with 50, and in the 7 column, is 
seen 7050; in the 8 column, 7059: the difference is 9. The 
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difference between 5070 and 5080 is 10, and the difference 
between 5070 and 5076 is 6. Hence, 58 of 9 = 5 must be 
added to 7050; that is, 


log 0.0005076 = 6.7055 — 10. 


361. To find a Number when its Logarithm is given. 


(1) Suppose it is required to find the number of which 
the logarithm is 1.9736. 

Look for 9736 in the table. In the column headed ‘“N,” 
and in the line with 9786, is seen 94, and at the head of 
the column in which 97386 stands is seen 1. Therefore, 
write 941, and insert the decimal point as the characteristic 
directs; that is, the number required is 94.1. 

(2) Suppose it is required to find the number of which 
the logarithm is 3.7936. 

Look for 7936 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
7931 and 7938; their difference is 7, and the difference be- 
tween 7931 and 7936 is 5. Therefore, $ of the difference 
between the numbers corresponding to the mantissas, 7931 
and 7938, must be added to the number corresponding to 
the mantissa 7931. 

The number corresponding to the mantissa 7938 is 6220. 

The number corresponding to the mantissa 7931 is 6210. 
' The difference between these numbers is 10, 
and 6210 + 3 of 10 = 6217. 

Therefore, the number required is 6217. 

(3) Suppose it is required to find the number of which 
the logarithm is 7.3882 — 10. 

Look for 3882 in the table. It cannot be found, but the 
two adjacent mantissas between which it lies are seen to be 
3874 and 3892; the difference between the two mantissas 
is 18. and the difference between 3874 and the given man- 
tissa 3882 is 8. 
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No O05 jal 2;3 |4 | 5 |) 6 |e 
10 | 0000 | 0043 | 0086 ; 0128 | 0170 | 0212 | 0253 | 0294 | 0334 | 0374 
11 | 0414 | 0453 | 0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755 
12 | 0792 | 0828 | 0864 | 0899 | 0934 | 0969 | 1004 | 1038 | 1071 | 1106 
13 | 1139 | 1173 | 1206 | 1239 | 1271 | 1303 | 1335 | 1367 | 1399 | 1430 
14 | 1461 | 1492 | 1523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703 | 1732 


15 | 1761 | 1790 | 1818)| 1847 | 1875 | 1903 | 1931 | 1959 | 1987 | 2014 
° 16 | 2041 | 2068 | 2095 | 2122 | 2148 | 2175 | 2201 | 2227 | 2253 | 2279 
17 | 2304 | 2330 | 2355 | 2380 | 2405 | 2430 | 2455 | 2480 | 2504 | 2529 
18 | 2553 | 2577 | 2601 | 2625 | 2648 | 2672 | 2695 | 2718 | 2742 | 2765 
19 | 2788 | 2810 | 2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989 


20 | 3010 | 3032 | 3054 | 3075 | 3096 | 3118 | 3139 | 3160 | 3181 | 3201 
21 | 3222 | 3243 | 3263 | 3284 | 3304 | 3324"| 3345 | 3365 | 3385 | 3404 
22 | 3424 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3598 
23 | 3617 | 3636 | 3655 | 3674 | 3692 | 3711 | 3729 | 3647 | 3766 | 3784 
24 | 3802 | 3820 | 3838 | 3856 | 3874 | 3892 | 3909 | 3927 | 3945 | 3962 


25 | 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 
26 | 4150 | 4166 | 4183 | 4200 | 4216 | 4232 | 4249 | 4265 | 4281 |. 4298 
27 | 4314 | 4330 | 4346 | 4362 | 4378 | 4393 | 4409 | 4425 | 4440 | 4456 
28 | 4472 | 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4594 | 4609 
29 | 4624 | 4639 | 4654 | 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757 


30 | 4771 | 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900 
31 | 4914 | 4928 | 4942 | 4955 | 4969 | 4983 | 4997 | 5011 | 5024 | 5038 
32 | 5051 | 5065 | 5079 | 5092 | 5105 | 5119 | 5132 | 5145 | 5159 | 5172 
83 | 5185 | 5198 | 5211 | 5224 | 5237 | 5250 | 5263 | 5276 | 5289 | 5302 
34 | 5315 | 5328 | 5340 | 5353 | 5366 | 5378 | 5391 | 5403 | 5416 | 5428 


35 | 5441 | 5453 | 5465 | 5478 | 5490 | 5502 | 5514 | 5527 | 5539 | 5551 
86 | 5563 | 5575 | 5587 | 5599 | 5611 | 5623 | 5635 | 5647 | 5658 | 5670 
87 | 5682 | 5694 | 5705 | 5717 | 5729 | 5740 | 5752 | 5763 | 5775 | 5786 
38 | 5798 | 5809 | 5821 | 5832 | 5843 | 5855 | 5866 | 5877 | 5888 }5899 
39 | 5911.) 5922 | 5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010 


40 | 6021| 6031 | 6042 | 6053 | 6064 | 6075 | 6085 | 6096 | 6107 | 6117 
41 | 6128} 6138 | 6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 | 6222 
42 | 6232 | 6243 | 6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325 
43 6335 | 6345 | 6355 | 6365 | 6375 | 6385 | 6395 | 6405 | 6415 | 6425 
44 | 6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513 | 6522 


45 | 6532 | 6542 | 6551 | 6561 | 6571 | 6580 | 6590 | 6599 | 6609 | 6618 
46 | 6628 | 6637 | 6646 | 6656 | 6665 | 6675 | 6684 | 6693 | 6702 | 6712 
47 | 6721 | 6730 | 6739 | 6749 | 6758 | 6767 | 6776 | 6785 | 6794 | 6803 
48 | 6812 | 6821 | 6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6893 
49 | 6902 | 6911 | 6920 | 6928 | 6937 | 6946 | 6955 | 6964 | 6972 | 6981 


5O | 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | '7059 | 7067 
61 | 7076 | 7084 | 7093 | 7101 | 7110} 7118 | 7126 | 7135 | 7143 | 7152 
62 | 7160] 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7226 | 7235 
63 | 7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 | 7316 
54 | 73: 7356 7372 | 7380 | 7388 | 7396 
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7412 | 7419 
7490 | 7497 
7566 | 7574 
7642 | 7649 
7716 | 7723 
7789 | 7796 
7860 |.7868 
7931 | 7938 
8000 | 8007 
8069 | 8075 


8136 | 8142 
8202 | 8290 
8267 | 8274 


5 | 8331 | 8338 


8395 | 8401 


8457 | 8463 
8519 | 8525 
8579 | 8585 
8639 | 8645 
8698 | 8704 








8756 | 8762 
8814 | 8820 
8871 | 8876 
8927 | 8932 
8982 | 8987 


9036 | 9042 
9090 | 9096 
9143 | 9149 
9196 | 9201 
9248 | 9253 











7451 | 7459 
7528 | 7536 
7604 | 7612 
7679 | 7686 
7752 | 7760 


7825 | 7832 
7896 | 7903 
7966 | 7973 
8035 | 8041 
8102 | 8109 


8169 | 8176 
8235 | 8241 
8299 | 8306 
8363 | 8370 
8426 | 8432 


8488 | 8494 
8549 | 8555 
8609 | 8615 
8669 | 8675 
8727 | 8733 




















8785 | 8791 
8842 | 8848 
8899 | 8904 
8954 | 8960 
9009 | 9015 


9063 | 9069 
9117 | 9122 
9170 | 9175 
9222 | 9227 
9274 | 9279 


9325 | 9330 
9375 | 9380 
9425 | 9430 
9474 | 9479 
9523 | 9528 


—. 


9571 | 9576 
9619 | 9624 
9666 | 9671 
9713 | 9717 
9759 | 9763 





8116 


8182 
8248 
8312 
8376 
8439 


8500 
8561 


8854 
8910 
8965 
9020 


9074 
9128 | ¢ 
9180 
9232 | ¢ 
9284 | ¢ 


9335 | 9340 
9385 | 9390 
9435 | 9440 
9484 | 9489 
9533 | 9538 


9581 | 9586 
9628 | 9633 
9675 | 9680 
9722 | 9727 
9768 | 9773 


9814 | 9818 
9859 | 9863 
9903 | 9908 
9948 | 9952 
9991 | 9996 
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The number corresponding to the mantissa 3892 is 2450, 
The number corresponding to the mantissa 3874 is 2440. 
The difference between these numbers is 10, 


and 2440 + 38 of 10 = 2444. 
Therefore, the number required is 0.002444. 


Exercise 118. 
Find from the table the logarithms of: 


1. 999. 4. 90801. 7. 0.00987. 10. 7.0699. 
2. 9901. 5. 10001. 8. 0.87701. 11. 0.0897. 
3. 5406. 6. 10010. o= OgU 12. SO is, 


Find antilogarithms to the following common logarithms: 
13. 2.5310. 15. 9.8800 — 10. 17. 7.0216 — 10. 
14. 1.9484. 16. 0.2787. 18. 8.6580 — 10. 


362. Examples. 


(1) Find the product of 908.4 x 0.05392 x 2.117. 


log 908.4 = 2.9583 
log 0.05392 = 8.7318 — 10 
log 2.117 = 0.3257 


2.0158 = log 103.7. 


When any of the factors are negative, find their logarithms with- 
out regard to the signs; write — after the logarithm that corresponds 
to a negative number. If the number of logarithms so marked is 
odd, the product 1s negative; if even, the product is positive. 


— 8.38709 x 834.637 
fee: IN eee 
(2) Find the quotient O 7308.9 


log 8.3709 = 0.9227 _ 
log 834.637 = 2.9215 + 
colog 7308.946 = 6.1362 — 10 + 


9.9804 — 10 = log — 0.9558. 
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(3) Find the cube of 0.0497. 


log 0.0497 = 8.6964 — 10 
Multiply by 3, 3 


6.0892 — 10 = log 0.0001228. 


(4) Find the fourth root of 0.00862. 
log 0.00862 = 7.9355 — 10 
Add 30 — 30, 30 — 30 
Divide by 4, 4) 37.9355 — 40 
9.4839 — 10 = log 0.3047. 


(5) Find the value of 4/1416 x: =a eee 
30.103* x 0.43843? x 69.897 


log 3.1416 = 0.4971 = 0.4971 
log 4771.21 = 3.6786 = 3.6786 
slog 2.7183 =0.4343+2 =0.2172 

4 colog 30.103 = 4(8.5214 — 10) = 4.0856 — 10 
z colog 0.4343 = 0.3622 + 2 = 0.1811 

4colog 69.897 = 4(8.1555 — 10) = 2.6220 — 10 

11.2816 — 20 

30 — 30 

5) 41.2816 — 50 

8.2563 — 10 

= log 0.01804. 


363, An exponential equation, that is, an equation in which 
the exponent involves the unknown number, is easily solved 
by Logarithms. 


Ex. Find the value of z in 817 = 10. 


81* = 10. 
.. log (817) = log 10, 
x log 81 = log 10, 


g — 10810 _ 1.0000 _ gp 504 
log81 1.9085 
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1. 948.76 x 0.048875. 5. 7564 x (— 0.003764). 
2. 3.4097 x 0.0087634. 6. 38.7648 x (— 0.083497). 
3. 830.75 x 0.0003769. 7. —5.840359 x (— 0.00178). 
4. 8.4395 x 0.98274. 8. — 8945.07 x 78.846. 
9, 70654 14. 0.07654 
54013 83.947 x 0.8395 
10, 28708. 15, 7504 x 0.07643, 
93078 8093 x 0.09817 
11, 8.32165, 16, 99.X 758 x 0.0097, 
0.07891 36709 x 0.08497 
12, 85089. 17, 418. 8.17 x 8182 
90761 915 X 728 x 2.315 
13, _7:652_ gg. 212 x (— 6.12) x (— 2008) 
— 0.06875 365 x (— 581) x 2.576 
19. 6.05°. 26. (44), 38. (88)**=. 40. 8.19048. 
20. 1.0517. 27. (102). 34. (584), 41. 0.176488. 
21. 1.1768, 28. (12). 35. 7. 42. 2.563717, 
22. 1.3178". 29. (281). 36. 115. 43. (481)? 
23. 0.78765°. 30. (77%,)"". 37. 783%. 44. (qaljag)?. 
24. 0.691%. 31. (337). 38. 83797, 45. (924)>. 
25. (72)". 82. (14%). 39. 906.80". 46. (119})8. 
47. 5*= 20. 48. (138)"=21. 49. (0.9)? =2. 
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Exercise 119. 


Find by logarithms the following : 
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,|0.0075438? x 78.343 x 8172.43 x 0.00052 


50. 
64285.5 x 154.27 x 0.001 x 586.79 
51, 1{ + 15.882° x 5798.6? x 0.78426 


Vo.0003273 x 768.94? x 3015.3 x 0.0072 


;| 7.1895 x 4764.2? x 0.00326° 


52. OO " 
0.00048953 x 457° x 5764.4? 


- ae < 4771.21 « 2.7183? 


30.103! x 0.4843? x 69.897! 


(0.08271? x 58.429 x 0.77542° 
32.769 X 0.000371* 


3| 732.056" x 0.0003572' x 89793 _ 
42.2798 x 3.4574 x 0.0026518° 


AAS 





54. 


55. 


or 


56. 
0.038274 xX 0.6428 


57, .s| 17-1206 x 0.13274 x 0.057889 __ 
0.43468 x 17.885 x V0.0096372 


ss. { 8.075526" x 5771.2? x 0.0036984° x 7.74 \" 
12258 X 327.93° x 86.97° 


Nore. It is asswmed in this chapter that the index laws which 
have been established for commensurable exponents hold good for 
incommensurable exponents. For the proof see Wentworth’s College 
Algebra, ¢ 264, page 216. 

_ Any positive number, except 1, may be selected as the base; and 
to the base selected there corresponds a system of logarithms. 


CHAPTER XXVII. 
INTEREST AND ANNUITIES. 


364, Simple Interest. 


If the principal is represented by tes 
the interest on $1 for one year by 7, 
the amount of $1 for one year by A, 
the number of years by n, 
the amount of P for n years by ‘As 


Then R=1-+7. 
Simple interest on P for a year = Pr, 
Amount of P for a year =e re 
Simple interest on P for n years = Pnr, 
Amount of P for n years = P(1+ nr), 

that is, A= P(1+nr). 


365, When any three of the quantities A, P, n, r are 
given, the fourth may be found. 


Required the rate when $500 in 4 years at simple interest 
amounts to $610. 


r is required, A, P, n are given. 


A = P(1 + nr), 
or A = P+ Pnr. 
Ent aa et, 
Speeess ee 
Pn 2000 
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866. Since P will in 2 years amount to A, it is evident 
that Pat the present time may be considered equivalent in 
value to A due at the end of m years; so that P may be 
regarded as the present worth of a given future sum A. 

Find the present worth of $600, due in 2 years, the rate 
of interest being 6 per cent. 


ASP (lpr). 





367. Compound Interest. 


I. When compound interest is reckoned payable an- 
nually, 
The amount of P dollars in 
lyearis P(1+7) or PR, 
2 years is P&(1+7) or PH’, 





n years 1s valine 
That is, Ave PR. 
A 
fee Ss 
Hence, also, | r 


II. When compound interest 1s payable semi-annually, 
The amount of P dollars in 


2 year is PQ + 5) 
2 

1 year is PO a) , 

m years is P ( 1+ oh 


That is, A= Pl + 5) ‘ 
III. When the interest is payable quarterly, 


i i nie 
a PQ 4 i) 
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IV. When the interest is payable monthly, 


“= "Plas 
=P(l+55) 


V. When interest is payable g times a year, 
A= Fe 
7. 
Find the present worth of $500, due in 4 years, at 5 per 
cent compound interest. 
A= P(1 +r}. 








368. Sinking Punds. Ifthe sum set apart at the end of 
each year to be put at compound interest is represented 
by S, then 

The sum at the end of the 

first year =V, 
second year = S+ SR, 
third year = S+SH+ SR’, 
mh year =S+S8SR4SR’+--+SR™. 
That is, the amount A= 8+ SR+ SF’+.....4+ SR 
.. AR=SR+ SF 4+ SR +. + SR". 
”, AR—-A=S8R"-S8. 
Ae ae) > ’ 
or, 7 y= A Ciatents) 
i 


(1) If $10,000 be set apart annually, and put at 6 per 
cent compound interest for 10 years, what will be the 


amount ? 
A= SR —1) _ $10,000 (1.06% — 1) 
7 0.06 
By logarithms the amount is found to be $131,740 (nearly). 
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(2) A county owes $60,000. What sum must be set 
apart annually, as a sinking fund, to cancel the debt in 10 
years, provided money is worth 6 per cent? 

Haw - es oe = $4555 (nearly). 

Notre. The amount of tax required yearly is $3600 for the interest 

and $4555 for the sinking fund; that is, $8155. 


869, Annuities. A sum of money that is payable yearly, 
or in parts at fixed periods in the year, is called an annuity. 
To find the amount of an unpaid annuity when the wier- 
est, time, and rate per cent are given. 
The sum due at the end:of the 
first year =S, 
second year = S+ SR, 
third yar =S+SR+ SR’, 
mth year =S+SR+S8SR+.> + SR" 


That is, AuSe—). 
: 


An annuity of $1200 was unpaid for 6 years. What was 
the amount due if interest is reckoned at 6 per cent? 


A —S(R™=1) _ $1200(1.068 — 1) _ g g379, 
r 


0.06 
870. To find the present worth of an annuity when the 
tume wt rs to continue and the rate per cent are given. 
Let P denote the present worth. Then the amount of 
P for n years will be equal to A, the amount of the annuity 


for m years. 
Therefore for m years 

A= P(1+r)"=PR*, § 367 
and A= SUt—). § 369 


Rn — SCR — 1). 
R-1 
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This equation may be written 


puoi NG sy lee eae (ae) 





&R-1 ate 1 


As n increases, the expression 


Cz) 


approaches 1. Therefore, if the annuity is perpetual, 


S S 
Pape rode ie 
Wa ees Bae g 
(1) Find the present worth of an annual pension of 
$105 for 5 years, at 4 per cent interest. 











Reig ens | 
pees 
Peal 
Melon 0Gn0e Saige rae teres 
LO om ae 


(2) Find the present worth of a perpetual scholarship 
that pays $300 annually, at 6 per cent interest. 


871, To find the present worth of an annuty that begins 
in a gwen number of years, when the tume it rs to continue 
and the rate per cent are gwen. 

Let p denote the number of years before the annuity 
begins, and g the number of years the annuity is to con- 
tinue. 

Then the present worth of the annuity to the time it 
terminates 1s 

A ety 2 
Rept (Ries : 
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and the present worth of the annuity to the time it begins is 


Sy ore et 
eae 





Hence, 
ape S le a Sy, fel 
ere. R—]) ke OR-|1 
S Ri —] 
py pee E oe 
EP Fe 1 











If the annuity is to begin at the end of p years, and to 
be perpetual, the formula 


Bae. Ri—I 
Reta R ae} 
becomes S x Mal 


ies bac eRe, 
RAR 1) Re 


-  Rt—l 
And since approaches 1 (§ 370), 





S 
fo NE 
F(R —1) 


(1) Find the present worth of an annuity of $5000, to 
begin in 6 years, and to continue 12 years, at 6 per cent 
interest. | 

pees. 7 Ri—1 














"Reta R—1 
_ $5000 , 1.06 —1_ 999 550, 
1.0618 0.06 


(2) Find the present worth of a perpetual annuity of 
$ 1000, to begin in 3 years, at 4 per cent interest. 
S $ 1000 


fie Wal se A Res 
ReR—1) 1.04 x 0.04 
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872. To find the annuity when the present worth, the 
time, and the rate per cent are given. 


pS =?) § 370 





R(R—-1) 
PR'(R—1) Rr 
* ep se ee . 
Coe iL easel Kemer e 


What annuity for 5 years will $4675 give when interest 
is reckoned at 4 per cent? 
ie 1,04° 


_ $4675 x 0.04 
Fm > Tole 








Sailr x = $1050. 

373, Life Insurance. In order that a certain sum may be 
secured, to be payable at the death of a person, he pays 
yearly a fixed premium. 

If P denote the premium to be paid for n years to insure 
an amount A, to be paid immediately after the last pre- 


mium, then 
y aca § 368 





If A is to be paid a year after the last premium, then 
fp a Al Rie UD owr. oaeral ae 
R(@—1 k#-1) 
Note. In the calculation of life insurances it is necessary to em- 
ploy tables which show for any age the probable duration of life. 


374, Bonds. If P denote the price of a bond that has 
years to run, and bears 7 per cent interest, S the face of 
the bond, and g the current rate of interest, what interest 
on his investment will a purchaser of such a bond receive ? 

Let x denote the rate of interest on the investment. 

Then P(1-+ 2)" is the value of the purchase money at 
the end of n years. 
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Sr(1+q)"1*+Sr(1+q)"?+--++8r-+ 8 is the amount 
of money received on the bond if the interest received from 
the bond is put immediately at compound interest at g per 
cent. 


But Sr(1+ 9)*?+ 8r(1+ gy? fee + 8r+ 8 
a abolisi laa, 


5. FGA ana = 


: BO Canoe lta Geek Ne 
ee ea Py ) 


te? + S&r(1+ 9)" — Sr\- 
Pq / 





(1) What interest will a person receive on his invest- 
ment if he buys at 114 a 4 per cent bond that has 26 years 
to run, money being worth 33 per cent? 

om (32 + 4 (1.035) — te 
3.99 


By logarithms, 1 + # = 1.033. 
That is, the purchaser will receive 34 per cent for his money. 


(2) At what price must 7 per cent bonds, running 12 
years, with the interest payable semi-annually, be bought, 
in order that the purchaser may receive on his investment 
5 per cent, interest semi-annually, which is the current rate 
of interest ? 


P(l+2)"= Bg Sr (lrg) = Sr 


g 
ee Bgenor leg ear 
q(l + a)” 

In this case S= 100; and, as the interest is semi-annual, 
g = 0,025, r= 0.035, n= 24, 2 = 0.025. 

_ 2.5 + 3.5 (1.025) — 3.5 

0,025 (1.025)% 
By logarithms, P= 118, 


Hence, 
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Exercise 120. 


1. In how many years will $100 amount to $1050, at 5 
per cent compound interest ? 


2. In how many years will $A amount to $B (1) at. 
simple interest, (2) at compound interest, r and R 
being used in their usual sense ? 


3. Find the difference (to five places of decimals) be- 
tween the amount of $1 in 2 years, at 6 per cent 
compound interest, according as the interest is due 
yearly or monthly. 


4. At 5 per cent, find the amount of an annuity of $A 
which has been left unpaid for 4 years. 


5. Find the present value of an annuity of $100 for 5 
years, reckoning interest at 4 per cent. 


6. A perpetual annuity of $1000 is to be purchased, to 
begin at the end of 10 years. If interest is reckoned 
at 32 per cent, what should be paid for it? 


7. A debt of $1850 is discharged by two payments of 
$1000 each, at the end of one and two years. Find 
the rate of interest paid. 


8. Reckoning interest at 4 per cent, what annual pre- 
mium should be paid for 80 years, in order to secure 
$2000 to be paid at the end of that time, the pre- 
mium being due at the beginning of each year? 


9. Anannual premium of $150 is paid to a life-insurance 
company for insuring $5000. If money is worth 4 
per cent, for how many years must the premium be - 
paid in order that the company may sustain no loss? 





10. 


ib ie 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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What may be paid for bonds due in 10 years, and 
bearing semi-annual coupons of 4 per cent each, in 
order to realize 3 per cent semi-annually, if money 
is worth 3 per cent semi-annually ? 


When money is worth 2 per cent semi-annually, if 
bonds having 12 years to run, and bearing semi- 
annual coupons of 34 per cent each, are bought at 
1143, what per cent is realized on the investment? 


If $126 is paid for bonds due in 12 years, and yield- 
ing 34 per cent semi-annually, what per cent is 
realized on the investment, provided money is worth 
2 per cent semi-annually ? 


A person borrows $600.25. How much must he pay 
annually that the whole debt may be discharged in 
35 years, allowing simple interest at 4 per cent ? 


A perpetual annuity of $100 a year is sold for $2500. 
At what rate is the interest reckoned ? 


A perpetual annuity of $320, to begin 10 years hence, 
is to be purchased. If interest is reckoned at 3} 
per cent, what should be paid for it? 


A sum of $10,000 is loaned at 4 per cent. At the 
end of the first year a payment of $400 is made; 
and at the end of each following year a payment is 
made greater by 30 per cent than the preceding 
payment. Find in how many years the debt will 
be paid. 

A man with a capital of $100,000 spends every year 
$9000. If the current rate of interest is 5 per cent, 
in how many years will he be ruined ? 


Find the amount of $365 at compound interest for 20 
years, at 5 per cent. 


CHAPTER XXVIII. 
CHOICE. 


375. Fundamental Principle. Jf one thing can be done in 
a different ways, and, when it has been done, a second thing 
can be done in b different ways, then the two things can be 
done together in a X b different ways. 

For, corresponding to the first way of doing the first 
thing, there are 6 different ways of doing the second thing ; 
corresponding to the second way of doing the first thing, 
there are 6 different ways of doing the second thing; and 
so on for each of the a different ways of doing the first 
thing. Therefore there are a xX 6 different ways of doing 
the two things together. 


(1) If a box contains four capital letters, A, B, C, D, 
and three small letters, 2, y, z, in how many different ways 
may two letters, one a capital letter and one a small letter, 
be selected ? 


A capital letter may be selected in four different ways, since any 
one of the letters A, B, C, D, may be selected. A small letter may 
be selected in three different ways, since any one of the letters a, y, z, 
may be selected. Any small letter may be put with any capital 
letter. 

Thus, with A we may put 2, or y, or z; 

with B we may put a, or y, or 2; 
with Cwe may put 2, or y, or z; 
with D we may put 2, or y, or z. 


Hence the number of ways in which a selection may be made is 
4x 3,or12. These ways are: 
Ax Ba Cx Dex 
Ay By Cy Dy 
Az Bz Cz Dz 
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(2) On a shelf are 7 English, 5 French, and 9 German 
books. In how many ways may two books, not in the 
same language, be selected ? 

An English book and a French book can be selected in 7 x 5, or 
35, ways. A French book and a German book in 5 x 9, or 45, ways. 


An English book and a German book in 7 x 9, or 63, ways. 
Hence, there is a choice of 35 + 45 + 63, or 143, ways. 


(3) Out of the ten figures, 0, 1, 2, 3, 4, 5, 6, 7, 8,9, how 
many numbers, each consisting of two figures, can be formed? 

Since 0 has no value in the left-hand place, the left-hand place 
can be filled in 9 ways. 

The right-hand place can be filled in 10 ways, since repetitions of 


the digits are allowed (as 22, 33, etc.). 
Hence, the whole number is 9 x 10, or 90. 


376. By successive application of the principle of § 375 
it may be shown that, 

If one thing can be done nm a different ways, then a 
second thing can be done in b different ways, then a third 
thing in c different ways, then a fourth thing in a different 
ways, etc., the number of different ways of doing all the 
things together will bea x b X ¢ x d, ete. 

For, the first and second things can be done together in 
a x 6 different ways (§ 375), and the third thing in e differ- 
ent ways; hence, (§ 375), the first and second things and 
the third thing can be done together in (a x 6) X ¢ differ- 
ent ways. ‘Therefore, the first three things can be done in 
ax6xX ce different ways. And so on for any number of 
things. 

In how many ways can four Christmas presents be given 
to four boys, one to each boy ? 


The first present may be given to any one of the boys; hence 
there are 4 ways of disposing of it. 
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The second present may be given to any one of the other three 
boys; hence there are 3 ways of disposing of it. 

The third present may be given to either of the other two boys; 
hence there are 2 ways of disposing of it. 

The fourth present must be given to the last boy; hence there is 
only 1 way of disposing of it. 

There are, then, 4x 3 x 2 1, or 24, ways. 


877. Selections and Arrangements. 


(1) In how many ways can a vowel and a consonant be 
chosen out of the alphabet ? 


Since there are in the alphabet 6 vowels and 20 consonants, a 
vowel can be chosen in 6 ways and a consonant in 20 ways, and 
both (§ 375) in 6 x 20, or 120, ways. 


(2) In how many ways can a two-lettered word be 
made, containing one vowel and one consonant? 

The vowel can be chosen in 6 ways and the consonant in 20 
ways; and then each combination of a vowel and a consonant can 
be written in 2 ways; as ae, ca. 

Hence, the whole number of ways is 6 x 20 x 2, or 240. 


These two examples show the difference between a selec- 
tion or combination of different things, and an arrangement 
or permutation of the same things. 

Thus, ac forms a selection of a vowel and a consonant, and ac and 
ca form two different arrangements of this selection. 

From (1) it is seen that 120 different selections can be made with 
a vowel and a consonant; and from (2) it is seen that 240 different 
arrangements can be made with the same. 

Again, a, 6, ¢ is a selection of three letters from the alphabet. 
This selection admits of 6 different arrangements, as follows: 


abe bea cab 
ach bac cha 
A selection or combination of any number of things is a 
group of that number of things put together without regard 
to their order. 
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An ‘arrangement or permutation of any number of things is 
a group of that number of things put together, regard being 
paid to their order. 


878. Arrangements, Things all Different. The number of 
different arrangements (or permutations) of n different things 
taken all together is 


n(n — 1)(n — 2)(n — 8)-.-» 8X 2X1. 


For, the first place can be filled in n ways, then the 
second place in n — 1 ways, then the third place in n — 2 
ways, and so on to the last place, which can be filled in 
only 1 way. 

Hence (§ 376) the whole number of arrangements is the 
continued product of all these numbers, 


n(n —1)(n— 2)(n — 8) +» 8X 2X 1. 
For the sake of brevity this product is written |n, and is 


read factorial n. 
Observe that 1 x 2.---(~—1)n=|n. 


How many different arrangements of nine letters each 
can be formed with the letters in Cambridge ? 


There are nine letters. In making any arrangement any one of 
the letters can be put in the first place. Hence, the first place can 
be filled in 9 ways. 

Then the second place can be filled with any one of the remain- 
ing eight letters; that is, in 8 ways. 

In like manner, the third place can be filled in 7 ways, the fourth 
place in 6 ways, and so on; and, lastly, the ninth place in 1 way. 

If the nine places are indicated by Roman numerals, the result 
is (¢ 376) as follows: 


Prati VewVewy 1. Vil. VITLITX, 
9x8x7x6xX5x4x 3 X 2 X 1=362,880 ways. 


Hence, there are 362,880 different arrangements possible. 
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879. The number of different arrangements of n different 
things taken r at a time ws 


n(n — 1)(n — 2) -.--- to v factors, 
that ts, n(n — 1)(n — 2) «+ [n —(r — 1)], 
or n(n —1)(m — 2) + (n— 7 + 1). 


For, the first place can be filled in 2 ways, the second 
place in n—1 ways, the third place in n—2 ways, and the 
rth place in nm — (r — 1) ways. 

Let P,,, represent the number of arrangements of  dif- 
ferent things taken r at atime. Then 

Pre = n(n — 1)(n — 2) --- to 7 factors 
=n(n—1)(n — 2). (n—7+1). 

How many different arrangements of four letters each 
can be formed from the letters in Cambridge ? 

There are nine letters and four places to be filled. 

The first place can be filled in 9 ways. Then the second place 
can be filled in 8 ways. Then the third place in 7 ways, and the 
fourth place in 6 ways. 

If the places are indicated by I., II., III., IV., the result is (¢ 376) 

Rape Rie Re Rs 
9x8x 7x 6 = 3024 ways. 
Hence, there are 3024 different arrangements possible. 


380. Selections, Things all Different. The number of dif- 
ferent selections (or combinations) of n different things taken 
rat a me is 

n(n —1)(n — 2) ++ (n—7r +1) 
Tilak aa Ee 

To prove this, let C,,, represent the number of different 
selections (or combinations) of ” different things taken 7 at 
a time. 

Take one selection of 7 things; from this selection |r 
arrangements can be made (§ 378). 
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Take a second selection; from this selection |7 arrange- 
ments can be made. And so on for each of the C,,, selec- 
tions. 

Hence, C,,, X|r is the number of arrangements of n dif- 
ferent things taken 7 at a time; or 


- O.= 





Ex. In how many different ways can three vowels be 
selected from the five vowels a, e, 2, 0, w? 

The number of different ways in which we can arrange 3 vowels 
out of 5 is (? 376) 5 x 4 x 3, or 60. 

These 60 arrangements might be obtained by first forming all the 
possible selections of 3 vowels out of 5, and then arranging the 3 
vowels in each selection in as many ways as possible. 

Since each selection can be arranged in [3, or 6 ways (2 378), the 
number of selections is §2 or 10. 

The formula applied to this Sae gives 


881. Selections, Second Formula. Multiplying both numer- 
ator and denominator of the expression for the number of 
selections in the last example by 2 x 1, we have 

ges Be a a 
1xXx2x3x2x1 ([38[2 

In general, multiplying both numerator and denomina- 
tor of the expression for C,, in § 3880 by |n — 7, we have 


Ae Meret pe (rt eet) 
ex (7) sence 1 
[nm 


“Gnas 
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This second form is more compact than the first, and is 
more easily remembered. 


Nore. In reducing a result expressed in the above form, it is to 
be observed that |~ —r cancels all the factors of the numerator from 


l up to and including n—r. Thus, in 





12 
ara (7 cancels all the fac- 


o| 


tors of [12 from 1 up to and including 7; so that 


[12 12x11x10x9x8 


a 
[5[7 1x2x3xK4x5 





382, Theorem. The number of selections of n things taken 
rat a time is the same as the number of selections of u things 
taken n — 1 at a tume. 


For, Ove. MALO C,, e 
nr ln er) ye oe 
This is also evident from the fact that for every selection 


of r things taken, a selection of m — r things 1s left. 


Thus, out of 8 things, 3 things can be selected in the same number 
of ways as 5 things; namely, 





3/5 see ways 
Nore. Evidently C,,1=1; also G, 1=— e south 
[110 [0 
—=1, and |O=1 


383. Examples in Selections and Arrangements. Of the 
arrangements possible with the letters of the word Cam- 
bridge, taken all together, 


(1) How many will begin with a vowel? 


In filling the nine places of any arrangement the first place can 
be filled in only 3 ways, the other places in |8 ways. 
Hence, the answer is (§ 376) 


3 x|8 = 120,960. 





CHOICE. - 363 


(2) How many will both begin and end with a vowel? 


The first place can be filled in 3 ways, the last place in 2 ways 
(one vowel having been used), and the remaining seven places in 
|'7 ways. 

Hence, the answer is (? 376) 

3X 2x|7 = 30,240. 


(3) How many will begin with Cam ? 


The answer is evidently |6; since our only choice lies in arrang- 
ing the remaining six letters of the word. 


(4) How many will have the letters cam standing 
together ? 


This may be resolved into arranging the group cam and the last 
six letters, regarded as seven distinct elements, and then arranging 
the letters cam. 

The first can be done in |7 ways, and the second in [3 ways. 
Hence both can be done in |7 x |3 = 30,240 ways. 


In how many ways can the letters of the word Cam- 
bridge be written, 


(5) Without changing the place of any vowel? 


The second, sixth, and ninth places can be filled each in only 1 
way ; the other places in |6 ways. 
Therefore, the whole number of ways is |6 = 720. 


(6) Without changing the order of the three vowels? 


The vowels in the different arrangements are to be kept in the 
order, @, 1, e. 

One of the six consonants can be placed in 4 ways: before a, be- 
tween a and 2, between 2 and e, and after e. 

Then a second consonant can be placed in ‘5 ways, a third conso- 
nant in 6 ways, a fourth consonant in 7 ways, a fifth consonant in 8 
ways, and the last consonant in 9 ways. Hence the whole number 
of ways is 

4x5x6x7x 8x 9, or 60,480. 
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(7) Out of 20 consonants, in how many ways can 18 be 
selected ? 

The 18 can be selected in the same number of ways as 2; and the 
number of ways in which 2 can be selected is 


20 x 19 
2 


= 190. 





(8) In how many ways can the same choice be made so 
as always to include the letter 6? 

Taking 6 first, we must then select 17 out of the remaining 19 
consonants. ‘This can be done in 

19 x 18 = 171 ways. 
2 

(9) In how many ways can the same choice be made so 

as to include 6 and not to include ¢? 


Taking 6 first, we have then to choose 17 out of 18, ¢ being ex- 
cluded. This can be done in 18 ways. 


(10) From 20 Republicans and 6 Democrats, in how 
many ways can 9 different offices be filled, 3 of which 
must be filled by Republicans, and the other 2 by 
Dentocrats ? 


The first three offices can be assigned to 3 Republicans in 
20 x 19 x 18 = 6840 ways; 
and the other two offices can be assigned to 2 Democrats in 
6 xX 5 = 30 ways. 
There is, then, a choice of 6840 x 30 = 205,200 different ways. 


(11) Out of 20 consonants and 6 vowels, in how many 
ways can we make a word consisting of 3 different conso- 
nants and 2 different vowels? 


20x 19 x 18 


1x2x3 
=15 ways. Hence the 5 letters can be 


Three consonants can be selected in = 1140 ways, 


and two vowels in 6x5 
bee 





selected in 1140 x 15 = 17,100 ways. 
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When five letters have been so selected, they can be arranged in 
[5 = 120 different orders. Hence, there are 17,100 x 120 = 2,052,000 
different ways of making the word. 

Observe that the letters are first selected and then arranged. 

(12) A society consists of 50 members, 10 of whom are 
physicians. In how many ways can a committee of 6 
members be selected so as to include a# least one physician? 

Six members can be selected from the whole society in 

[50 
——— avs. 
[o|44 
Six members can be selected from the whole society, so as to in- 


clude no physician, by choosing them all from the 40 members who 
are not physicians, and this can be done in 


40 
Yo ways. 
(6 [34 

[50 [40 


Hence, is the number of ways of selecting 


(oii (wis 


the committee so as to include at least one physician. 


384, Greatest Number of Selections, To find for what 
value of 7 the number of selections of things, taken r at 
a time, is the greatest. 

The formula 

CO Bain —))(n — 2) ----. (n—r+1) 
bas LX 2X38 Xr 
may be written 
ma1yn—2 north 

2 3 ih 

The numerators of the factors on the right side of this 
equation begin with , and form a descending series with 
the common difference 1; and the denominators begin with 
1, and form an ascending series with the common difference 
1. Therefore, from some point in the series, these factors 





Cr == 
: 1 x 


oS aren 
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become less than 1. Hence, the maximum product is 
reached when that product includes ad/ the factors greater 
than 1. 


I. When » is an odd number, the numerator and the 
denominator of each factor will be alternately both odd and 
both even; so that the factor greater than 1, but nearest 
to 1, will be the factor whose numerator exceeds the de- 
nominator by 2. Hence, in this case, 7 must have such a 
value that 
na 

2 


II. When 7 is an even number, the numerator of the first 
factor will be even and the denominator odd; the numer- 
ator of the second factor will be odd and the denominator 
even; and so on, alternately; so that the factor greater 
than 1, but nearest to 1, will be the factor whose numerator 
exceeds the denominator by 1. Hence, in this case, 7 must 
have such a value that 





n—-rt-l=r+2, or r= 


n—r+l=r4+1, or r= 


(1) What value of 7 will give the greatest number of 
selections out of 7 things? 


Here n is odd, and are ere ee ee 
2 2 
_1X6X5 _ 35 
1 xX 2G 


_TX6X5X4_ on 


= h a= 
if r =4, then s peer roel 


When the number of things is odd, there will be two equal num- 
bers of selections; namely, when the number of things taken together 
is just under and just over one-half of the whole number of things. 
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(2) What value of 7 will give the greatest number of 
selections out of 8 things? 


Here n is even, and Pee Oia 
rie? 


OX Ux BO. 
1x2x3x4 


So that, when the number of things is even, the number of selec- 
tions will be greatest when one-half of the whole are taken together. 


385, Division into Groups. The number of different ways 
in which p + q things all different can be divided into two 
groups of p things and gq things, respectively, is the same 
as the number of ways in which p things can be selected 


from p+ q things, or (aa 
lelg | 
For, to each selection of p things taken corresponds a 
selection of g things /eft, and each selection therefore effects 
the division into the required groups. 


(1) In how many ways can 18 men be divided into 2 
groups of 6 and 12 each? 


[18 
ies 


(2) A boat’s crew consists of 8 men, of whom 2 can row 
only on the stroke side of the boat, and 38 can row only 
on the bow side. In how many ways can the crew be 
arranged ? 

There are left 3 men who can row on either side; 2 of these must 


row on the stroke side, and 1 on the bow side. 
The number of ways in which these three can be divided is 


= 3 ways. 


3 
au 
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When the stroke side is completed, the 4 men can be arranged 
in |4 ways; likewise, the 4 men of the bow side can be arranged 
in |4 ways. Hence the arrangement can be made in 


3 x |[4 x |4= 1728 ways. 


386. The number of different ways in which p+q+7r 
things all different can be divided into three groups of p 


things, g things, and r things, respectively, is lptg4rr 
lzlalr 
For, p+q-+~7 things may be divided into two groups 


| eek ted eae 
of » things and g+~,r things in ————— ways; then, the 

ye & fs 8 Iplgtr 7 
group of g-++7 things may be divided into two groups of 


+r 
= ways; hence the division 
into three groups may be effected in 
[reg ait Ui gio [Pagar 
or 
ieigtr~ [alr [plate 


And so on for any number of groups. 





g things and r things in 





ways. 


In how many ways can a company of 100 soldiers be 

divided into three squads of 50, 30, and 20, respectively ? 
| | 100 
The answer is [5030 [20 ways. 

887. When the number of things is the same in two or 
more groups, and there is no distinction to be made between 
these groups, the number of ways given by via preceding 
section is too large. 

Divide the letters a, 6, c, d, into two groups of two let- 
ters each. 


The number of ways given by ¢ 386 is —= =6; these ways are: 


EE 
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I. ab cd. DV beswad,. 
II. ac bd. V. bd ae. 
III. ad be. Vii cdicab: 


Since there 1s no distinction between the groups, group IV. is the 
same as group III., group V. the same as group II., and group VI. 


the same as group I. Hence, the correct answer is ; x 23 or 3. 

In the case of three similar groups the result given by 
§ 386 is to be divided by|3, the number of ways in which 
three groups can be arranged among themselves; in the 
case of four groups, by|4; and so on. 


In how many ways can 18 men be divided into 2 groups 
of 9 each? 
[18 


According to 3 386, the answer would be —. 
19[9 
The two groups, considered as groups, have no distinction ; 
therefore, permuting them gives no new arrangement, and the true 


(2/99 


If any condition be added that will make the two groups different, 
if, for example, one group wear red badges and the other blue, then 
|1 


[18 
919 

888. Arrangements, Repetitions allowed. Suppose we have 
n different letters, and that repeteions are allowed. 

Then, in making any arrangement, the first place can be 
filled in m ways; and the second place can be filled in n 
ways, since repetitions are allowed. Hence the first two 
places can be filled in  X n, or n’, ways (§ 375). 

Similarly, the first three places can be filled in nx n Xn, 
or n*, ways (§ 376). 

In general, 7 places can be filled in n” ways; or, the 
number of arrangements of n different things taken at a 
tume, when repetitions are allowed, is 0”, 





result is obtained by dividing the preceding by |2, and is 


the answer will be 
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(1) How many three-lettered words can be made from 
the alphabet, when repetitions are allowed? 


Here the first place can be filled in 26 ways; the second place in 
26 ways; and the third place in 26 ways. ‘The number of words is, 
therefore, 26% = 17,576. 


(2) In the common system of notation, how many num- 
bers can be formed, each number consisting of not more 
than 5 figures? 


Each of the possible numbers may be regarded as consisting of 
5 figures, by prefixing zeros to the numbers consisting of less than 5 
figures. Thus, 247 may be written 00247. 

Hence, every possible arrangement of 5 figures out of the 10 
figures, except 00000, will give one of the required numbers; and 
the answer is 10®°—1= 99,999; that is, all the numbers between 0 
and 100,000. 


889, Arrangements, Things Alike, All together. Consider 
the number of arrangements of the letters a, a, b, b, b, ¢, d. 


Suppose the a’s to be different and the 0’s to be different, and dis- 
tinguish between them by a, ay, 61, bo, bg. 

The seven letters can now be arranged in|7 ways (¢ 376). 

Now suppose the two a’s to become alike, and the three 0’s to be- 
come alike. Then, where we before had |2 arrangements of the a’s 
among themselves, we now have but one arrangement, aa; and 
where we before had|3 arrangements of the 6’s among themselves, 
we now have but one arrangement, bbb. 


Ke 420. 


Hence, the number of arrangements is —— = 


(2|8 


In general, the number of arrangements of u things, of 
which p are alike, q others are alike, and r others are alike, 
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(1) In how many ways can the letters of the word Col- 
lege be arranged ? 


If the two J's were different and the two e’s were different, the 
number of ways would be |7. Instead of two arrangements of the 
two l’s, we have but one arrangement, //; and instead of two ar- 
rangements of the two e’s, we have but one arrangement, ee. Hence, 


the number os ways is ne = 1260. 
(2) In how many different orders can a row of 4 white 
balls and 3 black balls be arranged? 


[7 


phe Meee Obs 
[4|3 
890, Selections, Repetitions allowed. We will illustrate 
by an example the method of solving problems that come 
under this head. 


In how many ways can a selection of 3 letters be made 
from the letters a, , c, d, e, if repetitions are allowed? 
The selections will be of three classes: 
(a) All three letters alike. 
(6) Two letters alike. 
(c) The three letters all different. 
(a) There will be 5 selections, since any one of the five letters 
may be taken three times. 
(6) Any one of the five letters may be taken twice, and with these 
may be put any one of the other four letters. Hence, the number 
of selections is 5 x 4, or 20. 


‘(c) The number of selections (¢ 380) is 5x 4x3 


Lox 3, 
the total number of selections is 5 + 20 + 10 = 35. 

391. Selections and Arrangements, Things Alike. We will 
illustrate by an example the method of solving problems 
that come under this head. 

How many selections of four letters each can be made 
from the letters in Proportion? How many arrangements 
of four letters each? 


or 10. Hence, 
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There are 10 letters as follows: 
0. pi atm y tae ee 


Selections : 
The selections may be divided into four classes : 
(a) Three letters alike. 
(5) Two letters alike, two others alike, 
(c) Two letters alike, other two different. 
(d) Four letters different. 
(a) With the three o’s we may put any one of the five other letters, 
giving 5 selections. 
(6) We may choose any two out of the three pairs, 0,0; p, p; 7,7. 
3x 2 
Lx 
(c) With any one of the three pairs we can put any two of the 
five remaining letters in the first line. 


5x 4 


= 3 selections. 


3 x ——— = 30 selections. 
1x2 

(d) 6x5 xX 4% 3 _ 15 selections. 
LxZxXoxe 


Hence, the total number of selections is 
5+3+430 +4 15= 3883. 
Arrangements: 


(a) Each selection can be arranged in = = 4 ways. 


E 


5 x 4 = 20 arrangements. 


(b) Each selection can be arranged in = 6 ways. 


|4 
P12 


3 x 6 = 18 arrangements. 


(c) Each selection can be arranged in E = 12 ways. 


30 x 12 = 360 arrangements. 
(d) Each selection can be arranged in [4 = 24 ways. 


15 x 24 = 360 arrangements. 
Hence, the total number of arrangements 1s 
20 + 18 + 360 + 360 = 758. 
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392. Total Number of Selections. 


I. The whole number of ways in which a selection (of 
some, or all) can be made from un different things is 2” — 1. 

For each thing can be either taken or left; that is, can 
be disposed of in two ways. There are n things; hence 
(§ 376) they can all be disposed of in 2" ways. But among 
these ways is included the case in which all are rejected ; 
and this case is inadmissible. Hence, the number of ways of 
making a selection is 2" — 1. 

How many different amounts can be weighed with 1 lb., 
2 lb., 4 lb., 8 lb., and 16 lb. weights? 


2—1=81. 


Il. The whole number of ways in which a selection can 
be made from p+q-+r---- things, of which p are altke, q 
are altke, r are alvke, etc., is (p+1)(q+1l)r4+1)::::—1. 

For the set of p things may be disposed of in p+1 
ways, since none of them may be taken, or 1, 2, 3, ..... 
or p, may be taken. 

In hke manner, the qg things may be disposed of in g + 1 
ways; the r things inv + 1 ways; and so on. 

Hence (§ 376) all the things may be disposed of in 
(p+l)(q+1)1)(r+1)--- ways. 

But the case in which all the things are rejected is in- 
admissible; hence, the whole number of ways is 


(tV@tYet)--—-1L 


In how many ways can 2 boys divide between them 
10 oranges all alike, 15 apples all alike, and 20 peaches 
all alike ? 


Here,the case in which the first boy takes none, and the case in 
which the second boy takes none, must be rejected. 
Therefore, the answer is one less than the result, according to II. 


11 x 16 x 21 — 2 = 3694. 


B74 
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Exercise 121. 


How many different permutations can be made of the 
letters in the word Lcclesvastical, taken all together ? 


Of all the numbers that can be formed with four of the 
digits 5, 6, 7, 8, 9, how many will begin with 56? 
If the number of permutations of » things, taken 4 
together, be equal to 12 times the permutations of 

n things, taken 2 together, find n. 


With 3 consonants and 2 vowels, how many words of 3 
letters can be formed, beginning and ending with a 
consonant, and having a vowel for the middle letter? 


Out of 20 men, in how many different ways can 4 men 
be chosen to be on guard? In how many of these 
would one particular man be taken, and from how 
many would he be left out? 

Of 12 books of the same size, a shelf will hold 5. How 
many different arrangements on the shelf may be 
made ? 


. Of 8 men forming a boat’s crew, one is selected as 


stroke. How many arrangements of the rest are pos- 
sible? When the 4 men who row on each side are de- 
cided on, how many arrangements are still possible? 


How many signals may be made with:6 flags of differ- 
ent colors, which can be hoisted either singly, or 
any number at a time? 


. How many signals may be made with 8 flags of differ- 


ent colors, which can be hoisted either singly, or 
any number at a time one above another? 


How many different signals can be made with 10 flags, 
of which 8 are white, 2 red, and the rest blue, 
always hoisted all together and one above another? 


ai Fs 


12. 


aN 3 


14. 


15. 


16. 


LT 


18. 


19. 


20. 


21. 
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How many signals can be made with 7 flags, of which 
2 are red, 1 white, 3 blue, and 1 yellow, always 
displayed all together and one above another? 


In how many different ways may the 8 men serving a 
field-gun be arranged, so that the same man may 
always lay the gun? 


Find the number of signals which can be made with 4 
lights of different colors when displayed any number 
at a time, arranged one above another, side by side, 
or diagonally. 


From 10 soldiers and 8 sailors, how many different 
parties of 5 soldiers and 3 sailors can be formed? 


How many signals can be made with 3 blue and 2 
white flags, which can be displayed either singly, or 
any number at a time one above another? 


In how many ways can a party of 6 take their places 
at a round table? 


Out of 12 Democrats and 16 Republicans, how many 
different committees can be formed, each committee 
consisting of 3 Democrats and 4 Republicans? 


From 12 soldiers and 8 sailors, how many different 
parties of 3 soldiers and 2 sailors can be formed ? 


Find the number of combinations of 100 things, 97 
together. 


With 20 consonants and 5 vowels, how many different 
words can be formed consisting of 3 different conso- 
nants and 2 different vowels, any arrangement of 
letters being considered a word ? 


Of 30 things, how many must be taken together in 
order that, having that number for selection, there 
may be the greatest possible variety of choice? 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 
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There are m things of one kind and n of another; 
how many different sets can be made containing 7 
things of the first and s of the second? 


The number of combinations of » things, taken 7 to- 
gether, is 3 times. the number taken 7 — 1 together, 
and half the number taken 7+ 1 together. Find x 
and 7. 


In how many ways may 12 things be divided into 3 
sets of 4? 


How many words of 6 letters may be formed of 3 
vowels and 3 consonants, the vowels always having 
the even places? 


From a company of 90 men, 20 are detached for mount- 
ing guard each day. How long will it be before the 
same 20 men are on guard together, supposing the 
men to be changed as much as possible; and how 
many times will each man have been on guard? 


Supposing that a man can place himself in 3 distinct 
attitudes, how many signals can be made by 4 men 
placed side by side? 

How many different arrangements may be made of 11 
cricketers, supposing the same 2 always to bowl? 


Five flags of different colors can be hoisted either singly, 
or any number at a time one above another. How 
many different signals can be made with them ? 


How many signals can be made with 5 lights of differ- 
ent colors, which can be displayed either singly, or 
any number at a time side by side, or one above 
another ? 

The number of permutations of 7 things, 3 at a time, is 
6 times the number of combinations, 4 at a time. 


Find n. 


CHAPTER XXIX. 
CHANCE. 


398, Definitions. If an event can happen in a ways and 
fail in 6 ways, and all these a+ 6 ways are equally likely 
to occur; if, also, one, and only one, of these a+ 6 ways 
can occur, and one must occur; then, the chance of the 


event happening is sah and the chance of the event faz/- 
a 


Hence, 





mg 1s 


I. The chance of an event happening is expressed by the 
fraction of which the numerator is the number of favorable 
ways, and the denominator the whole number of ways favor- 
able and unfavorable. 

Thus, if 1 ball is drawn from a bag containing 3 white balls and 


9 black balls, the chance of drawing a white ball is #3; or, as it is 
expressed, one chance in four. 


Il. The chance of an event not happening is expressed by 
the fraction of which the numerator is the number of unfar- 
orable ways, and the denominator the whole number of ways 
favorable and unfavorable. 


Thus, if 1 ball is drawn from a bag containing 3 white and 9 black 
balls, the chance that it is not a white ball is 7%. 





‘toa b 
A ’ = =1, 
gain, since ay a ae 
b a 





h _ i an 
ee alata a+b aaaD 


Hence, if p is the chance of an event happening, 1—p 
is the chance of the event failing. 
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394, Certainty. If the event is certain to happen, there 
are no ways of failing, and 1—p=0O, therefore p=1. 
Hence certainty is expressed by 1. 


395. Odds. Ifa denote the favorable and 6 the unfavor- 
able ways of an event, the odds are said to be a tobm 
favor of the event, if a is greater than 6; and’b to a against 
the event, if 6 is greater than a; and even on the event, if 
a is equal to b. 


396. Examples. Simple Events. 


(1) What is the chance of throwing double sixes in one 
throw with two dice? 

Each die may fall in 6 ways, and all these ways are equally 
likely to occur. Hence, the two dice may fall in 6 x 6, or 36, ways 
(2 376), and these 36 ways are all equally likely to occur. More- 
over, only one of the 36 ways can occur, and one must occur. 

There is only one way which will give double sixes. Hence the 
chance of throwing double sixes is 3. 


(2) What is the chance of throwing one, and only one, 
five in one throw with two dice? 

The whole number of ways, all equally likely to occur, in which 
the dice can fall is 36. In 5 of these 36 ways the first die will be a 
five, and the second die not a five; in 5 of these 36 ways the second 
die will be a five, and the first not a five. Hence, in 10 of these ways 
one die, and only one die, will be a five; and the required chance is 
19, or 35. Hence, the odds are 13 to 5 against the event. 

(3) In the same problem, what is the chance of throw- 
ing at least one five? 

Here we have to include also the way in which both dice fall 
fives, and the required chance is }4. 

(4) What is the chance of throwing a total of 5 in one 
throw with two dice? 

The whole number of ways, all equally likely to occur, in which 


the dice can fall is 36. Of these ways 4 give a total of 5; viz., 1 and 
4,2 and 3,3 and 2,4 and 1. Hence, the required chance is #4, or }. 
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(5) From an urn containing 5 black and 4 white balls, 
3 balls are to be drawn at random. Find the chance that 
2. balls will be black and 1 white. 


There are 9 balls in the urn. The whole number of ways in which 


3 balls can be selected from 9 is We SOS, or 84. 


bE ats 
From the 5 black balls 2 can be selected in 2% 





7 or 10 ways, 


from the 4 white balls 1 can be selected in 4 ways; hence, 2 black 
balls and 1 white ball can be selected in 10 x 4, or 40 ways. 

The required chance is $2 = 32. 

Therefore the odds are 11 to 10 against the event. 

(6) From a bag containing 10 balls, 4 are drawn and 
replaced; then 6 are drawn. Find the chance that the 4 
first drawn are among the 6 last drawn. 

The second drawing could be made altogether in 

{10 
[614 


But the drawing can be made so as to include the 4 first drawn in 


= 210 ways. 


[6 
= 15 ways, 
[2(4 
since the only choice consists in selecting 2 balls from the 6 not pre- 
viously drawn. Hence, the required chance is 349, = 7¢. 


(7) If 4 coppers are tossed, what is the chance that 
exactly 2 will turn up heads? 

Since each coin may fall in 2 ways, the 4 coins may fall in 2*= 16 
ways (¢ 388). The 2 coins to turn up heads can be selected from the 


Cink ine 
1x2 





=6 ways. Hence, the required chance is ,& = 3. 


Therefore the odds are 5 to 3 against the event. 


(8) In one throw with two dice which sum is more likely 
to be thrown, 9 or 12? 

Out of the 36 possible ways of falling, four give the sum 9 (namely, 
6+3,3+6,5+4, 4+ 5), and only one way gives 12 (namely, 6 + 6). 
Henee, the chance of throwing 9 is four tumes that of throwing 12. 
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Exercise 122. 


The chance of an event happening is +. What are 
the odds in favor of the event? 


If the odds are 10 to 1 against an event, what is the 
chance of its happening ? 


In one throw with a pair of dice what number is most 
likely to be thrown? Find the odds against throw- 
ing that number. 


Find the chance of throwing doublets in one throw 
with a pair of dice. 


If 10 persons stand in a line, what is the chance that 
2 assigned persons will stand together ? 


If 10 persons form a ring, what is the chance that 2 
assigned persons will stand together ? 


Three balls are to be drawn from an urn containing 
5 black, 3 red, and 2 white balls. What is the 
chance of drawing 1 red and 2 black balls? 


In a bag are 5 white and 4 black balls. If 4 balls 
are drawn out, what is the chance that they will be 
all of the same color? 

If 2 tickets are drawn from a package of 20 tickets 
marked 1, 2, 8, ....., what is the chance that both 
will be marked with odd numbers? 

From a bag containing 8 white, 4 black, and 5 red 
balls, 3 balls are drawn. Find the odds against 
the 3 being of three different colors. 

There are 10 tickets numbered 1, 2, ..... 9,0. Three 
tickets are drawn at random. Find the chance of 
drawing a total of 22. 


Nore. For a more extended discussion of probability, see Went- 


worth’s College Algebra. 


CHAPTER XXX. 
CONTINUED FRACTIONS. 


397. A fraction in the form 
a 


b+ 


c 





€ 
g te etc. 

is called a continued fraction, though the term is commonly 

restricted to a continued fraction that has 1 for each of its 

numerators, as 





We shall consider in this chapter some of the elemen- 
tary properties of such fractions. 


898. Any proper fraction in its lowest terms may be con- 
verted into a terminated continued fraction. 


Let b be such a fraction; then, if p is the quotient and 
a 


c the remainder of a + 4, 





Tae 1 
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Hence, oes 
a 1 


The successive steps of the process are the same as the 


steps for finding the H. C. F. of a and 6; and since a and 
b are prime to each other, a remainder, 1, will at length 
be reached, and the fraction terminates. 

Observe that p, g, 7, ....., are all positive integers. 
The fractions formed by taking one, 


399, Convergents. 
are 


two, three, ....., of the quotients p, 9, 7, 
il 1 1 





which simplified are 
Me iio 
p pat) (pqt+Dr+p 


and are called the first, second, and third convergents 


respectively. 
400. The successive convergents are alternately greater 
than and less than the true value of the gwen fraction. 


Let x be the true value of 





then, since 7, g, 7, ..--.; 
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; that is, 1 ml 
I P 


1 
Again, q<qt ~ + ete. 





that is, A <x; and so on. 


ul fas 
ants 


401. Jf Mi te Us are any three consecutive convergents, 
1 Vo Vs 
and if m,, M,, m; are the quotients that produced them, then 


UU; M,U, + U, 
Law mv, + Vi 
For, if the first three quotients are p, qg, 7, the first three 
convergents are (§ 399), 
PRE ig et Tolls 511%. (1) 
p pqt+l (pq+lr+p 
' From (§ 899) it is seen that the second convergent is 


formed from the first by writing in it p +5 for p; and the 
third from the second by writing q¢ ve for g. In this way, 


any convergent may be formed from the preceding con- 
vergent. 
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Therefore, — = will be formed from — >, PY writing m, + - 


for Mp. 

In (1) it is seen that the third convergent has its numer- 
ator == r X (second numerator) + (first numerator); and its 
denominator = 7 X (second denominator) + (first denomi- 
nator). 

Assume that this law holds true for the third of the 
three consecutive convergents 

Me Ua) a go that) |e (2) 


’ 


? 
U U Vz MV, + Vo 


bg Uy ' 1 
Then, since 7S formed from * by using ™m, + a for Msg, 
3 2 3 


1 
Us (1, a n) tar ae Mz (Mey ot Uv) =e Uy 


Us (m+ an) m te Ms (M01 + Vo) + 


Substitute uw, and v, for their values m.u,+u) and 
Mv, +; then 
Up _ Msg Uy 
Vz MV, + VY 
Therefore the law still holds true; and as it has been 
shown to be true for the third convergent, the law is gen- 
eral. 


402, The difference between two consecutive convergents, 


V; vy, Aviv, 
The difference between the first two convergents is 
LAG gt Sa eae 
P pat! plpgt)) 
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Let the sign ~ mean the tai between, and assume 


the proposition true for“? and “! 





Vo on 
Up Uy Udy ~ WV I! 
Uy UV UpV1 Uo}, 
But 
eee Us (Muy ie Uo) Vy ~ Uy (MW, + Vo) 
Yor Dy V1V2 VW» 


(substituting for w, and v, their values, m,u,+u and 
My, + Vp). 


: U U UV, ™ UV 
Reducing, si Rte Sok he eae 


V2 Vy VyV2 


oe (by assumption). 
Ov 2 
Hence, if the proposition be true for one pair of consecu- 
tive convergents, it will be true for the next pair; but it 
has been shown to be true for the fist pair, therefore it is 
true for every pair. 
Since by § 400 the true value of 2 lies between two con- 


secutive convergents, “! and ™, the convergent “? will 
Oh Vp 1 
differ from x by a number less than 1 M4. that is, by a 
Vy Ug 





: : U 
; so that the error in taking — for x 
V\V2 Vy 


number less than 


is less than i and therefore less than ay as V, > Vv, since 
VV_ vy 


V2 = MyV, + Vo. - 
Any convergent, , 18 in its lowest terms; for, if 2, and 
Vy 
v, had any common factor, it would also be a factor of 
UV, ~ Uzv,; that is, a factor of 1. 
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403, The successive convergents approach more and more 
nearly to the true value of the continued fraction. 


Let “, “4, “ be consecutive convergents. 
Vo Vy U2 
Now < differs from zw, the true value of the fraction, 
2 
i 
m+ etc. 
Let this complete quotient, which is always greater than | 
unity, be represented by JZ. 


only because m, is used instead of m, + 


Uz Mgt, + Up pee Mu, + uy 
iat PLL Led Mal Bild a re lad MI fan 


Then, since Ty Pa Wane 5 
ew Mig ti Ui ~ Uo __ 1 
y% Mytym ym wu(My+w) v(Mr,+ %) 
And 
Uo yp a Mo Mi + My _ Mut ~ Hv) __ Mite 
Vo Vo Mytr v(Mr+r) (Mr, + v9) 


Now 1< Mand v, >, and for both these reasons 


UW 7 Uo 
ee Te 
VY Vo 


Cm 


That is, — is nearer to x than — is, 
VY on 


404. Any convergent = as nearer the true value x than 
1 


any other fraction with smaller denominator. 


Let be a fraction in which 6 < 2%. 


If ; is one of the convergents, 7 ~ 7 > 42a" § 403 
Vile 


a: , 
If = is not one of the convergents, and is nearer to x 


b 
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than = is, then, since x hes between = and (§ 400), 
1 U3 


1 


a U Uy. A 
— must be nearer to ” than — is; that is, 


b Vo V 
fegeis Un. Uy Vi ~ Ugh 1 
=—~ Sn eo ————— —} 
Paes ey > Ve U_b VWVe 


and since 6<v,, this would require that v.a~ ub <1; 
but v,a~ u,b cannot be less than 1, for a, 6, v2, v2 are all 


Uy - Ge 
integers. Hence, — is nearer to x than = is. 


1 b 


405. Find the continued fraction equal to #4, and also 
the successive convergents. 

Following the process of finding the H.C. F. of 31 and 75, the 
successive quotients are found to be 2, 2, 2,1, 1, 2. Hence the con- 
tinued fraction is 














To find the successive convergents : 
Write the successive quotients in line, 2 under the first quotient, 
} under the second quotient, and then (¢ 401) multiply each term by 
the quotient above it, and add the term to the left to obtain the 
corresponding term to the right. Thus, 
Wuotients “=2,2 21, 1, 2. 
Convergents = 1,3, $ Pa 7 2%) ad 
It is convenient to begin to reckon with 2, but the next conver- © 
gent, in this case 3, is called the first convergent. 


Note. Continued fractions are often written in a more compact 
form. Thus, the above fraction may be written 
Li oth i a aN Neate | 


Deer ote leeil 
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406. A quadratic surd may be expressed in the form of 
a non-terminating continued fraction. 


To express V8 in the form of a continued fraction. 






































Suppose Vv3=1+ : (as 1 is the greatest integer in V3); 
then 1_ Sy At alia), 
x 
ek Nees V34+1 
V3—1 2 
Suppose v4 Ley + “(as 1 is the greatest integer in ae “); 
a 
ra Tavis levee 
Yy 2 2 
hy) ae ee v3 +1 
V/ aoe) 1 
Suppose vi Bo) ot z(as 2 is the greatest integer in vet *): 
Z 
then Lvs hear 
2 1 
1 
.2=—— 
v3-1 


This is the same as 2 above; hence, the quotients 1, 2, will be 
continually repeated. 





A iil oe 
Da 9 + ete. 
of which will be continually repeated, and the whole expres- 
bby et 
2 
sion may be written, 
Lave 
ee 
bee 


The convergents will be 1, 2, 8, 7, +9, 28, H, ete. 
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407, A continued fraction in which the denominators 
recur is called a periodic continued fraction. 

The value of a periodic continued fraction can be ex- 
pressed as the root of a quadratic equation. 


Legal: 
Find the surd value of = , =: 
12 
Let x be the value; 
then p=—*+__ = 242, 
Le at 
24+2 
“4+ 22= 2, 
2=—1+ V3. 


We take the + sign since « is evidently positive. 


408, An exponential equation can be solved by con- 
tinued fractions. 


Solve by continued fractions 10° = 2. 


Suppose 2=O+ 5 
1 
then 10 = 2, 
or’ 10 = 2. 


y=3t : (as 10 lies between 2° and 24). 


341 1 
Then 10=2 7=2?~x 2?; 
1 
or 2? = 40 = 3, 
and 2 = (8). 
2=3+ 1 [ as 2 lies between ta and lal 
uU 4 
342 1 , 
Then 2=(3) “=(3) x ()"; 
1 
or (3)" = 138, 


and = (125). 
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The greatest integer in wu will be found to be 9. 


1 
1 
3 +— 
1 
9 + etc. 
The successive convergents will be 1, 3, 28, ete. 


The last gives xz = 28 = 0.3010, nearly. 


Observe that by the above process we have calculated the common 
logarithm of 2, By @ 402 the error, when 0.3010 if taken for the 


Hence, x= O+ 





common logarithm of 2, is considerably less than - - that is, con- 


oy 

siderably less than 0.00011; so that 0.3010 is certainly correct to 

three places of decimals, and probably correct to four places. 
Logarithms are, however, much more easily calculated by the 

use of series, as will be shown in a following chapter. 


Exercise 123. 


1. Find continued fractions for 12%; 182; V5; V11, 
4/6; and find the fourth convergent to each. 


2. Find continued fractions for 5; 437; 2083; 2991. 


and find the third convergent to each. 
3. Find continued fractions for V21; V22; W383; ~/55. 


4. Obtain convergents, with only two figures in the denom 
inator, that approach nearest to the values of V10; 


V15: V17: V18: V20. 
5. Find the proper fraction which, if converted into a 


continued fraction, will have quotients 1, 7, 5, 2. 


6. Find the next convergent when the two preceding con. 
vergents are -*; and 4%, and the next quotient is 5. 


7. Find a series of fractions to the ratio of a yard toa 
meter, if a meter equal 1.0936 yards. 


10. 


1 ma 


12. 


13. 


14. 


15. 


CONTINUED FRACTIONS. 391 


If the pound troy is the weight of 22.8157 inches of 
water, and the pound avoirdupois of 27.7274 inches, 
find a fraction with denominator < 100 which shall 
differ from their ratio by < 0.0001. 


The ratio of the diagonal to a side of a square being 


V2, find a fraction with denominator < 100 which 
shall differ from their ratio by < 0.0001. 


The ratio of the circumference of a circle to its diame- 
ter being 3.14159265, find the first three convergents, 
and determine to how many decimal places each may 
be depended upon as agreeing with the true value. 


Two scales whose zero points coincide have the dis- 
tances between consecutive divisions of the one to 
those of the other as 1: 1.06577. Find what divis- 
lon-points most nearly coincide. 


Find the surd values of 
_. aie ee a 
Peo srl 6 9738-4 
Show that the ratio of the diagonal of a cube to its 
edge may be nearly expressed by 97:56. Find the 


limit of the error made in taking this ratio for the 
true ratio. 


Find ‘a series of fractions converging to the ratio of 5 
hours 48 minutes 51 seconds to 24 hours. 


Find a series of fractions converging to the ratio of a 
cubic yard to a cubic meter, if 1 cubic yard = {7 8453, 
of a cubic meter. 


CHAPTER XXXII. 
SCALES OF NOTATION. 


409. Definitions. Let any positive integer be selected as 
a radix or base; then any number may be expressed as a 
polynomial of which the terms are multiples of powers of 
the radix. 

Any positive integer may be selected as the radix; and 
to each radix corresponds a scale of notation. 

In writing the polynomials they are arranged by descend- 
ing powers of the radix, and the powers of the radix are 
omitted, the place of each digit indicating of what power 
of the radix it is the coefficient. 


Thus, in the scale of ten, 2356 stands for 
2x 10°?+3x10?+5x10+6; 
in the scale of seven for 
2x 72+3x74+5x7+6; 
in the scale of r for 
27° + 3977 + br + 6. 


410, Computation. Computations are made with numbers 
in any scale, by observing that one unit of any order is 
equal to the radix-number of units of the next lower order ; 
and that the radix-number of units of any order is equal 
to one unit of the next higher order. 


(1) Add 56,432 and 15,646 (scale of seven). 


56432 The process differs from that in the decimal scale 
15646 only in that when a sum greater than seven is reached, 
we divide by seven (not ten), set down the remainder, 
and carry the quotient to the next column. 





105411 


SCALES OF NOTATION. 393 


(2) Subtract 34,561 from 61,235 (scale of eight). 


are We add eight, instead of ten as in the common 


94454 scale, 


(3) Multiply 5732 by 428 (scale of nine). 
5732 
428 
51477 We divide each time by nine, set down the remain- 
12564 der, and carry the quotient. 
25238 
2712127 . 





(4) Divide 2,612,127 by 5732 (scale of nine). 


5732) 2612127 (428 
24238 


17722 
12564 


51477 
51477 








411. Integers in Any Scale. Jf r be any positive integer, 

any positive integer N may be expressed in the form 
N= ar® + br! + ..... + pr? + gr+s, 

in which the coefficients a, b, ©, ....., are positive integers, each 
less than ¥. 

For, divide WV by 7”, the highest power of r contained in 
NV, and let the quotient be a with the remainder J. 

Then, V=ar"+ J;. 

In hke manner, W,=6r"?+ N,; N,=er"'?+J,; 
and so on. 

By continuing this process, a remainder s will at length 
be reached which is less than 7. So that, 


N= ar" + br?) + ws + pr? + or+s. 
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Some of the coefficients s, g, 7, ..... may vanish, and each 
will be less than vr; that is, their values may range from 
zero to r—l. Hence, including zero, 7 digits will be 
required to express numbers in the scale of r. 


To express any positive integer N in the scale of r. 
It is required to express JV in the form 


ar” 4 byt bw. + pr? +9 is: 


and to show how the digits a, 8, ..... may be found. 

ihe IN = ar” + br®1 +... + pr + or -+ 8, 
IN 

then er ar * by 8H? be vee op eg - 


That is, the remainder on dividing J by ris s, the last 
digit. 

Let NV, = ar? + br? + ee + or + 3 
then a = arr? + br® 3 4} ee top d. 

That is, the remainder is g, the last but one of the digits. 

Hence, to express an integral number in a proposed scale, 

Divide the number by the radix, then the quotient by the 
radix, and so on; the successive remainders will be the 
successive digits beginning with the units’ place. 


(1) Express 42,897 (scale of ten) in the scale of six. 


6) 42897 
6)7149.... 
6)1191.... 


6) 198... 
1G) Sous fers 


5. 


wood w wo w 


Ans. 530,333. 
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(2) Change 37,214 from the scale of eight to the scale of 
nine. 

The radix is 8; and hence the two digits on the 

9) 37214 left, 37, do not mean thirty-seven, but 3x 8 + 7, 








9)3363 ...1 0 or thirty-one, which contains 9 three times, with 
9)305....6 the remainder 4. 

9)25....8 The next partial dividend is 4x8 +2= 34, 

2 3 which contains 9 three times, with the remainder 


Ans, 23,861. 7. and so on. 


(3) In what scale is 140 (scale of ten) expressed by 352? 
Let r be the radix; then, in the scale of ten, 
140=3774+5r4+2 or 3r74+5r=138. 


Solving, we find r= 6. 
The other value of r is fractional, and therefore inadmissible, since 
the radix is always a positive integer. 


412. Radix-Fractions. As in the decimal scale decimal 
fractions are used, so in any scale radix-fractions are used. 
Thus, in the decimal scale, 0.2341 stands for 
2 > 4 1 
10 102 108 ioe? 
and in the scale of r it stands for 
age Aaa 


r rp pw rf 


(1) Express 243 (scale of ten) by a radix-fraction in the 
scale of eight. 


A et sc — —— cece 
Bee 256 8 8! 3) Bt 
a . Dea Care, 
Multiply by o 734 =at+ 8 + 32 + 33 +. sere 
Lid aa ace! 
. @=7, and yi aa tad Manly 
32.8) Bt 
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Multiply by 8, bpd +24 5 + Lies 
1 e d 
. b6=5 d See cee 
, an rapene 
d 
Multiply by 8, ZR te re 
‘c=2, and 0 =d, etc. 


The answer is 0.752. 
(2) Change 35.14 from the scale of eight to the scale of 


S1X. 


3 
a 

We take the integral and fractional parts ee a 
separately. s 
Integral part : 6) 35 6 

4 5. 16) 12(0 
Fractional part : 6 

Toes ela ie 
8) etr64 1b 7 
This is reduced to a radix-fraction in the scale 6 

of six as follows: 16) 48 (3 
48 


.*. the answer is 45.1043 
Exercise 124. 


1. If 6, 7, 8,8, 2 are the digits of a number in the scale ot 
r, beginning from the right, write the number. 


Find the product of 234 and 125 when 7 is the base. 
In what scale will 756 be expressed by 530? 
In what scale will 540 be the square of 23? 


In what scale will 212, 1101, 1220 be in arithmetical 
progression ? 


6. Multiply 31.24 by 0.31 in the scale of 5. 


op ON 


CHAPTER XXXII. 
THEORY OF NUMBERS. 


413, Definitions. In the present chapter, by number will 
be meant positive integer. The terms prime, composite, will 
be used in the ordinary arithmetical sense. 

A multyple of ais a number which contains the factor a, 
and may be written ma. 

An even number, since it contains the factor 2, may be 
written 2m; an odd number may be written 2m-+1, 
2m—1, 2m+8, 2m —83, ete. 

« A+ number a is said to divide another number 6 when 


b. 
— 1S an integer. 
a 


414, Resolution into Prime Factors. A number can be 
resolved into prume factors in only one way. 


- Let: be the number; suppose V=adc....., where 


Hel Opics:. are prime numbers; suppose also V=ay..... 
where a, B, y, ..... are prime numbers. 
Then, abe = aBy PEE 


- Hence, a must divide the product abc.....; but a, b,¢, ..... 
are all prime numbers; hence a must be equal to some one 
of them, a suppose. 

Dividing by a, bev = By, 


and soon. Hence, the factors in aBy..... are equal to those 
in abc....., and the theorem is proved. 


415. Divisibility of a Product. I. Jf a number a divides a 
product-be, and is prime to bh, it must divide c, 
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For, since a divides be, every prime factor of a must be 
found in bc; but since a is prime to 8, no factor of a will 
be found in 6; hence all the prime factors of a are found 
in c; that is, a divides e. 

From this theorem it follows that: 


II. Jf a prime number a divides a product bede...., a 
must dwide some factor of that product ; and conversely. 


III. Jf a prime number divides b”, it must divide b. 

IV. fais prime to b and ¢, rt is prime to be. 

V. Ifa ws prime to b, every power of ais prime to every 
power of b. 


416, Theorem. Jf * a fraction in its lowest terms, is equal 


to another fraction 5 then co and d are equimultiples of & 
and b. 
ad 


Crd ad _ aa ; 
If Bn then ; ce. Since 6 will not divide a, it 


must divide d; hence dis a multiple of 8. 
, and 


Let d=mb, m being an integer; since 


QS 


a 
b 
a= mb: Gree - therefore c= ma. 

mb 


b 
Hence, ¢ and d are equimultiples of a and 5b. 


From the above theorem, it follows that in the decimal 
scale of notation a common fraction in its lowest terms will 
produce a non-terminating decimal if its denominator con- 
tains any prime factor except 2 and 5. 

For a terminating decimal is equivalent to a fraction with 


a denominator 10”. Therefore, a fraction ; in its lowest 


terms cannot be equal to such a fraction, unless 10" is a 
multiple of 6. But 10", that is, 2" x 5”, contains no factors 
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besides 2 and 5, and hence cannot be a multiple of 4, if 6 
contains any factors except these. 


417, Square Numbers. If a square number is resolved into 
its prime factors, the exponent of each factor will be even. 

For, if Vie OP DTE Cars 

BV PK, OPES CPi rest 

Conversely: A number which has the exponents of all 
its prime factors even will be a perfect square; therefore, 
to change any number to a perfect square, 

Resolve the number into its prime factors, select the fac- 
tors which have odd exponents, and multiply the given 
number by the product of these factors. 

Thus, to find the least number by which 250 must be multiplied to 
make it a perfect square. 

250 = 2x 58, in which 2 and 5 are the factors which have odd 


exponents. 
Hence the multiplier required is 2x 5= 10. 


418, Divisibility of Numbers. 
I. Lf two numbers N and N', when divided by a, have 
the same remainder, their difference is divisible by am 
For, if WV when divided by @ have a quotient qg and a 
remainder 7, then 
N=qa-+r. 
And if W' when divided by a have a quotient g! and a 
remainder 7, then 
N'= q'a+r. 
Therefore, WN — N'=(q—q')a. 
II. Jf the difference of two numbers N and N' is divisible 
by a, then N and N' when divided by a will have the same 
remaunder, 
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For, if NV — N'=(q—9')a, 
Ves dV} 
th ———_=q-—q'. 
en eager esi 
IV 1 TVG 
Therefore, propel Mitenteys. «I 
That is, N—aq = N'— aq. 


III. Jf two numbers N and N', when divided by a given 
number a, have remainders r and r', then NN' and rr’ when 
divided by a will have the same remainder. 


For, if N =ga+y7, 
and N= q'a+7, 
then NVM = qq'e+ gqar'+q'ar+rr' 
=(qqlataqr'+q'ratrr'. 


Therefore, by II., VV’ and 77’ when divided by a will 
have the same remainder. 

As a particular case, 37 and 47 when divided by 7 have remainders 
2 and 5 respectively. 

Now 37 x 47=1739 and 2x 5=10. 

The remainder, when each of these two numbers is divided by 7, 
is 3. 


Note. From II. it follows that, in the scale of ten: 
(1) A number is divisible by 2, 4, 8,.....1f the numbers denoted 


by its last digit, last two digits, last three digits, .....are divisible 
respectively by 2, 4, 8, ..... 


(2) A number is divisible by 5, 25, 125, ..... if the numbers denoted 
by its last digit, last two digits, last three digits, .....are divisible 
respectively by 5, 25, 126, ..... 


(3) If from a number the sum of its digits is subtracted, the 
remainder will be divisible by 9. 
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For, if from a number expressed in the form 


a+106+10?¢+108d+.... 
at b+ e€+ Aten is subtracted, 
the remainder will be (10—1)d + (10?—1)c + (10°—1)d ++. 


ana-lo—1, 1021, 10° —"1., ..... will be a series of 9’s. 
Therefore, the remainder is divisible by 9. 
(4) Hence, a number WV may be expressed in the form 


9n +s (if s denotes the sum of its digits) ; 


and WV is divisible by 3 if s is divisible by 3; and also by 9 if s 
is divisible by 9. 
(5) A number is divisible by 11 if the difference between the 


sum of its digits in the even places and the sum of its digits in 
the odd places is 0 or a multiple of 11. 


For, a number WV expressed by digits (beginning from the right) 
GUS God is may be put in the form of 


N=a+100 +4 10%¢ + 108d + ..... 
“. N—a+b—c+d-—.....=(10+1)b + (10?—1)ce+(108?4+1)d+.... 
But 10 + 1 is a factor of 10 + 1, 10? —1, 10° + 1.,..... 
Therefore, VN—a+b6—c+d-—..... is divisible by 10+1=11. 
Hence, the number WV may be expressed in the form 
lln+(at+et+..)—(b+d+.--.), 
and is a multiple of 11 if (at+c+.....)—(b+d+.....) is 0 or a multiple 
of 11. 


419, Theorem. The product of r consecutive integers 1s 
divisible by |r. 


Represent by P,,, the product of & consecutive integers 
beginning with 7. 
Then, P,,=n(n+1)---m+k—)); 
Pris, op = (2 + 1)(n+ 2) on (n+ kn + kh +d) 
| = n(n + 1)(n+ 2) + (n+ &) 
L (EAM (nt )(n+2) (a+ 2h 
* Pay, ei = Pa + (E+ 1) Pape 
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Assume, for the moment, that the product of any & con- 
secutive integers is divisible by |£. 


Then, Yaga ty sh = Ln k+1 ae (k =f 1) Mik; 
or Prati, et = Pat Mi k+1; 


where J/ is an integer. 


From this it is seen that if P,,,; 1s divisible by |£+1, 
Prsi,z¢1 8 also divisible by [A+ 1; but P,,.4: 1s divisible 
by [E+ 1 since Pan =|A+1. .- Peay is divisible by 
|A+1; ©. Psi41 is divisible by |£-+1; and so on. 

Hence, the product of any £-+ 1 consecutive integers is 
divisible by |&£ + 1, if it is known that the product of any & 
consecutive integers is divisible by |%. But the product of 
any 2 consecutive integers is divisible by |2; therefore, the 
product of any 3 consecutive integers is divisible by |8; 
therefore, the product of any 4 consecutive integers is 
divisible by |4; and so on. Therefore, the product of any 
r consecutive integers is divisible by |r. 





Exercise 125. 


Find the least number by which each of the following 
numbers must be multipled in order that the product may 
be a square number: 


1. 2625. 2. 3675. 3. 4374. 4. 74088. 


5. If m and n are positive integers, both odd or both 
even, show that m” — 7’ is divisible by 4. 


6. Show that n? — 7 is always even. 


7. Show that n’— 7 is divisible by 6 if m is even; and 
by 24 if n is odd. 


Y 


CHAPTER XXXIII. 
VARIABLES AND LIMITS. 


420. Oonstants and Variables. A number that, under the 
conditions of the problem into which it enters, may be made 
to assume any one of an unlimited number of values is 
called a variable, 

A number that, under the conditions of the problem into 
which it enters, has a fixed value is called a constant. 

Variables are generally represented by 2, y, z, etc.; con- 
stants, by the Arabic numerals, and by a, 8, ¢, etc. 


421, Functions. Two variables may be so related that a 
change in the value of one produces a change in the value 
of the other. In this case one variable is said to be a 
function of the other. 

Thus, if a man walks on a road at a uniform rate of a miles 
per hour, the number of miles he walks and the number of hours 
he walks are both variables, and the first is a function of the second. 


If y be the number of miles he has walked at the end of x hours, y 
and « are connected by the relation y = az, and y is a function of a. 


Also «= = hence, z is also a function of y. 


When one of two variables is a function of the other, the 
relation between them is generally expressed by an equa- 
tion. If a value of one variable is assumed, the corre- 
sponding value of the other variable can be found from the 
- given equation of relation between the two variables. 

The variable of which the value is assumed is called the 
wmdependent variable; the variable of which the value is 
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found from the given relation of the two variables is called 
the dependent variable. 


In the last example we may assume values of , and find the cor- 
responding values of y from the relation y = aw; or assume values of 


y, and find the corresponding values of # from the relation # = s In 


the first case x is the independent variable, and y the dependent; in 
the second case y is the independent variable, and # the dependent. 


422, Limits. As a variable changes its value, it may 
approach some constant; if the variable can be made to 
approach the constant as near as we please, but cannot be 
made absolutely equal to the constant, the variable is said 
to approach the constant as a lumi, and the constant is 
called the limit of the variable. 


Let x represent the sum of n terms of the infinite series 
LHR +Et gto; 


an | 1 
then (2 314), c= wes — On=1. = Vs _ on—1 





Suppose n to increase; then, =a decreases, and # approaches 2. 


Since we can take as many terms of the series as we please, n can 


be made as large as we please; therefore, =a can be made as small 


as we please, and x can be made to approach 2 as near as we please. 
We cannot, however, make z absolutely equal to 2. 
If we take any assigned value, as z5455, we can make the dif- 
ference between 2 and @ less than this assigned value; for we 


have only to take n so large that so is less than ;94q,7; that is, that 


2"-1 is greater than 10,000: this will be accomplished by taking n 
as large as 15. Similarly, by taking n large enough, we can make 
the difference between 2 and 2 less than any assigned value. 

Since 2 — a can be made as small as we please, it follows that the 
sum of n terms of the series 1+4+4+}+-.., as m is constantly 
increased, approaches 2 as a lumi. 
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493, Test for a Limit. In order to prove that a variable 
approaches a constant as a limit, it is necessary and suffi- 
cient to prove that the difference between the variable and 
the constant can be made as near to zero as we please, but 
cannot be made absolutely equal to zero. 


A variable may approach a constant without approaching it as a 
limit. Thus, in the last example w approaches 3, but not as a limit; 
for 3 — a cannot be made as near to 0 as we please, since it cannot 
be made less than 1. 


424, Infinites. As a variable changes its value, it may 
constantly increase in numerical value; if the variable 
can become numerically greater than any assigned value, 
however great this assigned value may be, the variable is 
said to increase without limit, or to increase indefinitely. 

When a variable is conceived to have a value greater 
than any assigned value, however great this assigned value 
may be, the variable is said to become infinite; such a 
variable is called an infinite number, or simply an infinite. 


425, Infinitesimals. As a variable changes its value, it 
may constantly decrease in numerical value; if the vari- — 
able can become numerically less than any assigned value, 
however small this assigned value may be, the variable is 
said to decrease without limit, or to decrease indefinitely. 

In this case the variable approaches 0 as a limit. 

When a variable which approaches 0 as a limit is con- 
ceived to have a value less than any assigned value, how- 
ever small this assigned value may be, the variable is said 
to become infinitesimal; such a variable is called an ifint- 
tesimal number, or simply an infinitesimal. 


426. Infinites and infinitesimals are variables, not con- 
stants. There is no idea of fixed value implied in either 
an infinite or an infinitesimal. 
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An infinitesimal is not 0. An infinitesimal is a variable 
arising from the division of a quantity into a constantly 
increasing number of parts; O is a constant arising from 
taking the difference of two equal quantities. 

A number which cannot become infinite is said to be 


finite. 


427. Relations between Infinites and Infinitesimals. 

I. Jf x ws infinetesemal, and a is finite and not 0, then ax 
as infinitesimal. For, ax can be made as small as we please 
since x can be made as small as we please. 


II. Jf X ws infinite, and a is finite and not 0, then aX is 
unfinte. For aX can be made as large as we please since 
X can be made as large as we please. 


Ill. If x ws wmfinitesrmal, and a is finte and not 0, then 
wh dis mfimte. For @ can be made as large as we please 
x x 


since x can be made as small as we please. 

IV. Jf X ws infinite, and a rs finite and not 0, then 2 as 
: os a 
mpfinitesrmal. For 7 can be made as small as we please 
since X can be made as large as we please. 

In the above theorems a may be a constant or a variable; 
the only restriction on the value of a is that it shall not 
become either infinite or zero. 


428, Abbreviated Notation. An infinite is often -repre- 
sented by o. In § 427, III. and IV. are sometimes written: 


a 
— —— 00; 


= 0. 
0 


& 
oo 
The expression ; cannot be interpreted literally, since we cannot 


divide by 0: and the expression <= 0 cannot be interpreted liter- 
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ally, since we can find no number such that the quotient obtained 
by dividing a by that number is zero. 


ao cc is simply an abbreviated way of writing: if °= X, and 
£ 


approaches 0 as a limit, X increases without limit. £ = 0 is simply 


an abbreviated way of writing: if “=a, and X increases without 
limit, « approaches 0 as a limit. 


429, Approach to a Limit. When a variable approaches a 
limit, it may approach its limit in one of three ways: 


(1) The variable may be always less than its hmit. 
(2) The variable may be always greater than its limit. 


(3) The variable may be sometimes less and sometimes 
greater than its limit. 


If x represents the sum of n terms of the series 1 +4+4+434 34 -+, 
x is always less than its limit 2. 

If x represents the sum of n terms of the series 3 —}—1— 1 — 
x is always greater than its limit 2. 

If x represents the sum of n terms of the series 3 — $ + }— 3 
we have (@ 314) 


4- 


fess aa BL 8 (iL). 


L+4 
As n is indefinitely increased, w evidently approaches 2 as a limit. 
If n is even, # is less than 2; if n is odd, 2 is greater than 2. 
Hence, if » be increased by taking each time one more term, z will 
be alternately less than and greater than 2. If, for example, 
n= 2 Bp 4, 5! 6, G 
f ==/1h, 21, 1%, ye, 184, 24 
In whatever way a variable approaches its limit, the test 
of § 423 always applies. 


430, Equal Variables. Jf two variables are equal and are 
so related that a change in the one produces such a change 
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wm the other that they continue equal, and each approaches a 
lint, then ther mits are equal. 


Let z and y be the variables, a and 6 their respective 
limits. To provea=06. We have (§ 423) 


Oo tal Oe ae 


where z' and y! are variables which approach 0 as a limit. 

Then, since the equation x = y always holds, we have, 
by subtraction, a—b=<a2'—y'. 

x'—-y' can be made less than any assigned value since 
z' and y' can each be made less than any assigned value. 

Since 2!—y! is always equal to the constant a— 5, 
x'—y' must be a constant. But the only constant which 
is less than any assigned value is 0. Therefore 2! — y’=0, 
and hencea—b=0. .«. a=0. 


431. Limit ofa Sum. Zhe limit of the algebraic sum of 
any finite number of variables is the algebrare sum of thew 
respective limits. | 


Let x, y, 2, ....., be variables ; 
a, b, ¢,....., their respective limits. 
Then a—2, b—y, c—Z, ..... , are variables which can 


each be made less than any assigned value (§ 423). 

Then (a — x) + (6—y)+(e —z)+--- can be made less 
than any assigned value. 

For, let v be the numerically greatest of the variables a—a, b—y, 
¢—zZ, ....., and n the number of variables. 

Then, (a —2z) +(b—y)+ (c—2) +2 <v+v+v-» to n terms 

<n; 

but mv can be made less than any assigned value since n is finite 
and v can be made less than any assigned value (3 427, I.). 


Therefore, (a — a) + (6—y) + (¢ —2)....., which is less than nv, can 
be made less than any assigned value. 
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W (atbte+t--)—(@+y+2+---) can be made 
less than any assigned value. 


atbte+-.. is the limit of (w+ y+2+ +). § 423 


432. Limit of a Product. Zhe limit of the product of two 
or more variables is the product of thew respective limits. 


Let x and y be variables, a and 6 their respective limits. 

To prove that aé is the limit of zy. 

Put z=a—2', y=b—y'; then 2! and y’ are variables 
which can be made less than any assigned value (§ 428). 

Now, sy = (a—x')(b—y') 

= ab — ay'— ba! + aly! 
*, ab — xy = ay'+ bx! — z'y'. 

Since every term on the right contains z! or y', the whole 
right member can be made less than any assigned value 
(§ 427, I.). Hence, ab —xzy can be made less than any 
assigned value. 

‘. ab is the limit of zy (§ 428). 

Similarly for three or more variables. 


433, Limit of a Quotient. The limit of the quotient of 
two variables is the quotient of ther mits. 

Let # and y be variables, a and 6 their respective limits. 

Put a—xz=z2z', and 6—y=y’'; then 2! and 7! are 
variables with limit 0 (§ 423). 


__ yl 
Wehave s=a—z2', y=b—y/', and ==2—* 
Y 


b —y! 





eer so a be — ae 
Now Tl ES Se ae 


pee he Oy bby!) 
The numerator of the last expression approaches 0 as a 
limit, and the denominator approaches 6”; hence, the ex- 
pression approaches 0 as a limit (§ 427, I.). 


a ; pape approaches 0 as a limit. oy is the limit of ~. 
Y 
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434, Vanishing Fractions. When one or more variables 
are involved in both numerator and denominator of a frac- 
tion, it may happen that for certain values of the variables 
both numerator and denominator of the fraction vanish. 


The fraction then assumes the form - which is a form 


without meaning; as even the interpretation of § 428 fails, 
since the numerator is 0. If, however, there is but one 
variable involved, we may obtain a value as follows: 

Let x be the variable, and a the value of x for which the 


fraction assumes the form = Give to x a value a little 


greater than a, as a+z; the fraction will now have a defi- 
nite value. Find the lmit of this last value as z is indefi- 
nitely decreased. This limit is called the limiting value of 
the fraction. 





Be MO J 
(1) Find the limiting value of “— as a approaches a. 
Bawa 


When x has the value a, the fraction assumes the form >. 


Put «=a-+z; the fraction becomes 
(a+2)?—a? 2az+2 
(a+z)—a Zz 
Since z is not 0, we can divide by z and obtain 2a +z. 
As z is indefinitely decreased, this approaches 2a as a limit. 
Hence 2a is the answer required. 


ia 
(2) Find the limiting value of ee when x 
x t— 
becomes infinite. 
Aion Sais 
page 
We have 2a%—4a+5 ae eee 
308+ 2a7—1 4 et. 
+ SE) 
zc 2 


As x increases indefinitely, : approaches 0, and the fraction ap- 


2 
hes =. 
proac A 
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Exercise 126. 


Find the limiting values of : 


Nees Legg) 
1: a ae ra i when x becomes infinitesimal. 
2. a a 7 when zx becomes infinite. 
x 
S: en when x becomes infinitesimal. 
x 
4. gone Tt i= of ~ when x approaches 3. 
ale etal 
x’? —9 
a + 9¢.18 when x approaches — 3. 
x 


pee 28) | hen approaches — 1. 


e+ 3a°+5244+8 
g+2—2 








(e a | when 2 approaches 1. 
pages 2 sca when « approaches 1. 
Bea / ae 1 
eee When & approaches 1, 
Ree bt V7 — 1 
go 4 
10... ——__—_—_—-._ when & approaches 2. 


Ve+2—yY32—2 

Ve—a+Vi-—Va 
Vi—a 

12. If x approaches a as a limit, and m is a positive 
integer, show that the limit of 2” is a”. 


when x approaches a. 


13. If x approaches a as a limit, and a is not 0, show 
' that the limit of 2” is a”, where 7 is a negative integer. 


CHAPTER XXXIV. 
SERIES. 


435. Convergency of Series. For an infinite series to be 
convergent (§ 825) it is necessary and sufficient that the 
sum of all the terms after the mth, as is indefinitely in- 
creased, should approach 0 as a limit. 

Although each of the terms after the nth may approach 0 asa 


limit, their sum may not approach 0 as a limit. 
Thus, take the harmonical series, 





Each term after the nth approaches 0 as n increases. 
The sum of n terms after the nth term is 
il 1 1 1 
——— + + 
Mt Vie gs ee 2n 


which is > i ae be A seese to n terms; therefore >n x iL - that 1s, > 1 
an 2n 2n 2 





Now, the first term is 1, the second term is 4, the sum of the next 
two terms is greater than 4, the sum of the succeeding four terms is 
greater than 3; and soon. So that, by increasing n indefinitely, the 
sum will become greater than any finite multiple of $. 

Therefore, the series is divergent. 


To seen 7 eaeiay the aes ae is convergent: 


tet et pei 


The nth term is 














The sum of the remaining terms is 


l 1 1 | 1 1 
— + + + eos = —f | + 4 ___ ee . 
1 n+l (n+1)(n + 2) ) 
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1 


This ja elt eae 


n2 


oa 
n 


is the expansion of 





if ele 


n 


eat Go nt) Reems 
in(2) real) EE estan reat 
nr 


But as n increases indefinitely, this last expression approaches 0 as 
a limit. Hence, the series is convergent. 


436. Test for Convergency of a Series. Jf the terms of an 
infinite series are all positive, and the limit of the nth term 
ws O, then of the limit of the ratio of the (n+ 1)th term to 
the nth term, as n is indefinitely increased, 1s less than 1, 
the serves is convergent. 


POG Ua lls, .<..- (Viena) Sra? PRN atee sh an infinite series. 


Let 7 represent the limit of the ratio “+! as nm increases 


indefinitely, and suppose 7 to be caattee ae less than 1. 
Let & be some fie ed number between 7 and 1, and take 








Uu 
k so near 1 that “+, “#2 shall each be < &. 
hie 20 
U +1 Un+2 U +3 
thease < &, tie HDS aT el! 
Un Un+i Un+2 
ng < Wily. ae Kat Mella gi CU Regt ad 
2 3 
Mag Uy, ey a Ue ae Th tee 
2 3 
Cag Upaa + nts to <Un(k+ BE RE + ) 
k 
Sent nse 1 Unis Tote oa: in 





since k+P+h+... is the expansion of Tay? 


But, by hypothesis, uw, approaches 0 as a limit as 7 is 
indefinitely increased. Hence, the series is convergent. 
Similarly, when 7 is negative, and between 0 and — 1. 
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Thus, in the series 


1a rs aise AS) ee seeee ; 


1 
1° (2 °(3° (wei “|p 
Unt _ 1 


= —, and this approaches QO as a limit as nm is indefinitely in- 
Un aat 





creased ; moreover, the nth term, : 3 approaches 0 as a limit. 
n—1 


Hence, the series is convergent. 


If r>1, there must be in the series some term from 
which the succeeding term is greater than the next preced- 
ing term; so that the remaining terms will form an in- 
creasing series, and therefore the series is not convergent. 


If y= + 1, this value gives no information as to whether 
the series is convergent or not; and in such cases other 
tests must be applied. 


If r<1, but approaches 1, or —1, as a limit, then no 
fixed value / can be found which will always lie between 
y and + 1, and other tests of convergency must be applied. 


Thus, in the infinite series 
1 1 i Ly 1 
Rese eran pete Fu i ihe 
1” Qm 3m n™ (n+ 1s 


r, the ratio of the (n + 1)th term to the nth term, is 


Fest teen) 


which approaches 1 as a limit as n increases. 








Suppose m positive and greater than 1; then the first term of the 


P 3 e ») 
series is 1. The sum of the next two terms is less than oo The sum 
of the next four terms is less than =. The sum of the next eight 
terms is less than “ - and so on. Hence, the sum of the series is less 


than 14245454 eso jor <1 4) eeses : 


which is evidently convergent when m is positive and greater than 1. 
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If m is positive and equal to 1, the given series becomes 
LP ee pet es, 
which is the harmonical series shown in ? 435 to be divergent. 


If m is negative, or less than 1, each term of the series is then 
greater than the corresponding term in the harmonical series, and 
hence the series is divergent. 


437. Special Oase. . Jf the terms of an finite serves are 
alternately posite and negative ; vf, also, the terms contin- 
ually decrease, and the limit of the nth term ws zero, then 
the series 1s convergent. 


Consider the infinite series, 
Uy — Ue + Uz — Uy + spicier F Un = Ung FF Une cose 
The sum of the terms after the nth term is 


Ss [ Un1 a (Unt Fe Un+s) = (Unis ——s Un+s) ——— cecce ii 


which may be written 
a [ (nyt "iis Un42) + (Un+s ar Unss) -t- (Unis — Unie) LE Rarelets it 


Since the terms are continually diminishing, each of the 
groups in either form of expression is positive, and there- 
fore the absolute value of the required sum is seen, from 
the first form of expression, to be less than w,,,; and from 
the second form of expression, to be greater than w,4,;—Uny2. 
But both w,,, and %,42 approach zero as m increases indefi- 
nitely ; therefore the sum of the series after the nth term 
approaches zero, and the series 1s convergent. 


In finding the sum of an infinite decreasing series of which the 
terms are alternately positive and negative, if we stop at any term, 
the error will be less than the next succeeding term. 


The series leases rane yeh 


2 3 4 n n+l 





++. 1s convergent. 
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For, we may write the series 


(I-H)+ (F-)+ ED te, or 1=(G- Y= Dm, 
which shows that its sum is greater than }, and less than 1. 


Observe that the present test applies to series in which 


—*+? approaches 1, or — 1, as a limit. To such series the 
n 


test of § 486 will not apply. 


438, Convergency of the Binomial Series. In the expan- 
sion of (1+ 2)”, the ratio of the (7+ 1)th term to the rth 
term is (§ 340) 

eer (ee 1a 


7 
If x is positive and 7 greater than m + 1, the expression 
Tas Ge negative; hence the terms in which 7 is greater 
r 
than n+ 1 are alternately positive and negative. 
If x 1s negative, the terms in which r is greater than 
m+ 1 are all positive. In either case we have 


Ur (n+l _ 4), 
Oi r 


as 7 1s indefinitely increased, this approaches the limit — 2. 
Hence (§ 486), the series is ae if # is numerically 
less than 1. 


If n is fractional or negative, the expansion of (a + 6)" must be 
in the form on( 1 ae "if a >b; and in the form on( 1 3) if 
a 
b>a(¢ 344). 


439, Examples. 
(1) For what values of zx is the infinite series 


ridden a” 


re ee convergent? 
273 a 2 
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Here, pact ( 5 x= ee: v. 
Un n+1 n+l 


As n is indefinitely increased, r approaches x as a limit. Hence, 
the series is convergent when 2 is numerically less than 1; and 
divergent when a is numerically greater than 1. 

When w=1, the series is convergent by @ 437. 





When «=—1, the series becomes 
Leet 1 
Ea! i les be eta eee ee 2 
( SM Sih n ) 


the harmonical series already shown to be divergent (¢ 435). 


(2) For what values of x is the infinite series 











£ ge x 2 
ae eee ee 5 t? 
ees 3K4 ni ply oe 
Here, f= ae = (*5)e = (—3)* 
tn 


As n is indefinitely increased, r approaches 2 as a limit. 
If z is numerically less than 1, the series is convergent. 
If x is numerically greater than 1, the series is divergent. 
If x = 1, every term of the series 

ee 1 1 

My ps, ode 
is less than the corresponding term of the series 

Le ver 





jes eB a 33 = Neeser 
This last series is a special case of the series 
| 1 i 
Shit) bat [Aigo © eat 
lhe op Pig Mo hie 
and is therefore convergent (¢ 436). 
Hence, we + be er cs convergent, 


tea 3 38K 
If «=—1, the series becomes 


poze ih’ + Lys — pale eee 
Berio wea sia a4 


and is convergent by @ 437. 
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SERIES OF DIFFERENCES. 


440, Definitions. If, in any series, we subtract from each 
term the preceding term, we obtain a first series of differ- 
ences; in like manner from this last series we may obtain a 
second series of differences; and so on. In an arithmetical 
series the second differences all vanish. 

There are series, allied to arithmetical series, in which 
not the first, but the second, or third, etc., differences vanish. 


Thus take the series 


1st differences, 4 fi 12 19 28 39.) ae 

2d differences, 3 5 T 9 11 

3d differences, 2 2 YE ye 

4th differences, 0 0 ae 

In general, if a), G2, Qs, ..... be such a series, 

gee eh oye be the first differences, 
Cis CRC H Loan be the second differences, 
i Pee Rare kel of be the third differences, 
ar re yl be the fourth differences, 

we have Oh Gy Os Cy Gg) 99G_ unt nn 

Ist differences, b, 6, 6 6, "be * be 

2d differences, Cf Cy. Cg Soe i ae 

3d differences, ad, .d, dG Soe 

4th differences, a a yee 


and finally arrive at differences which all vanish. 


44], Any Required Term. Let us take a series in which 
the fifth series of differences vanishes. Any other case can 
be treated in a manner precisely similar. From the way 
in which the successive series are formed, we have: 
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Qt, = a + 5, As = 2 + b, =a, +28, + 4 
b,=b+¢ 6, =), +e, = 0,4 2¢, +d, 
2 =4+d 6 =e,+d,=¢,t2d,+¢, 
d,=d,+ & ad, ='d,+ e, = dF 26, 
be; 0, = 6, ae. 


= a,+6,=a4+36,4+38¢, + 
b= 6,+¢=64+38¢+3a,+¢4 
G¢,=¢, +d,=—c¢,+3d,+ 84 

d,= d+ Cy di + 3e 


t= %+6,=—a,+406,4+6¢e+4d,+4 
6, = 6,-+o4= 6,+ 4¢, + 6d,+4e, 
6 =4%+d=c,+4d,+ be 


Ag = As + 6,=a,+56,+10¢, + 10d,+ 54 
Geese + co = 6,-+- De, +10d,+ 10¢e, 


Bi ae Ag+ be== dy 66,+ Ld ci + 20d,+ 1de, 


and so on. 


The student will observe that the coefficients in the ex- 
pression for a; are those of the expansion of (x+y)*, and 
similarly for ag and a,; hence, in general, if we represent 
a, 0), G4, etc., by a, b,-c, etc., we have, putting for the 
(n+ 1)th term a,4:, the formula 


n(n —1)(n — 
eee 1 
Ex. Find the llth term of 1, 5, 12, 24, 48, 71, 110 
Here (@ 440) a=1, b=4, c=3, d=2, e=0; andn=10. 
a, =a2+10b+ 45¢+4120d 
=1+40+135 + 240 = 416. 


Ong = at nb + AL x C= 


yp te880 
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442. Sum of the Series. Form a new series of which the 
first term is O, and the first series of differences a, @:, As, 
This series will be the following : 

O, Gh, G1 +2, 1+ M+ 3, +, + O34 My, «.... 

The (n+ 1)th term of this series will be the sum of 
terms of the series dy, Qy, Gs, ..... 


Find the sum of 11 terms of the series 1, 5, 12, 24, 43, 71, ..... 
The new series is 0 1 6 18 42 85 156 


First differences, 1 5 12 24 43 71 
Second differences, 4 7 12 19 28 
Third differences, 3a aD 7 9 
Fourth differences, 2 Zi 2 


Here a=0, b=1,c=4,d=8,e=2; andn=l11. 
“ s=a4+1164+55c+4+ 165d + 330e 
= 11 + 220 + 495 + 660 
= 1386. 


If s is the sum of » terms of the series a, Az, A, «+... 
s=0-+na +2 —) = p 4 rina Din—2) , ae 
Wx Vee aan 


Ex. Find the sum of the squares of the first » natural 
numbers, 17, 270577453. n’. 


eeeee 


Given series, 1 4 9 16 05 ee nr 
First differences, 3 5 fi 9 Gwen 

Second differences, 2 2 2°" eee 

Third differences, 0 0 


Therefore, a= 1, b=3,c=2, d=0. 
These values substituted in the general formula give 


pang BEAD x3 4 POO) 2 
Te 25G0 


a(t inc cae 3n +2)} 


= 516 + 9n—9 + 2n?—6n + 4 
= Ban? +3n4 p= Pt UEn +?) 
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443, Piles of Spherical Shot. J. When the pile is in the 
form of a triangular pyramid, the summit consists of a 
single shot resting on three below; and these three rest 
on a course of six; and these six on a course of ten, and 
so on, so that the courses will form the series, 


1,1+2,14+2+38, 1424344, .... 1+2+4.-+n7, 


Given series, 1 3 6 10 LDy saree. 
First differences, 2 o 4 yy eee 
Second differences, 1 il Dees rate 

Third differences, 0 Oh, 

Here, a=1, b=2, c=1, d=0. 


These values substituted in the general formula give 


fn Oe Dg ele = Lin — 2) 
2 2x3 


=n{itn—142=snt2h 


= Giln +1)(n + 2)} 
_ n(n + 1)(n + 2) 
Palos Bix. 3 
in which n is the number of balls in the side of the bottom course, or 


the number of courses. 


II. When the pile is in the form of a pyramid with a 
square base, the summit consists of one shot, the next course 
consists of four balls, the next of nine, and so on. The 
number of shot, therefore, is the sum of the series, 


bho gat eee: ar a n’, 
Which, by ? 442, is 
n(n + 1)(2n + 1) 


shes" Pppagae 


in which n is the number of balls in the side of the bottom course, or 
the number of courses. 
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IIT. When the pile has a base which is rectangular, but 
not square, the pile will terminate with a single row. Sup- 
pose p the number of shot in this row; then the second 
course will consist of 2(y-+1) shot; the third course of 
3(p+2); and the nth course of n(p+n—1). Hence 
the series will be 


p, 29+ 2, 3p+ 6, ....., n(p +u—]). 


Given series, p 2p+2 3p4+6 49412 
First differences, pt2  p4+4 poe 
Second differences, 2 2.1) Sees 
Third differences, tO ee 


Here, a=p, b=p+2, c=2, d=0. 
These values substituted in the general formula ae 


ae 
ae + 3(n—1)(p + 2) + 2(n—1)(n — 2h 


= 7 6p + 3np—3p +6n—6 + 2n?—6n + 4) 


4 (3p + 3p + 2n? — 2) 


= 5m +1)(3p + 2n—2). 


If n’ denote the number in the longest row, then n’=p+n—1, 
and therefore p= n’—n+1; and the formula may be written 


$= 5 (n +1)(3n/—n +1), 


in which n denotes the number in the width, and n/ in the length, 
of the bottom course. 


When the pile is incomplete, compute the number in the 
pile as if complete, then the number in that part of the pile 
which is lacking, and take the difference of the results. 


pe hon 


or 
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Exercise 127. 


Find the fiftieth term of 1, 3, 8, 20, 48, ..... 
Find the sum of the series 4, 12, 29, 55. ..... to 20 terms. 
Find the twelfth term of 4, 11, 28, 55, 92 ..... 


Find the sum of the series 48, 27, 14, 4, —8, ..... to 
12 terms. 


Find the seventh term of 1, 1.235, 1.471, 1.708, 


eeeee 


6. Find the sum of the series 70, 66, 62.8, 58.9, ..... to 


16. 


. Find the eleventh term of 348, 337, 326, 310, 
8. Find the sum of the series 7X 18, 611, 5x9, 


15 terms. 


eeree 


eeoee 


to 9 terms. 


Find the sum of » terms of the series 8 x 8, 6x 11, 
ee ae LTS. 


. Find the sum of 7 terms of the series 1, 6, 15, 28, 45, ..... 


. Determine the number of shot in the side of the base 


of a triangular pile which contains 286 shot. 


. The number of shot in the top course of a square pile 


is 169, and in the bottom course 1089. How 
many shot are there in the pile? 


. Find the number of shot in a rectangular pile having 


17 shot in one side of the base and 42 in the other. 


. Find the number of shot in five courses of an incomplete 


triangular pile which has 15 in one side of the base. 


. The number of shot in a triangular pile is to the num- 


ber in a square pile, of the same number of courses, 
as 22:41. Find the number of shot in each pile. 


Find the number of shot required to complete a rec- 
tangular pile having 15 and 6 shot, respectively, in 
the sides of its top course. 
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17. How many shot must there be in the lowest course 
of a triangular pile so that 10 courses of the pile, 
beginning at the base, may contain 37,020 shot? 

18. Find the number of shot in a complete rectangular 
pule of 15 courses which has 20 shot in the longest 
side of its base. | 


19. Find the number of shot in the bottom row of a square 
pile which contains 2600 more shot than a triangular 
pile of the same number of courses. 

20. Find the number of shot in a complete square pile in 
which the number of shot in the base and the num- 
ber in the fifth course above differ by 225. 

21. Find the number of shot in a rectangular pile which 
has 600 in the lowest course and 11 in the top row. 


INTERPOLATION. 


444, As the expansion of (a+ 6)” has the same form for 
fractional as for integral values of , the formula 
a } Mae) a n(n — 1)\(n— 2) 4 Sati 
Anz = a+ nd + eee C+ een oa 
may be extended to cases in which is a fraction, and be 
used to :nterpolate terms in a series between given terms. 


(1) The cube roots of 27, 28, 29, 30, are 3, 3.03659, 
8.072382, 3.10728. Find the cube root of 27.9. 
3 3.03659 3.07232 3.10723 
First differences, 0.03659 0.03573 0.03491 


Second differences, — 0.00086  — 0.00082 
Third differences, 0.00004 


These values substituted in the general formula give 


3+ (0.03659)+— ( -5)(——) + (- i\(-4 0. 0.00004 


=3+0.032931+0.0000387+ 0.00000066= : 03297. 
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(2) Given log 127 = 2.1088, log 128 = 2.1072, log 129 = 
2.1106. Find log 127.37. 


0.0034 0.0034 = first order of differences. 
0 = second order of differences. 


Therefore, the differences of the second order will vanish, and 
the required logarithm will be 


2.1038 + 38%, of 0.0034 
= 2.1038 + 0.001258 
= 2.1051. 


(3) The latitude of the moon on a certain Monday at 
noon was 1°53! 18.9", at midnight 2° 27'8.6""; on Tuesday 
at noon 2°58'55.2", at midnight 3° 28'5.8""; on Wednes- 
day at noon 3° 54'8.8". Find its latitude at 9 P.m. on 
Monday. 


The series expressed in seconds, and the differences, will be 
6798.9 8828.6 10735.2 12485.8 14048.8 


2029.7 1906.6 * 1750.6 1563.0 
— 123.1 —156.0 —187.6 
— 32.9 — 31.6 
1.3 


As 9 hours = 3 of 12 hours, n = 3. 
Also, a=6798.9, 6 = 2029.7, e=—123.1, d=— 32.9, e=1.3. 


These values substituted in the general formula 


Pe el) n(n —1)\(n — 2 2) 4 
pe 


Exaoro 


ae ih) (tr 2) 5 Jey in 


RG? XS 


give 6798.9-+5 (2029. n+3(— iX- cS +2(- i- B28 32.9 


Gar) (a) a 24 Je 


=6798.9+ 1522.27+ 11.54—1.29—0.03::-- 
=8331.4=2° 18’ 51.4”. 
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CoMPOUND SERIES. 


445, It is evident from the form of certain series that 
they are the sum or the difference of two other series. 


(1) Find the sum of the series 





1 ol 
1x2 2X3 3X4 n(n-+ 1) 
Each term of this series may evidently be expressed in two parts: 
1 ee Laie ae 
GEV Seat Wieits nm n+l’ 


so that the sum will be 


Leek Ee | Les. 1 1 
(G-2)* (G55) + (5-4) ae 
in which the second part of each term, except the last, is cancelled 
by the first part of the next succeeding term. 
1 . 
n+1 
As n increases without limit, this sum approaches 1 as a limit. 





Hence, the sum is 1 — 


(2) Find the sum of the series . 
Bir i By aE. 
3 XD AX Gl bao? n(n + 2) 


Each term may be written, 











De rep AY eee , L(t ey 
2\3..6 2\4 6 2\n n+2 
1/1 ees bee eek 1%e. linea 
Sam = =('= +2 +54 —-%.... 2S ees 
re eaera: ena 
iii 4) ae 
npn ntl nt2/ 2\3° 40 nee 
7 1 1 


ed 
Hence, the sum is 24°~«( (n +1) 2(n+2) 


As n increases without limit, this sum approaches 34 as a limit. 
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Exercise 128. 


Sum to ” terms, and to infinity, the following series: 





i ee oe 

Med D505. 85¢ 6 
oe ea 
ese 2k 4x6 8x5 KT 
moredoe G 4x 6x8 6x 8x10 

4 Die ea aly Oriel Atel LU eer 
eee 8A BSC 455 U4 KD 6 

Lai 1 1 1 eaeee 


PeOx8 (2X8 x4 x45 


446, Reversion of a Series. Given 
y = ax + ba? 4+ cx? + dat +. 
where the series is convergent, to find x in terms of y. 
Assume 2#= Ay+ By’+ Cy + Dy* +o 
In this series for y put aw + ba? + ca’ + dx* +... > then 





a=aAxr+6A |2’?+cA Brrlecigne 
+a°B + 2abB 
+ aC 





Comparing coefficients (§ 330), 
aA=1; bA+¢B=0; cA+20684+0C=0. 


Was jaf ganna Oa 20 a0 
a a a 


, ete. 
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(1) Given y=u4+7?42°4- ; find x in terms of y. 


Here, a=1, b=1, c=1, d=1., ..... 
A=1, B==—1, C=l D=— re 
Hence, e=y—yrtyp—y" + vue 
ae ae eae 
2) Revert y=a2——-+ ———+. 
(2) y epee cry 
Here, a=1, bD=—i, c=}, d=—H., ,.... 
1 1 1 
A=1 B= C=—, D=—> pane 
| [2 [3 |4 
2 3 4 
H + Un a a eee 
ence, x apes 


‘Exercise 129. 
Revert : 
1. y=u—22'°+4+ 82° —4a* +. 


ag! 


oo 
Oey Sai ee 
YS Se ailpiaieig t 











2 
Sa He 
Y= 2 Ea ro lo ap age 


' ' ‘e i! at. xz 
447, R Series. F th a 
ecurring peries rom e expression aor 


we obtain by actual division the infinite series 
1+32+ 72? +1725 + 41 2* + 992% + ..... 


In this series any required term after the second is found 
by multiplying the term before the required term by 22, 
the term before that by z, and adding the products. 
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Thus, take the fifth term: 
4) at = 22 (17 2°) + 27 (7 2"). 
In general, if wu, represent the nth term, 


Un = 2LUn—1 Ae "Una 


A series in which a relation of this character exists is 
called a recurring series. Recurring series are of the first, 
second, third, .....order, according as each term is dependent 
upon one, two, three, ..... preceding terms. 

A recurring series of the first order is evidently an ordi- 
nary geometrical series. 

In an arithmetical, or geometrical, series any required 
term can be found when the term immediately preceding 
is given. In a series of differences, or a recurring series, 
several preceding terms must be givenif any required term 
is to be found. 

The relation which exists between the successive terms 
is called the identical relation of the series; the coefficients 
of this relation, when all the terms are transposed to the 
left member, is called the scale of relation of the series. 


Thus, in the series 
1+ 3a 4+ 7a? +1725 + 41 24 + 9905 + «0. 


the’identical relation is 
Un = 2tUn—1 + 2L?Un-2; 
and the scale of relation is 


L— 22 — 27; 


448, If the identical relation of the series is given, any 
required term can be found when a sufficient number of 
preceding terms are given. 

Conversely, the identical relation can be found when a 
sufficient number of terms are given. 
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(1) Find the identical relation of the recurring series 
1+ 42+ 1427+ 4927+ 171 2* + 597 2 + 20842° + ----- 
Try first a relation of the second order. 

Assume Un = PLUn—1 + Yx*Un—s. 


Putting n = 3, and, then, n=4, 


14=4p +4, 
49=14n+4q; 
whence, p=%4, g=0. 


This gives a relation which does not hold true for the fifth and 
following terms. 
Try next a relation of the third order. 
Assume | Un = PLUn—1 + YL7Un—2 + T°Un—s. 
Putting n=4, then n=5, then n=6. 
49= l4p+ 4q+ 7, 
l7l= 499+14q+ 4r, 
597 = 171p +49q +147; 
whence, p=3, ¢=2,.r=—1. 
This gives the relation 
Un = 3 2tig-1 + 227tn—2 — 22tta_s 
which is found to hold true for the seventh term. 
The scale of relation is 1— 3a — 2a? + 2°. 


(2) Find the eighth term of the above series. 


Here, Ug = 3 LU, + 2a%uU, — aus 
= 3 1 (2084 26) + 2 a? (597 2) — 23(171 24) . 
= 72700". 


449, Sum of an Infinite Series. By the swm of an infinite 
convergent numericaé series is meant the limit which the 
sum of n terms of the series approaches as 7 is indefinitely 
increased; a divergent numerical series has no true sum. 

By the sum of an infinite series of which the successive 
terms involve one or more variables is meant the generating 
function of the series, that is, the expression of which the 
series 1s the expansion. 
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The generating function is a true sum when, and only 
when, the series is convergent. 

The process of finding the generating function is called 
summation of the series. 


450. Sum of a Recurring Series. The sum of a recurring 
series can be found by a method analogous to that by which 
the sum of a geometrical series is found (§ 3814). 


Take, for example, a recurring series of the second order 
in which the identical relation is 


Uy, = PUx 1 + QUy_2 
or Ux — Puy-1 Poe VWUz-2 — 0. 


Let s represent the sum of the series; then 


S=Mm tt Ugt Uso ia Ee 
re ps == — pu, rel Ce tte — PUn—2 — PUn-1 — PUn, 
— 9s= Uy ns — Una Un — Jun: 


Now, by the identical relation, 
Us—PUs— Gu, = 0, Up —PUg— Uy a= ()i- aos Un—PUn_1—WUn_2= 9. 
Therefore, adding the above series, 
ht (le prt) Pn + Y (Un + Un) 
Ly tee = eared | 


Observe that the denominator is the scale of relation. 


s 








If the series is infinite and convergent, uv, and uw, 1 each 
approaches O as a limit, and s approaches as a limit the 
Uy + (tH, = pt) 

l—p-q 

If the series is infinite, whether convergent or not, this 
fraction is the generating function of the series. 


fraction 
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For a recurring series of the third order of which the 
identical relation is 
Uy, = PUpa~r + YUp_-2 + 1Up~3; 
10 Uy + (Uz — pu) oe (23 — Pu, — qu) 
l—p = 9% 
Pile Yn + Una) eT Une 
l—p—q-r 


Similarly for any recurring series. 





we find 8 


(1) Find the generating function of the infinite recurring 
series 


1+4a2+ 132?4+ 432’ + 1424 +... 
By 2 448 the identical relation is found to be 


Uy 3 LUZ + 27UZ_2. 


Hence, s=lt4n4 13a? + 4308 + 14204 + cent 
—38es= —3e—1227 — 395° —129 74 re 
— 2s= — #— 4e¢3— 132at—.... 
Adding, (l—3e2—2’)s=1+a2, 
oe 
1—32¢—2? 


(2) Find the generating function and the general term 
of the infinite recurring series 


1— Ta—2— 482° — 49 xt — 3807 a? — + 
Here | Up = LUp—-1 + 6 wug_e. 
s=1—T7a— 2? — 4323 — 49 at —..... 
— = — 24+ 72°+ 2° +43 0*%eee 
— 62?s = — 697 + 422° + Gat toe 
1—8z2 1— 82 


l—a—62? (1 +22\(1—3a) 
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By @ 331 we find 
1—8¢2 2 1 


= 


1 
1+2z2 
1 





= 1— 2a + 22a? — 245 +... + 2r(— 1)rat + ores, 


=1+4 32 + 372? + 3%23 + ..... SP APA seses 





1-32 
Hence the general term of the given series is 
[27+1(— 1)" — 37] a". 
(3) Find the identical relation in the series 
1? +. 2? + 8? + 4? +4 5? + 6? 4 7? 4 eevee 

The identical relation is found from the equations 
16= 9p+ 4q¢+ 17, 
25=16p+ 9q+4r, 
36 = 25p + 16q + 9r, 

to be Uy 3Up_1 — 3 Up_2 + Uns. 


Exercise 130. 


Find the identical relation and generating function of: 
1 14+2¢74 72? + 282° + 7T62* +... 

2. 842048274 72° +182t+.-. 

Find the generating function and general term of: 
24824 52? + 92° + 17 at + 88.27 4 ove 

7 — 6a + 9a? + 27 2° 4+ 54 7*+ 189 7° +L -oore 

14+ 52+ 92? + 182° + 172% + 212° 4 
1+2—72'° + 332+ — 1802° + 499 2 + wee 

3+ 6274+ 142? 4+ 862° + 982" + 276 2? + oro 


Sanne Saat cae eo 


Find the sum of ” terms of : 
8. 2+5+10+17+4 264+37+50+4-:: 
9. 13+ 29+ 39+ 4° + 5 + owe 
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EXPONENTIAL AND LOGARITHMIC SERIES. 


451. Exponential Series. By the binomial theorem 


naz (naz — 1) ., tk 


1 NCA eee 
n n EX nv 


na (nx — 1)(ne— 2) 7 Le 
ar LxX3x8 on 


#075) Ea 
“| 2—— xl x—=-\\x—= 
=14 2.4 30) 


3 i ed mi (1) 





This equation is true for all real values of x, but is only 


true for values of m numerically greater than 1, since z 
n 
must be numerically less than 1 (§ 488). 


As (1) is true for all values of 2, it is true when x= 1. 


a : 2 
But (1 - a (1 if =) 

n n 
Hence from (1) and (2), 


Aerecncc cs) 


n 
ee pEryT B 
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This last equation is true for all values of » numerically 
greater than 1. Take the limits of the two members as n 
‘nereases without.limit. Then (§ 427) 


ete tis t ma Vaated tp ee , @) 


and this is true for all values of x. It is easily seen by 
§ 436 that the second series is convergent for all values of x; 
the first series was proved convergent in § 435. 

The sum of the infinite series in parenthesis is called the 
base of the natural system of logarithms, and is generally 
represented by e; hence, by (3), 


g=lf+et2 te 4... A 


To calculate the value of e we proceed as follows: 


1.000000 


1.000000 
0.500000 
0.166667 
0.041667 
0.008333 
0.001388 
0.000198 
0.000025 
0.000003 


Adding, e = 2.71828+ 

















co CO ~T OD OTP W LO 


452, In A put cx in place of x; then 


Diane 3.3 
a ae ear aae aes 


Put e& =a; then c=log,a, and e* =a’. 


wed x (log,a)? , x*(log.a)* 
cafe: meet 5, ig) Ws EP B 
The series in B is known as the exponential series; B re- 
duces to A when we put e for a. 
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453, Logarithmic Series. In A put @=1-+y; then 
“=log,(1+ y), and by A, 


ay ee ae amie 


Revert the series (§ 446), and we obtain 
yy 


te ar 3 a eecee 
But x =log,(1 + y). 
2 3 4 
act log. t+y)=y—-5+5-GH tet 0 
Similarly from B, 
ape yee 
logs +9) =e g(y-5+4 at oy : D 


The series in D is known as the logarithmic series; D re- 
duces to 0 when we put e¢ for a. 

In 0 and D y must be between — 1 and + 1, or be equal 
ta+1, in order to have the series convergent (§ 439, Ex. 1). 


454, Modulus. Comparing 0 and D we obtain 








loga(1 ry) = isan loge (1 +y); 
or, putting WV for 1+ y, 
log, V = i 7 ob. WV. 


Hence, to change logarithms from the base e to the base 
a, multiply by ae =log,e; and conversely, 


The number by which natural logarithms must be multi- 
plied to obtain logarithms to the base a is called the modu- 
lus of the system of logarithms of which a is the base. 

Thus, the modulus of the common system is logye. 


EXPONENTIAL AND LOGARITHMIC SERIES. 437 


455, Calculation of Logarithms. Since the series in 0 and 
D are not convergent when z is numerically greater than 1, 
they are not adapted to the calculation of logarithms in 
general. We obtain a convenient series as follows: 

The equation 


4 


log.(l+y)=y—S+9—G4-~ (1) 


holds true for all values of y numerically less than 1; 
therefore, if it holds true for any particular value of y, it 
will hold true when we put — y for y; this gives 


2 3 4 
ea Io ee gC) 


Subtracting (2) from (1), since 


i! 
loge(1 +) — log.(1— 9) = log. (7 4), 








y 
1l+y ms y° of 
we find log.( 74) = 2y See raps eee } 
a l+y_z+1 
Put y Sel! en aa a 


and _log, () = log.(z + 1) — log,z 


= I I Rll ee 
2 Sere Reypeare Be OER. pst }: : 


This series is convergent for all positive values of z. 
Logarithms to any base a can be calculated by the corre- 
sponding series obtained from D; viz.: 


log, (z+ 1) — log,z 
a (ES Oy 
= eee 3(22-+ 1) BGz+1)* } ji 
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(1) Calculate to six places of decimals log, 2, log, 3, log, 10, 
logie. 











In E put z=1; then 2z2+1=3, log.z=0, 
2 2 bag 2 
d ] 2== eoece 
an OLe 3 B58! BsCgh uy aeeree 


The work may be arranged as follows: 


3 | 2.0000000 
0.6666667 + 1 = 0.6666667 
0.0740741 + 3 = 0.0246914 
0,0082305 + 5 = 0.0016461 
0.0009145 + 7 = 0.0001306 
00001016 + 9 = 0,0000113 
0,0000113 + 11 = 0.0000010 
0,0000013 + 13 = 0.0000001 


log.2 = 0.693147+ 













ooo OO CO 








2 
Bas et , 2 
log, 8=lop2 +54 sa tet 
= 1,0986123. 
loge 9 = log. (3) = 2log.3 = 2.1972246. 
2 2 2 
log.10 = log.9 + — — eee 
CBee be! 9 382 108 Boe 
= 21972246 + 0.1053606 
= 2.302585, 
1 
lopmere = 0.434294, 
°B10¢ log. 10 


Hence, the modulus of the common system is 0.434294. 
To ten places of decimals : 

log, 10 = 2.3025850928, 

logwe = 0.4342944819. 


For calculating common logarithms we use the series in F. 
logy (2 + 1) — logioz 


= plo, Eee 
= 0,8685880638( +" +55 * Ree ) 
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(2) Calculate to five places of decimals logy) 11. 
Put z=10; then 22+1=21, logz=1. 








1 1 1 
Peete 0.805588 (pe. 
ee i (Gy? aie ) 


21 | 0.868588 
441 | 0.041361.+ 1 = 0.041361 
94+3= 31 


0.041392 
1 


logy 11 = 1.04139 





In calculating logarithms, the accuracy of the work may be tested 
every time we come to a composite number by adding together the 
logarithms of the several factors (¢ 347). In fact the logarithms of 
composite numbers may be found by addition, and then only the 
logarithms of prime numbers need be found by the series. 


456, Limit of (1 +3) By the binomial theorem, 


ett at ta XS 
nN | n xe 


2 


n 
(DE IO RY OE a ae 
ar 1x2x3 a 
it O-B- 
SE ga ee CA Seeam 


This equation is true for all values of m greater than x 
(§ 438). Take the limit as m increases without limit, x 
remaining finite; then 


n 


m infinite 


limit ie Se 
2)! 451 
(1 +5) § 
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Exercise 131. 


Determine whether the following infinite series are con- 
vergent or divergent: 


Serb ak 2°. 8 oa ae 
2 hes i aad Tas, qed me pe 3. — —_— —_—_ —— ot ee 
Totat gt platatat 
Lee ease | 1S Oe 
0 el ee eles 4, —4 S22) 22 353 eee 
ic ia ara i= om) om Uae 
5. Show that the infinite series 
1 1 1 1 





: : —— — ——_ + atane 
Lr Bes DEES OF ee 


is convergent, and find its sum. 


6. Find the limit which V1-+ nz approaches as 7 ap- 
proaches 0 as a limit. 
1 Li EZ 
7%. Prove that ==2/-—-b— 4 Se 
ove ts Ste ae 
8. Calculate to four places, log, 4, log, 5, log, 6, log, 7. 


9. Find to four places the moduli of the systems of which 
the bases are: 2, 3, 4, 5, 6, 7. 


10. Show that 


8 5 7 9 
] _ =O a fe eee eeeee 
oBe( = Tx2x3 3x4xb) BKOxT 


11. Show that | 
BN<9 3 
bene tee ae *) ak AC. Aaa 
a a 





ZA a 3 
12. Show that, if x is positive, 


bela) e Ea lh) 1\ 
one 3(2 ees G oy log, (2+2+5) 


ishiShew tat Ale Se adie 
- ow Phan Vals gal aa e; 


CHAPTER XXXV. 
GENERAL PROPERTIES OF EQUATIONS. 


457. Functions. Any expression involving 2 is called a 
function of z. If x is involved only in powers and roots, 
the expression is an algebraic function of x. A rational 
algebraic function involves x only in powers, not in roots. 
A rational algebraic function of x is integral if it involves 
only positive integral powers of z. 


2 2 3 
Thus, 327, Vz? —1, ax® + 8, fasta (aa? + bx + 6)? a*, log (a) 
 SYa—@ dx +e. 
eal 2 toe +5 
+1 227 +3 


, are fractional rational functions of x. 3a7+42—1, 


are functions of z, the first five being algebraic. 





ax? + ba? + cr +d 
pe + qe +r 
ax + bx +c, cx*—d, are integral rational functions of a. 


458, Hereafter only integral rational functions, called 
quantics, will be considered unless it is otherwise expressly 
stated. The degree of such a function is the same as the 
exponent of the highest power of zw involved. 

For brevity a function of x is often represented by f(z), 
F(x), $(z), or by some similar notation. The value of the 
function f(z) when we put a for x is represented by f(a). 


Thus, if f(a) = 20° —32?-—44 +45, 
f(2) = 2(2' 32 —4(2) 45 = 1. 


459, Equations, An equation which involves only inte- 
gral rational functions of x is called a rational integral 


449 ALGEBRA. 


equation. Every such equation can be reduced, by trans- 
posing all the terms to the first member, to the general form 


Gye” dy E+ Age" Fo ones + a, =, 
or briefly, f(z) =0. 

The degree of the equation is the same as that of the 
function f(x). An equation of the first degree is called a 
linear equation. Those of higher degrees are called in 
order quadratic, cubic, biquadratic, quintic, etc. 

The roots of an equation are those values of x for which 
the function f(a) vanishes. 


460. Fundamental Theorems, Theorem I. Jf the function 
f(x) 7s divisible by x—h, then h is a root of the equation 
f(x)=0. For, if $(zx) is the quotient obtained by divid- 
ing f(x) by « —h, we have 

f() =(x— h) $(2), 
and the equation f(z) =0 may be written 
(2 — h) (2) =0. 


But / is obviously a root of this equation. 


461. Theorem II. Conversely, of his a root of the equation 
f(x) = 0, then f(x) ws divisible by x —h. 
For example, consider the equation 
FS (@) = ax + 62? + cx +d=0. 
Now, since / is a root of the equation f(x) = 0, we have 
0=ah’'+ b+ ch+d. 
Subtracting, 
F(a) = a(a* — hh) + 6 (a? — h®) + c(x— A. 
But every term of the second number is divisible by 


x—h, and consequently f(a) is also divisible by x—h. 
Similarly for any other equation. 
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462. Synthetic Division. Let the function 
22 —32* — 52° +27 — 3382 —7 
be divided by 2 — 3. 


The work is as follows: 


eer Og = 337 Tie — 8 








225 — Gat | Qat+ 303440? 4 13246 
3.24 — 525 
3 at — 928 
4e3>+ 2 
4a? — 12a? 
13.27 — 33.2 
13 2? — 39x 
Cae 
62—18 
11 


The work may be abridged by omitting the powers of x, and writ- 
ing only the coefficients. We then have 


oy EAS Se oem A eae 








—o. A GO ORR 
45 
oS 
4+ 1 
Ace1D 
13 — 33 
Loong 
6— 7 
6—18 
11 


But the operation may be still further abridged. As the first term 
of the divisor is unity, the first term of each remainder is the next 
term of the quotient. Again, we need not bring down the several 
terms of the dividend. Finally, we need not write the. first terms 
of the partial products. 
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The operation is then as follows: 


2—3-—54+1-—33—7|1-—3 
—6 


=| 


—12 


13 
— 39 


6 
— 18 


—_—— 


11 


Omitting the first term of the divisor as superfluous, changing — 3 
to + 3, and adding instead of subtracting, we have, on raising the 
terms and bringing down the first coefficient, 

2—3-5+ 1—33— 7[8 
6+9+12+4+39+18 


24+34+4413+4+ 6411 





The last term below the line gives us the remainder, the preceding 
terms the coefficients of the quotient. In this particular problem the 
quotient is 2a* + 3a3+4a?4 132+ 6, and the remainder is 11. 


This method is called the method of Synthetic Division, 
For the application of this method to the division of any 
quantic by x — h we have the following rule: 


Write the coefficients a, b, ¢, e/c., in a horizontal line. 

Bring down the first coefficient a. 

Multiply a by h, and add the product to b. 

Multiply the sum so obtained by h, and add the product 
to ¢. 

Continuing this process, the last sum will be the remainder, 
and the preceding sums the coefficients of the quotient. 


Remark. If there are any powers of « missing, their places are to 
be supplied by zero coefficients. 
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463, Value of a Quantic. By the principles of division it 
is evident that the operation of dividing a given quantic 
F(a) by 2—A can be carried on until the remainder does 
not involve z. Represent the quotient by (2), and the 
remainder by R. Then we have 


fle) = (w— h) $(2) + B. 
Putting A for z, 
f(r) =0+ B. 


Ffence the value which a quantic £(x) assumes when we 
put h for x is equal to the last remainder obtained in the 
operation of diwiding f(x) by x—h. 


Exercise 132. 


Find the quotient and remainder obtained by dividing 
each of the following expressions by the divisor opposite it. 


1. 2+527—Txe—3 x— 2. 
2. 2° — Ta’? + 5e?—102+12 x— 8. 
8. Qa*+ 382° — 62° — 4a — 24 x — 2. 
4. 2° —32°+2277—5 x —A. 
5. 382*—62°+ T7Tx—10 x+ 83. 
6. v+3e7+e¢+4+4 DA ea 


Are the following numbers roots of the equations oppo- 
site them ? 


(eee e— 32-4744 = 0, 

8. (—'3) vw — 32° -+ Ta? —9x-+ 84=—0. 
Goer) e+6at+ 72° 4+ 927 -—5=—0. 
10. (0.2) 2 — 2.227 + 3.42—0.6=0. 
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Find the values of the following expressions when for 2 
we put the number opposite the expression. 
11. 22° -+4+82°452—10 (2). 
12.. 32° — 5a*+ 2a? + 38x4—15 (8). 
13. at —4a°4+ 7a’? + 9a+4+12 (— 8). 


464, Number of Roots. We shall assume that every 
rational integral equation has at least.one root. The proof 
of this truth is beyond the scope of the present chapter.* 


Let f(x) =0 be a rational integral equation of the nth 
degree. This equation has, by assumption, at least one 
root. Let a, be a root. 


Then, by § 460, f(x) =(x#— 4) f(z), 
where f,(x) is a quantic of degree n — 1. 


The equation fA(#)=0O must, by assumption, have a 
root. Let a, be a root. 


Then, by § 460, fi(x) = (a —a,) f,(2), 
where /, (x) 1s a quantic of degree n — 2. 

Continuing this process, we see that at each step the 
degree of the quotient is diminished by one. Hence, we can 
find n factors #—o,, —a,.....%—a,. The last quotient 
will not involve z, and is readily seen to be a, the coefhi- 
cient of 2” in f(x). 

Now, —f(«) =(«—a) f,(2) 

= (% — a,)(% — ag) fax 


= aa (2 Skis a,)(e— a) i (x a Oty); 





* See Burnside and Panton, Theory of Equations, 2d ed., ‘Art. 195; 
Briot et Bouquet, Fonctions Elliptiques, Art. 23. 
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so that the equation f(2) = 0 may be written 
(4% — a,)(% — a.) ..... (@ —a,) = 0, 
which is evidently satisfied if x has any one of the m val- 
UES Gy, Oy ..... An. 
It follows, then, that if every rational integral equation 
has one root, an equation of the nth degree has n roots. 


465, Multiple Roots. The roots of an equation of the 
nth degree are not necessarily all different. 

Thus the equation «*° — 42? — 32+ 18=0 may be writ- 
ten (7+ 2)(@ — 3)(@— 3) =O, and its roots are therefore 
— 2, 3, 3. 

The root 3 and the corresponding factor #—8 occur 
twice; hence 3 is said to be a double root. A root which 
occurs three times is called a triple root; four times a 
quadruple root; and so on. Any root which occurs more 
than once is called a multiple root. 


466. Solutions by Trial. When all the roots of an equa- 
tion but two can be found by trial, the equation can be 
readily solved by the process of § 464. The work can be 
much abbreviated by employing the method of synthetic 
division (§ 462). 

Solve the equation 

eg —2—92?+1lz+6=0. 

Try +l and—1. Substituting these values for a, we have 

Hee te 1011 ee 

14+1-—9-11+4+6=0. 
Both these equations are false, so that neither + 1 nor — 1 is a root. 
Try 2. Dividing by x — 2, 

1—1-—9411+6[2 

+2+2-—14-—6 
ge ye 
we see that 2is a root. The quotient is #3 + 2? —7x—3, 
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In this quotient try 2 again. Dividing by # — 2, 


1+1—7—3[2 
+2+6-—2 
Le 3ee = 


we see that 2 is not again a root. 


Try —2. Dividing by a + 2, 
1+1—7— 3[-2 
—2+4+2+410 


[seeds Behe? 
we see that — 2 is not a root. 


Try —3. Dividing by «+3, 


14+1—7-—3[-3 
—34+643 
1 1 ee 


we see that —3 isaroot. The quotient is 2?—2x—1. 
Hence the given equation may be written 
(w — 2)(@ + 3)(a? — 2a—1)=0. 


Therefore one of these three factors must vanish. 

If s—2=0, «=2; if2+3=0, z=—3: if 2 —22—L=0 we 
find on solving this quadratic that a=1+V2, or a=1— v2. 
Hence the four roots of the given equation are 


2 ahs 1G Leta cee Lee) 


Exercise 133. 
Solve the equations : 
1 2&—382+2=0. 
. @to2’?—l6r2+20=0. 
v—82?+ 2Qle—18=0. 
e—2—8et12=0. 
v+sa2°—4=0, 


Cte ee 
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6. af + 22° — lla’?— 122+ 36=0. 

7. af—2— 1027+ 427+ 24=—0. 

8. 2 —42° — 1827+ 108z— 185=—0. 

9. 2 —402?+ 1602? — 2402+ 128=0. 

10. 2 —42*+ 132° — 5227+ 862 —144=—0. 
11. 24+ 22°— 52? 122—4=0. 


467. Roots Given. When all the roots of an equation are 
given, the equation can at once be written. 
Write the equation of which the roots are 1, 2, 4, —5. 
The equation is (« — 1)(a — 2)(x — 4)(a + 5) =0, 
or at — 24° — 21a? + 62% —-40=0. 


468, Relations between the Roots and the Ooefficients. The 
quadratic equation of which the roots are a and B 1s (§ 269) 
(—a)(x— 8) =0; 
or, multiplying out, 
x’ —(a+ B)x+a8B=0. 
The cubic equation of which the roots are a, 8, y is 
(7—a)(e— B)x—y)=0; 
or, a—(at+fh+y)2’+ (@B+ay + By) x —aBy =0. 
The biquadratic equation of which the roots are a, £, y, 
dis 
(2 —a)(z — B)(x — y)(w— 8) =0; 
or, 
a— (a+ B+ y+ 8)a*+ (a8 + ay +08 + By + 88+ 8) x 
— (aBy + aBd + ayd + Byd) 2 + aByd = 0. 


And so on. 
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Take any equation in which the highest power of a has 
the coefficient unity. From the above we have the follow- 
ing relations between the roots and the coefficients : 


The coefficient of the second term, with its sign changed, 
is equal to the sum of the roots. 

The coefficient of the third term is equal to the sum of 
all the products that can be formed by taking the roots 
two at a time. 

The coefficient of the fowrth term, with its sign changed, 
is equal to the sum of all the products that can be formed 
by taking the roots three at a time. 

The coefficient of the fifth term is equal to the sum of 
all the products that can be formed by taking the roots 
four at a time; and so on. 


If the number of roots is even, the last term is equal to 
the product of all the roots. If the number of roots is 
odd, the last term, with its sgn changed, is equal to the 
product of all the roots. 

Observe that the sign of the coefficient 1s changed when 
an odd number of roots are taken to form a product; that 
the sign is unchanged when an even number of roots are 
taken to form a product. 


469, Imaginary Roots. If an imaginary number is a root 
of an equation with real coefficients, the conjugate imagi- 
nary (§ 237) is also a root. 

Let a+ Bi, where i= V—1, be a root of the equation 


Apt” oe Con Se On, = OQ, 


the coefficients being real. 

Put a-+ #2 for x in the left member of the equation, and 
expand the powers of a+ £2 by the binomial theorem. All 
the terms which do not contain 2, and all the terms which 
contain even powers of 2, will be real; all the terms which 
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contain odd powers of 7 will be imaginary. Representing 

the real part of the result by P, and the imaginary part 

of the result by @Q, we have (§ 459), since a+ 2 is a root, 
P+ Q=0, 

and therefore P= 0 and Q@ = 0 (§ 240). 

Now put a — # for x in the given equation. The result 
may be obtained from the former result by changing 2 to 
—2z. The even powers of 2 will be unchanged while the 
odd powers will have their signs changed. The real part 
will therefore be unchanged, and the imaginary part 
changed only in sign. The result is 

P— Q, 
which vanishes, since by the preceding P= 0 and Q= 0. 

Therefore a —- £2 is a root of the given equation (§ 459). 

This theorem is generally stated as follows: Jmaginary 
roots enter equations in pairs. 

It follows from this theorem that an equation of odd 
degree has always at least one real root. Thus an equa- 
tion of the third degree must have three real roots or one 
real root and two imaginary roots. 


Exercise 134. 


Form the equation of which the roots are 


Le Pees i eg baa serene bP Be oO Grek 
2h eg Lad Ae, org. 6. 6, 2, 34. 
Teorey oo V2, — 6. Sarno he 4, 

Seebti 3, 1-8, 4. TOR reo 
ieee ete 


Peete N/ 2) /38 4-1, — 38. 1, 
Paw 4/1 1 2 — 1, 
14. 1, —2, 3, —4, 5. 15. 4,4,4, 2, 3. 
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GRAPHICAL REPRESENTATION OF FUNCTIONS. 


The investigation of the changes in the value of f(#) cor- 
responding to changes in the value of w is much facilitated 
by using the system of graphical representation explained 
in the following sections. 


470. Co-ordinates. Let XY'X and Y'Y be two perpen- 
dicular straight lines drawn in a plane, intersecting at O. 


The lines Y'Y and Y'Y 


¥ are called axes of reference ; 
the point O is called the 
origin. 


Distances measured from 
O along X'X, as OA, OC, 
OF, and OG, are called 
abscissas; distances meas- 
ured from, A)XY a paraliel 
to Y'Y, as ABP Cpe 
and G7, and called ordinates. 

Abscissas are considered positive if measured to the 
right; negative, if measured to the left. Ordinates are 
considered positive if measured upwards; negative, if meas- 
ured downwards. 





Thus, OA, OC, CD, and EF are positive; OH, OG, AB, and GH 
are negative. 


An abscissa is generally represented by x; an ordinate 
is generally represented by y. 

The abscissa and ordinate of any point are called the 
co-ordinates of that point. Thus the co-ordinates of B are 
OA and AB. 


The co-ordinates of a point are written thus: (2, y). 
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Thus, (7, 4) is the point of which the abscissa is 7 and the ordi- 
nate 4. 


The axis X'Y is called the axis of abscissas, or the axis 
of x; the axis Y'Y, the axis of ordinates, or the axis of y. 


471. It is evident that if a point J is given, its co-ordi- 
nates referred to given axes may be found by drawing the 
ordinate and measuring the distances OA and AB. 

Conversely, if the co-ordinates of a point are given, the 
point may be readily constructed. 

Thus, to construct the point (7, — 4), a convenient length is taken 
as a unit of length. A distance of 7 units is laid off on OX to the 


right from O to A. At A a perpendicular to X/X is drawn down- 
wards, of length 4 units, to B. Then B is the required point. 


Construct the points (8, 2); (5, 4); (6, —3); (— 4, —3); 


472. Graph of a Function. Let f(a) be any function of z, 
where x is a variable. Put y=/(x); then y is a new 
variable connected with x by the relation y=/f(z). If 
f(x) is a rational integral function of 2, it is evident that 
to every value of x corresponds one, and only one, value 
of ¥. 

If different values of x be laid off as abscissas, and the 
corresponding values of f(x) as ordinates, the points thus 
obtained will all he on a line; this line will generally be 
a curved line, or, as it is briefly called, a curve. This curve 
is called the graph of the function f(z) ; it 1s also called the 
locus of the equation y = f(z). 

We proceed to construct the graphs of several functions. 

Remark. In constructing, or plotting, as it is called, the graph of 
a function, the student will find it convenient to use the paper called 
plotting, or co-ordinate, paper. This is ruled in small squares, and 
therefore saves much labor. 
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(1) Construct the graph of 3 — 2x. 
Put y=3—2a. The following table is readily computed: 


If e=1, y= 1. If s=—1, y= 6. 
* g=2, y=—-1. “ g@=—2, y= 7. 
) C= 5, = 5; “ g=—3 y= 9, 
ey =a 4 ey ee, ges — 2 yee LT 
‘20, y = — 7, “ g=—5, y=l1s. 


Constructing the above points, it appears that the rept of the _ 
function 3— 2a is the straight line IZN. 





In general, when the equation y=/(x) contains only the first 
powers of x and y, the graph will be a straight line., 
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(2) Plot the graph of $2? —4. 
Putting y= 42? —4, we readily compute the following table: 


ie. 0, = — 4, ¥. 
. g=+1, y =—3.5. 

eS Dp am eke 2, y=— 

- t= 3, y=+0.5 

* n= +A, y=+4 

“ee £5, y = + 8.5. 

“ o= + 6, y=+14. 


Plotting these points, we obtain 
the curve here given. 


Be 
(3) Plot the graph of 


xv —ata—B5. 





Putting y = a — 2? + «—5, we 
compute the following table: 


If a is y is 
0.5, — 4.625. 
1.0, — 4,000. 
LS, —- 2.375. 
2.0, + 1.000. 
2.5, + 6.875. 
0.0, — 5.000. 

— 0.5, — 5.875. 
— 1.5, — 12.125. 


Interpolation shows that if 
y=0, =1.88+. Does the result 
agree with the figure? 





473, Consider any rational integral function of 2, for 
example, 2 -+ 2 — §8. 


Put y= 02 +9 — 88, 
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Assuming values of z, we compute the corresponding 
values of y, and construct the graph. Now, any value of 
x which makes y= 0 satisfies the equation 2’-+ x — §8 = 0, 
and is a root of that equation; hence, any abscissa whose 
corresponding ordinate is zero represents a root of this equa- 
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tion. The roots may be found, 
approximately, by measuring 
the abscissas of the points where 
the graph meets AX’, for at 
these points y = 0. 

From the given equation the fol- 
lowing table may be formed : 


If 20/18) ar ayers Ifvis yis 


0, —15.75. —1, —15.75. 
1, —13.75. —2, —13.75. 
2, — 9.75. —3, — 9.75. 
3, — 3.75. —4, — 3.75. 
4, + 4.25. —5, + 4.25. 


The table shows that one root is 
between 3 and 4 (since y changes 
from — to +, and therefore passes 
through zero); and, for a like rea- 
son, the other is between —4 and 
2°61 


474, An equation of any de- 
gree may be thus plotted, and 
the graph will be found to cross 
the axis X'XY as many times as 
there are rea/ roots in the equa- 
tion. 

When an equation has no 


real root, the graph does not meet XY. 


In the equation «7? —62+13=0, both of whose roots are imagi- 
nary, the graph, at its nearest approach, is 4 units distant from X7X. 
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If an equation has a dou- Y 
ble root, its graph touches 
A'X, but does not intersect 


i 
\ 
‘ 
4 
\ 
4 
at: ‘ 


ie cae 


‘ 
4 
The equation 2#?+47%+4=0 \ 
has the roots —2 and —2 and ‘ i 
the graph is as shown in the \ / 
figure. \ A 
NCI a a iN SM at EM 9G 


| y 
Exercise 135. 


Construct the graphs of the following functions: 
1. 2?+382—10. 38. 2*—2027?+ 64. 5. 2*—52?+-4. 
2.2@—2¢7411. 4. 2°7—474+10. 6. #—42?+2-1. 


DERIVATIVES. 


475. Increments. If f(x) is any function of wz, then, if 
x is a variable, f(x) will also be a variable. If we assign 
to x any particular value a, f(x) will take the particular 
value f(a). If we increase x toa+h, f(x) will take the 
new value f(a+h). The increase, f(a +h) —f(a), in the 
value of f(x), is called the increment of f(x) between z=a 
and z=a-+h. In general the increase, f(x-+ h) — f(x), in 
the value of f(z) between any initial value, 2, of the varia- 
ble and a final value x + A is called the increment of f(x) 
between these two values of x. 

Thus, if f(z) =2°, the increment of f(x) from r=2 to x=3 is 
3° — 2? = 27 -8 = 19. This increment is not equally distributed over 
the interval from x= 2to2=3. Thus, if we divide the interval into 
three equal parts «= 2 tox=24, x= 24 to w= 24, a = 22 to a =3, 
the increments of x for these parts are 

(23)? — 2? = 4777, (23) — (23)° = 382, and 3° — (23)? = 4y7. 

In general, for equal increments of x, the increments of f(x) will be 

unequal; that is, as x varies, /(v) changes its values at a varying rate. 
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476. Derivatives. The ratio, Are atte) of ais in- 


crement of f(2) to the corresponding increment of zx is the 
average rate of change of f(x) in the interval from x tox+h. 
The “mit of this ratio, as A approaches 0, is called the 
derivative of f(z). The derivative of f(x) with respect to x 
is in general a new function of x and is denoted by D, f(z) 
or by f'(2). | 
We have then 


{iQ Di @ eee fa +4) al 


Note. h=0 is read “as h approaches 0.” 


The rule for finding the derivative of a function is there- 
fore as follows: 


In the gwen function change x tox +h, 

From the new value of the function subtract the old, and 
divide the remainder by h. 

Take the limit of the quotient as h approaches zero as a 
lamat. 


The derivative of a constant is 0, since the increment of 
a constant will always be 0. 


A utats OB | Cash 


The function is bo 
Change x tox+Ah, (a+ hy. 
From the new value subtract the old, (x + h)? — 2’, 
or 3 ha? + 8 hia t+ h. 
Divide by h, 82° + 38ha + h’. 
Take the limit as / approaches 0 as a limit, and we have 
82’. 


-. De) = 822. 
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477, Derivative of x. The function is 2. Changing x 
to x+h, we obtain (x +h)". Now, whatever the value of 
n, (« + h)” can be expanded by the binomial theorem, and 
we obtain 


(7+ h)* = 2" + na" yy” n(n — 1) ge-7}? 4. res 
Ez 
From this new value of the function subtract 2", the 


old value, and divide by h. 


We now have 


Dey — Hiner 4 MO Dagon 


eae m—1. 
= NX : 


the sum of the terms after the first approaches 0 as a limit 
by § 4388. 

Hence, to find the derivative with respect to x of any 
power of 2, multiply by the exponent, and diminish the 
exponent of x by one. 





Thus, Die) = 4 oD. (x3) = 3 a7; 
Been tart} aoe ar 
| rere each Bt eed hoe ReTe Oy ° 
V x3 


(1) Find the derivative of az”. 
: Pea: eae 
We have, De (ac) = 0't [sere 
limit [(# +h)» — a 
a limit Pet =) 


But this, as we have just seen, =ana—l., 


In general, if a function is multiplied by a constant, its derivative 
is multiplied by the same constant. 


(2) Find the derivative of 
| J (&) = ar” + aye" + aye”? +» + Ay. 
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We have 


Dz f(#) 
=e limit [ sate + hn = ay (a + Dex: Losses + An — wr — a, gn—1 __ PES Sots | 





h 





sense a Oye + h 





_ limit [a(a+h)"— ayv"+a,(a+h)"—!— ayan—1+ 
= 0 in 

limit [a,(a+h)"—a,z"7 , limit [a,(a+h)"-!1—a,a"-1 
-}RG[eentne) natant 
= Dz (ag) + Dz (aya) + ve 


= nag”! + (n — 1) aya®—? + vs + Ani. 


That is, to differentiate any rational integral function, we differ- 
entiate each term separately, and add the results together. 


Exercise 136. 


Find the derivatives of the following functions : 


1. 2. 2 2 £8. 2 4, 32°) 53 eee = 
x 


9. 82°+22°+52?+62+4. 


10. (v +3). 11. (eta). 12. (e+). 13. “ss 


7. @4+22. 8. #+32+4. 





478. Derivative of a Product. Suppose that the product 
consists of three factors, 


f(@) = (@—a)(a@ — b)(a —¢). 
We have 


D,f(2) | 
_ limit [ (v+h—a)(xz+h—b)(a+h—e)—(a—a)(x—b)(a—c) 
| 
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or, if we denote x —a by a, x— b by B, x—¢ by y, 
D,f(#) 
_limit [i + AY(B+ Ay +h) —oB 
h=0 hh: 


— Fmt i eS ee 
a h 
_ limit * (aB+ By +ya) + hW(a+ B+y)+ | 


—limit (a8 + By + yet h(atB+y) +2] 
= af + By + ym 
= (%— a)(z — 6) + (w — 6)(@—¢) + (@—e)(@ — a). 
Similarly if f(a) consist of four factors, 
Ff (2) = (@— a)(x — 6)(4 — e)(a — d), 
fl(@) = Def (@) =(«—b)(a—0)(2—d) +(«—0)(«—d)(w—a) 
+ (e—d)(w—a)(e—b) + (w—a)(x— b)(«—0), 
and in general we have the result : 
The derwatiwve of any product of u factors 
(a — a)(x — b)(x — c)(% — d) «- 
as the sum of n terms, each of which consists of the product 


of n — 1 of the same factors. 


479, Multiple Factors. Suppose that 


F(%) = (@— a)(a — b)(a — @) 
as before, but let =a. We have then from the preced- 
ing section 
fiz = D.f(z)=(2—a)(x—b) + (e—b)(2—c) + (2—0)(2—a) 
= (z— a)? + (x —a)(x—c) + (4 — c)(x% — a), 


and «—a is a factor of f'(7) as well as of f(z). 
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Similarly in the case of four factors, 


f(t) = (@ — a)(z — 6)(x — e)(x — a), 


every term of f'(x) contains either x— a or x — 6 as a fac- 
tor. Consequently when 6=a, f'(x) will contain  —a as 
a factor in every term. 


In general, we have the proposition 


Tf £(x) contain a double factor (x —a)’, f'(x) will con- 
tain the same factor as a simple factor. 


By the same reasoning it is shown that if f(a) contain a 
triple factor (x — a)’, f'(a) will contain (v— a)? as a factor, 
and in general 


If £(x) contain a factor (x -—a)*, f'(x) will contain as a 
factor (x —a)*}, 


480, Multiple Roots. Let the equation f(x) =O havea 
multiple root a of order &. Then f(x) contains (# — a)* as 
a factor, and consequently f'(7) contains (x—a)*"" as a 
factor. The H.C.F. of f(x) and f'(x) therefore contains 
(a —a)*” as a factor. 

To find the multiple roots of the equation f(x) =0. 

Find the H.C. F. of f(#) and f(a) and resolve it into its 
factors. Each multiple root will occur once more in the 
equation f(x) = 0 than the corresponding factor occurs in 
the H.C. F. 


Find the multiple roots of the equation 
x — 152° — 1027+ 602+ 72=0. 


Here F («) = #& — 1523 — 102? + 602 + 72, 
J (&) = 5 at — 45 a? — 20a + 60. 


equation. 
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Find the H.C. F. of f(#) and /’(z), as follows: 


5)5 + 0 — 45 — 20 + 60 | 14+ 0—15—10+60+ 72 
Pees — 44-12) 1+ 0]. 9-44 12 


Beene! ey 6 ee 4879 
Beue 4184 12 TER Bee eee 


—1— 1+ 8412 


.. The H.C. F. is 2? + 2? —82— 12. 
We find, by trial, that 3 is a root of the equation 


e+ ae?—8a2—12=0. 
The other roots are found to be — 2 and — 2. 
Hence a + x — 8% —12 = (x — 3)(x + 2)*. 
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Therefore 3 is a double root and — 2 a triple root of the given 


(2 — 3)*(a + 2)8 = 0. 


As the equation is of the fifth degree, these are all the 
roots, and the equation may be written 


Having found the multiple roots of an equation, we may 
divide by the corresponding factors, and find the remaining 


roots, if any, from the reduced equation. 


Exercise 137. 


The following equations have multiple roots. 


the roots of each equation. 


1. #—527'+Tx—38=0. 

2 —327'-+-4=—0. 

at — Qa — Tx? + 207 —12=0. 
gt — 22° —1ll2’+ 1272+ 36=—0. 
xt — 2427+ 642 —48= 0. 


I Oa PF wW Dw 


gtet—1li2’— 212+ 722+ 108=0. 
a’ —§a°+ 5at+ 97° — 14e?-—474+8=0, 


Find all 
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TRANSFORMATION OF EQUATIONS. 


481, The solution of an equation, and the investigation 
of its properties, is often facilitated by a change in the form 
of the equation. Such a change of form is called a trans- 
formation of the equation. 


482. Roots with Signs changed. The roots of the equation 
f(— x) =0 are those of the equation f(x) =0, each with 
its sign changed. 

For, let a be any root of equation f(x) =0. 

Then, we must have f(a) = 0. 

In the quantic f(— x) put —a for x; that is, a for — 2. 

The result is f(a). 

But we have just seen that f(a) vanishes, since a is a 
root of the equation f(z)=0. Hence, f(— 2) vanishes 
when we put —a for x, and (§ 459) — a is therefore a root 
of the equation f(— x) = 0. 

To obtain the f(— x) we change the sign of all the odd 
powers of x in the quantic f(z). 

Thus, the roots of the equation 

at — 203 — 1307+ 1424+ 24=0 
are 2, 4, 1, —3; and those of the equation 

xt + 223 — 1327-1424 24=0 
are — 2, —4,4+ 1, +3. 

483. Roots multiplied by a Given Number. Consider the 
eq tation 


ax* + ba® + cx’? + dx +e=0. (1) 


Put y= ma, then x a and the equation becomes 


QuGr(QrdQran 


GENERAL PROPERTIES OF EQUATIONS. 465 


Let a be any root of (1); the left-member of (1) vanishes 
when we put a for x, and we obtain 
aa* + ba? + ca? + da +e=0. 
In the left-member of (2), put ma for y; we obtain 
aa‘ + ba? + ca? + da + e, 
which, as we have just seen, vanishes. Hence, if a is a root 
of (1), ma is a root of (2). 
Similarly, for an equation of any degree. 
Equation (2) may be written in the form 
ay* + mby*® + mcy’ + midy + mte = 0. 


The above form, if written with 2 in place of y, gives 
the following rule: 


Multiply the second term by m; the third term by m’; 
and so on. Zero coefficients are to be supplied for missing 
powers of z. 

Write the equation of which the roots are the doubles of 
the roots of the equation 

or os 42 62 —5=0, 
Here m = 2, and the result is 
Bat — 2(2)a% + 4 (2) 2? — 6 (2) — 5(2)* =0, 
or 3at — 49° +162? —482 — 80=0. 


484, Removal of Fractional Coefficients. If any of the co- 
efficients of an equation in the form 
a” + p01 + px" +- Rapa Pr = O 


are fractions, we can remove fractions as follows: 
Multiply the roots by m; then take m so that all of the 
coefficients will be integers. 


Notr. Every equation can be reduced to this form, called the p 
form, by dividing through by the coefficient of x”. 
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Reduce to an equation, in the p form, with integral coefficients, 
—fa?+ha4+}=0. 
Dividing by 2, e—ie+f2+3+=0. 


Multiplying the roots by m (@ 483), 





The least value of m that will render the coefficients all integral 
is seen to be 6. Putting 6 for m, we obtain 


2 — +1524 27=0, 


the equation required. 
Any multiple of 6 might have been used instead of 6, but the 
smaller the number, the easier the work. 


485. Reciprocal Equations. Consider the equations 


ax* + b2’® + cz? + dzx+e=0, (1) 
ex + dz’? + cx? + bx +a=0. (2) 
The coefficients in the one equation are the same as those 
in the other reversed in order. 
If a be any root of (1), then 1 Will be a root of (2). For 
if a be a root of (1), we have 
aa‘ + ba? + ca? + date=0; (3) 


and if L be a root of (2), we have 
Q 
NITES os —— 1 
a a Qa Qa 


or e+da-+ ca’? + ba’ + aa* = 0. (4) 


But the equations (3) and (4) are identically the same. 

The four roots of equation (2) are therefore the recip- 
rocals of the four roots of equation (1). 

Similarly for equations of any degree. 

The coefficients of an equation may be such that revers- 
ing their order does not change the equation. In this case 
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the reciprocal of a root is another root of the equation. 
That is, one half the roots are reciprocals of the other half. 

An equation in which this is true is called a reciprocal 
equation, 


(1) Write the equation of which the roots are the recip- 
rocals of the roots of 
22° + 4a* — 82° + 7277+ 227-—5=0. 
The result is 
—§2+ 22+ 72° —32?+47+2=0, 
or 5a? — 22* — Ta? + 3827 —42¢—2=—0. 
(2) The equation 62° — 292*+ 27 2° + 27 2°?—29x2+6=0 
in a reciprocal equation. 


Its roots are found to be —1, 2, 8, 4,4. Here —1 is 
the reciprocal of itself; 3 is the reciprocal of 2; and 4 of 3. 


486. Roots diminished by a Given Number. Consider the 
equation 


as’ + bz? + cz? + dx +e=0. (1) 


To obtain the equation which has for its roots the roots 
of the above equation each diminished by A, we proceed 
as follows : 


Put y=2—A; then x=y+Ah; and the equation be- 
comes 
aly+h+biy+thy+eythy+dy+h)t+e=0. (2) 

Let a be any root of (1); then we must have 

aa‘ + ba? + ca? + da+e=0. 

In the left-member of (2) put a for y+A; that is, 

a —h for y; we obtain 
aa‘ + ba? + co? + da+ e; 


which, as we have just seen, vanishes, 
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Hence, a—h is a root of (2). Since the above is true for 
each of the roots of (1), and the two equations are evidently 
of the same degree, the roots thus found are all the roots 
of equation (2). 

Similarly for an equation of any degree. 


487. Oalculation of the Ooefficients. The labor of calculat- 
ing the coefficients in the transformed equation of (§ 486) 
can be greatly reduced by Synthetic Division. 

Suppose equation (2) of (§ 486) to be expanded and 
arranged in order of the powers of y, and suppose the result 
to be 

Ay! + By + Cy’ + Dy + B= 0. 


Since y = x — A, this equation is equivalent to 
A (x—h)}+ B(a—hy+ C(a@—hyP+ D(x—h)+ £=0, (8) 


If we divide the left-hand member of (8) by x— A, the 
remainder is #, the last coefficient. And if we divide 
the resulting quotient again by x — h, the remainder is D, 
the next to the last coefficient, and so on. 

Now the left-hand member of (3) is identically the same 
as the left-hand member of (1). Consequently we have the 
following rule for transforming any equation /(#) =O into 
an equation whose roots are less by A. 

Divide f(z) by  —h, and the remainder will be the last 
coefficient in the transformed equation. Divide again by 
x —h, and the remainder will be the coefficient of the last 
term but one in the transformed equation. Continue the 
process until all the coefficients are determined. 


Obtain the equation which has for its roots the roots of 


the equation 
82° — Ta? —42?—-67+5=0, 


each diminished by 3. 
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The work is as follows: 


3— 7— 4— 6465/3 
eee mst 6-0 


34+ 2+ 24+ 0+85 (5 = first remainder. ) 





+ 9+433 +4105 
3+ 11+ 35 + 105 (105 = second remainder.) 
9 + 60 ’ 
3 + 20+ 95 (95 = third remainder.) 
9 
3 + 29 (29 = fourth remainder.) 


The required equation is then 
3at+ 2923 + 95a? +1054 +5=0. 
Exercise 138. 


Write the equations whose roots are the products of the 
roots of the following equations by the number opposite: 


1 v—52?4+22—3=0 (— 1). 
Geez 42° -+3824+5=0 (+ 2). 
3. 22° — 827+ 52—7=0 oN 
4. 52*— 323+ 2x—6=0 (+ 5). 


Write the equations which have for their roots the recip- 
rocals of the roots of the following equations : 


5. 22° + 82?—x—2=0. 
6. 32°+ 52?— 27+ 227+3=0. 
fee + oe — 62° + 627-82 —2=—0. 
Write the equations whose roots are the roots of the 
following equations diminished by the number opposite: 

8. #+427?—122—-17=0 (+ 2). 
9. 382*—1027°+ 22’—5z+6=0 (+ 8). 

10. 2 —52°—42°+ 8%+10=0 (— 2). 
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488. Descartes’ Rule of Signs. An equation in which all 
the powers of x from 2° to x” are present is said to be com- 
plete; if any powers of 2 are missing, the equation is said 
to be incomplete. An incomplete equation can be made 
complete by writing the missing powers of x with zero 
coefficients. 

A permanence of sign’ occurs when + follows +, or — 
follows —; a variation of sign when — follows +, or + fol- 
lows —. 


Thus, in the complete equation 
2 — 305 + 2at + 2° — 22? —2 —3, 
writing only the signs 
+ - +4 +-- 
we see that there are three variations of sign and three permanences. 


For positive roots, Descartes’ rule is as follows: 


The number of positwe roots of the equation f(x) = 0 can- 
not exceed the number of variations of sign in the quant 
f (x). 

To prove this it 1s only necessary to prove that for every 
positive root introduced into an equation there is one varia- 
tion of sign added. 

Suppose the signs of a quantic to be 

“fom Choe) ser ee 
and introduce a new positive root. We multiply by x—h; 
or, writing only the signs, by + —. The result is 


+ sy chdote a oh) a 
+ — 

‘cticaniwir ih = 
—l dae Sh i 
“oe Ete SE 
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‘The ambiguous signs +, + indicate that there is doubt 
whether the term is positive or negative. Examining the 
product we see that to permanences in the multiplicand 
correspond ambiguities in the product. Hence, we cannot 
have a greater number of permanences in the product than 
in the multiplicand, and may have a less number. But 
there is one more term in the product than in the multipli- 
cand. Hence we have at least one more variation in the 
product than in the multiplicand. 

For each positive root introduced we have at least one 
more variation of sign. Hence the number of positive roots 
cannot exceed the number of variations of sign. 

Negatwe foots. Change xto—xz. The negative roots 
of the given equation will be positive roots of this latter 
equation (§ 482), and the preceding rule may then be 
applied. 


489, From Descartes’ rule we obtain the following: 


If the signs of the terms of an equation are all positive, 
the equation has no positive root. 

If the signs of the terms of a complete equation are alter- 
nately positive and negative, the equation has no negative 
root. 

If the roots of a complete equation are all real, the num- 
ber of positive roots is the same as the number of varia- 
tions of sign, and the number of negative roots is the same 
as the number of permanences of sign. 


490. Existence of Imaginary Roots. In an incomplete 
equation Descartes’ rule sometimes enables us to detect the 
presence of imaginary roots. 

Thus, the equation o+5a+7=0 
may be written a+0e?+5a+7=0, 
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We are at liberty to assume that the second term is positive, or 
that it is negative. 
Taking it positive, we have the signs 


Hi \ehag Shiaimees 


there is no variation, and the equation has no positive root. 
Taking it negative, we have the signs 


28 = ai aie 


there is but one permanence, and therefore not more than one nega- 
tive root. 

As there are three roots, and as imaginary roots enter in pairs, the 
given equation has one real negative root and two imaginary roots. 


Exercise 139. 


All the roots of the equations given below are real; 
determine their signs. 


zi +4a° — 48 a? — 582+ 240 =0. 

xv? — 2227+ 1552 — 3850 = 0. 

zi +4a° — 352° — 782+ 360 =0. 
x — 122° —482—30=0. 

xv —3au'— 5a'+ 152?+42—-12=0. 
x — 120° +47x—60=0. 


Show that 2° — 382?—2+1=0 has at least two im- 
aginary roots. 

8. Show that 2*+ 152°+ 72—11=0 has two imaginary 

roots, and determine the signs of the real roots. 


9. Show that 2”—1=0 has but two real roots, +1 and © 
—1, when v is even; and but one real root, + 1, 
when is odd. 


10. Show that 2” +1=0 has no real root when nm is 
even; and but one real root, — 1, when 7 is odd. 


SI eS ag a ee 


CHAPTER XXXVI. 
NUMERICAL EQUATIONS. 


491. A real root of a numerical equation is either com- 
mensurable or incommensurable. 

Commensurable roots are either integers or fractions. 
Repeating decimals can be expressed as fractions, and roots 
in that form are consequently commensurable. 

Incommensurable roots cannot be found exactly, but 
may be calculated to any desired degree of accuracy by the 
method of approximation explained in this chapter. 


COMMENSURABLE Roots. 


492, Integral Roots. The process of finding integral roots 
given in § 466 is long and tedious when there are many 
numbers to be tried. The number of divisors to be tried 
is diminished by the following theorem : 


Every integral root of an equation with integral coefficients 
as a dwisor of the last term. 


We shall prove this for an equation of the fourth degree, 
but the proof is perfectly general. 
Let A be an integral root of the equation 


ax* + 62° + ca’? + dz+e=0, 
where the coefficients a, 6, c, d, e are all integers. 
Since / is a root, 
ah‘ + bh? + ch? + dh+e=0, (§ 459) 
or, e=— dh — ch? -- bh’ — ah. 
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Dividing by: A, 


fr Che bee 
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Since the right member is an integer, the left member 
must be an integer. That is, e is divisible by h. 

Similarly, for any equation with integral coefficients. 

Hence, in applying the method of § 466, we need try 
only divisors of the last term. The necessary labor may 
be still further reduced by the method shown in the fol- 
lowing example. 


Find the integral roots of the equation 
2a* — 2° — 2927+ 8424+ 24=—0. 


Neither + 1 nor —1 is a root. 
The other divisors of 24 are + 2,+3,4+4,+6,+8, +412 + 24. 


Dryuer 2: Pe A ee tea a5 Vi wee I 
+4+ 6—46— 24 
2+3—23—12+ 0 


Hence + 2is a root. Dividing the equation by a — 2, we have for 
the resulting equation 


20° + 32? — 232—12=0. 
Try +3: 24+ 3—23—12|3 
6+4+27+4+12 
24+9+ 44+ 0 


Hence 3 is a root. 
The remaining roots are roots of the quadratic equation 


227+9x2+4=0, 
and are — 4 and — 3. 


Therefore the roots of the given equation are 2, 8, —4, 
1 
ede 
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493. Fractional Roots. An equation with integral coeffi- 
cients, in which the coefficient of the highest power of xX 1s 
unity, cannot have a rational fraction for a root. 


The general form of such an equation is 
x” ee a pt at fret at Pr Ps 0, 


where Pry Pa +--+. Pn are integers. 


If possible let * where / and & are integers, and : is in 


its lowest terms, be a root. Then, 


hn An) Ar 
a ees Seay Et). 
jen Pr jr) P2 je? Pn 





Multiplying by 4” and transposing, 
“= PE Dh oh et — De 
Now the right member is an integer; the left member is 
a fraction in its lowest terms, since 2” and &# have no common 
divisor as A and & have no common divisor, § 415, V. But 
a fraction in its lowest terms cannot be equal to an integer. 


Hence a or any other rational fraction, cannot be a root. 
The real roots of an equation with integral coefficients in 


the p form are, therefore, integral or incommensurable. 


In case an equation has fractional roots, we can find them 
as follows: 


Transform the equation into an equation with integral 
coefficients by multiplying the roots by some number m 
(§ 484). Find the integral roots of the transformed equa- 
tion, and divide each by m. 


Solve the equation 
36.2* — 552? - 3854 —6=0. 
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Write this at — $847 857 —1—0, 
Multiplying the roots by 6, we obtain 
a* — 5527 — 2102 — 216 =0, 
of which the roots are found to be — 2, —3, —4, 9. 
Hence, the roots of the given equation are 


2 3 Co ee 1 1 2 
—$ +h TSS) Ol, 4 ae 


Exercise 140. 


Find the commensurable roots and, if possible, all the 
roots of the following equations: 


1. 2° + 22? — 402+ 64=0. 

2 — 327 —10r+ 24=—0. 

gt + a? — 8627 — 242 —72=—0. 

x — Ta —627>— 182+ 16=0. 

xt— 9a? +172?+4+ 274—60=0. 

184* — 382° — 182? + 1224+4=—0, 

27 a* — 722° + 8827+ 82—4=0. 

362° — 60a* — 167 2? + 522° + 572 —-18=0. 


© IP T PB w w 


INCOMMENSURABLE Roots. 


494, Location of the Roots. In order to calculate the 
value of an incommensurable root we must first find a 
rough approximation to the value of the root; for example, 
two integers between which it hes. This can generally be 
accomplished by the aid of the following 


Theorem on Change of Sign, Let two real numbers a and 
b be put for x in f(x). Lf the resulting values of £(x) have 
contrary signs, an odd number of roots of the equation 
f(x) =0 he between a and b, 
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As x changes from a to 6, passing through all interme- 
diate values, f(x) will change from f(a) to f(6), passing 
through all intermediate values. Now, in changing from 
F(a) to f(6), f(x) changes sign. 

Hence, f(x) must pass through the value zero. That is, 
there is some value of x between a and 6 which causes f(r) 
to vanish; that is, some root of the equation f(x) =0 lies 
between a and 6. 

But f(z) may pass through zero more than once. To 
change sign, f(#) must pass through zero an odd number of 
times; and an odd number of roots must lie between a 
and 6. 

Applied to the graph of the equation, since to 4 root cor- 
responds a point in which the graph meets the axis of x 
(§ 473), the above simply means that to pass from a point 
below the axis of x to a point above that axis, we must cross 
the axis an odd number of times. 

In some examples Descartes’ Rule of Signs may be of use. 


Example. The equation 
z*—2e'—11l2’?+627+2=0 


has, by Descartes’ rule (§ 488), not more than two positive 
roots and not more than two negative roots. 
We find (2 463), f(0)=+ 2;.f(5) =+182; 
[949 Mee oe eee Aloe 29 hector te 
f(2)=— 30; f(-2)=— 22; 
f@)=-52; f(-3)=+ 2; 
ia 92% 1 f(4) e166) 

Hence there are two positive roots, one between 0 and 1, and one 


between 4 and 5; and two negative roots, one between 0 and —1, 
and one between — 2 and — 3. 
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Let us find more closely a value for the root between 0 and°l. 
We find (0.5) =+2.06+. Since f(1)=—4, the root lies between 
0.5 and 1. 


Try 0.8: we find f(0.8)=—0.9+. Hence the raot lies between 
0.5 and 0.8. 

We find f(0.7) = +0.4+. Hence the root lies between 0.7 and 0.8. 

In a similar manner we find the root between O and — 1 to lie 
between — 0.2 and — 0.3. 


The first significant figures of the roots are accordingly 0.7, 4, 
— 0.2, — 2. 


Exercise 141. 


Determine the first significant figure of each real root of 
the following equations: 


Lj 2a Lea, 3. @— 5s sete) 
2. 2 —5a—38=0. 4. 2#+22?—302+39=0. 
5. 2 —627+827+5=0. 
6. 2°4+92?4+ 2474+17=0. 
7. 2—152?+ 6382 —50=0, 
8. 2*— 82° + 1427+ 427-—8=0. 

495, Horner’s Methed, Positive Roots. Suppose the first 
ficure of the root to have been found. Any number of 
remaining figures may be calculated by the method of 
approximation known as Horner’s Method. 


We proceed to illustrate the process by an example. 
Take the equation 


2—627+382+5=0. (1) 


By § 494 one root of this equation lies between 1 and 2. 
We proceed to calculate that root. 
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Diminish the roots by 1 (§ 486) : 
ee. ren 5 | 


Ati ly co egnaeoagys 
SST Sia mu 
pied open 
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pet 

—3 


The transformed equation is, therefore, 
Oe yo 0 (2) 


The roots of equation (2) are each less by 1 than the 
roots of equation (1). Equation (1) has a root between 1 
and 2; equation (2) has, therefore, a root between 0 and 1. 
Since this root is less than 1, 7? and 7’ are both less than y. 
Neglecting these terms, we have 


—6y7+3=0, or y= 0.5. 


At this stage of the process the figure thus obtained will 
not in general be the correct one. If, however, we neglect 
only the 7° term, we obtain 


—3y—6y+38=0, 
or y+ 2y—1=0, 
of which one root is V2 —1 = 0.4+. 


We can also find the second figure of the root as follows: 


Take the first value 0.5. 

With this assumed value of y, computing the value of y°— 3y?, 
and substituting, we obtain 6y= 2.375; whence y= 0.4, approxi- 
mately. 


I 
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We now diminish the roots of (2) by 0.4: 








1h es ng +3 (04 
+04) 2104 Sere 
9 Gy. 2hv7, 04 palmer tee 
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BO erpey 
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The second transformed equation is 
2—182—7.922+ 0.184 = 0. (3) 

The roots of (8) are less by 0.4 than those of (2), and less 
by 1.4 than those of (1). Equation (2) has a root between 
0.4 and 0.5; equation (3) has, therefore, a root between 0 
and 0.1. 

Since this root is much less than 1, we shall probably 
obtain a correct value for the next figure of the root by 
neglecting the 2* and 2’ terms in equation (8). 

This gives — 7.92z2+ 0.184 =0; whence z=0.02+. 

Diminish the roots of (8) by 0.02: 





1 —1.8 — 7.92 + 0.184 [0,02 
+ 0.02 — 0.0356 — 0.159112 
— 1.78 — 7.9556 +. 0.024888 
+ 0.02 — 0.0352 
— 1.76 — ¥.9908 
+ 0.02 
— 1.74 


The third transformed equation is 
u? — 1.74.u? — 7.9908 u + 0.024888 = 0. (4) 


The roots of (4) are less by 0.02 than those of (3), and 
less by 1.42 than those of (1). 
Neglecting the wu’ and uw? terms, we obtain w= 0.0081+, 
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so that to four places of decimals the root of (1) is 1.4231. 
The process may evidently be continued until the root is 
- calculated to any desired degree of accuracy. 


496. We shall now make some observations on the pre- 
ceding work. 

First: If we diminish the roots by a number /ess than 
the required root, as we do not pass through the root, the 
sign of the last term remains unchanged throughout the 
work. The last coefficient but one will always have a sign 
opposite to that of the last term. 

If, in (3), the signs of the last two terms were alike, the value of z 
would be —0,02+. ‘This would show that the value assumed for z 
was too great, and we should diminish the value of z and make the 
last transformation again. In beginning an example, one is very 
likely to assume too large a value for the next figure of the root; in 
solving (2), for instance, the first solution gave y = 0.5, and had that 
value been tried, it would have proved to be too great. 

The first transformation may, however, change the sign of the last 
term. Thus, if there had been a root between 0 and 1 in equation (1), 
diminishing the roots by 1 would have changed the sign of the last 
term. 

Second: In finding the second figure of the root we 
make use of the last three terms of the first transformed 
equation instead of the last two terms. Or, we may use 
the alternative method. One of these methods will gener- 
ally give the correct figure. In any case we can find the 
correct figure by another trial. 

Any figure after the second is generally found correctly 
from the last two terms; for, in this case, the root is small 
and its square and cube so much smaller than the root 
itself that the terms in which they appear have but slight 
influence upon the result. 


497. It is not necessary to write out the successive trans- 
formed equations. When the coefficients of any transformed 
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equation have been computed, the next figure of the root 
may be found by dividing the last coefficient by the pre- 
ceding coefficient, and changing the sign of the quotient. 

Thus, in equation (4), the next figure of the root is obtained by 
dividing 0.024888 by 7.9908. 

On this account the last coefficient but one of each trans- 
formed equation is called a trial divisor. 

Sometimes the last coefficient but one in one of the transformed 


equations is zero. To find the next figure of the root in this case 
follow the method given for finding the second figure of the root. 


The work may now be collected and arranged as follows: 


bebe s +3 +5 | 1.423 + 
oer beat ano 
my; ) Be +3 
ia ad — 2.816 
—6 + 0.184 


iN 


— 0.159112 
+ 0.024888 
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The broken lines mark the conclusion of each transformation. 
The numbers in heavy type are the coefficients of the successive 
transformed equations, the first coefficient of each equation being the 
‘same as the first coefficient of the given equation. In this example 
the first coefficient is 1. 

‘When we have obtained the root to three places of decimals we 
can generally obtain two or three more figures of the root by simple 
division. 


498, In practice it is convenient to avoid the use of the 
decimal points. We can do this as follows: multiply the 
roots of the first transformed equation by 10, the roots of 
the second transformed equation by 100, and so on. In 
the last example the first transformed equation will now be 


y — 807? — 600y + 3000 =0, 


and this equation will have a root between 4 and 5. The 
second transformed equation will now be 


2 — 180 2? — 79,2002 + 184,000 = 0, 


and this equation will have a root between 2 and 3. And 
sO on. 

Comparing these equations with the equations in § 495, 
we see that we can avoid the use of the decimal point by 
adopting the following rule: 


When the coefficients of a transformed equation have 
been obtained, add one cipher to the second coefficient, two 
ciphers to the third coefficient, and so on. The coefficients 
and the next figure of the root are now integers. The 
work proceeds as in § 497. 


If the root of the given equation lay between 0 and 1, we should 
begun by multiplying the roots of the given equation by 10. 


484 ALGEBRA. 


The complete work of the last example, for six figures of 
the root, will now be as follows: 


1 —6 +3 +5 | 142311 + 


+1 —5 —2 


————s 


—5 —2 + 3000 
+1 —4 — 2816 
—4 — 600 + 184000 
+1 


— 159112 












+ 24888000 ~ 
— 23988033 





+ 899967000 
— 8001358609 


| + 99828391 







— 7990800 
~ 5211 


— 7996011 
_ 5202 
















— 800121300 
— 17309 
— 1740 — 800138609 
— 3 = 17308 





— 1737 — 800155917 





NUMERICAL EQUATIONS. 485 


We can find five more figures of the root by simple 
division. If we divide 99,828,391 by 800,155,917, we 
obtain 0.124761, so that the required root to ten places of 
decimals is 1.4231124761. 

The reason is seen by examining the last transformed equation. 
Write this 

8.00155917 w = 0.000099828391 — 1.7307 w? + w. 

As w is about 0.00001, w? is about 0.0000000001, and w’ is still 
smaller. Hence the error in neglecting the w? and w? terms is in 8 w 
about 0.00000000017 and in w about 0.00000000002. The result 
obtained by division will therefore be true to ten places of decimals. 


499, Negative Roots. To avoid the inconvenience of 
working with negative numbers, when we wish to calculate 
a negative root, we change the signs of, the roots (§ 482), 
and calculate the corresponding positive roots of the trans- 
formed equation. 


Thus one root of the equation 
a —627+32+5=0 
lies between 0 and —1 (¢ 494). By Horner’s Method we find the 


corresponding root of 
8 + 6a? +32—5=0 


to be 0.6696+. Hence, the required root of the giveu equation is 
— 0.6696+. 
Exercise 142. 


Compute for each of the following equations the root of 
which the first figure is the number in parenthesis opposite 
the equation. Carry out the work to three places of deci- 
mals : 


1 #+32—5=0 (+ 1). 
2. 2 —62—12=0 (+ 8). 
38. 2+27?+2—100=0. (+ 4). 
4, ¢+102°+ 62—120=0 (+ 2). 
5. 2+ 927+ 2474+17=0 (— 4). 
6. a2*— 122° + 12%—8=0 (— 1). 
toe Se > 143° 478-0 (— 0). 
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500. Contraction of Horner’s Method. In § 498 the student 
will see that if we seek only the first six figures of the root, 
the last six figures of the fourth coefficient of the last trans- 
formed equation may be rejected without affecting the 
result. Those figures of the second and third coefficients 
which enter into the fourth coefficient only in the rejected 
figures may also be rejected. Moreover, we may reject all 
the figures which stand in vertical lines over the figures 
already rejected.. 

The work may now be conducted as follows: 


1 — 6 +3 4.5 | 1.42311+ 
+1 —5 —2 






—4 — 2816 


+ 184000 
-— 159112 


+ 24888 
— 23991 


+ 897 
— 800 


+ 97 
— 80 


0 + 3000 
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The double lines in the first column indicate that beyond 
this stage of the work the first column disappears alto- 
gether. 

In the present example we find three figures of the root 
before we begin to contract. We then contract the work 
as follows: 

Instead of adding ciphers to the coefficients of the trans- 
formed equation, we leave the last term as it is; from the 
last coefficient but one we strike off the last figure; from 
the last coefficient but two we strike off the last two figures ; 
and so on. In each case we take for the remainder the 
nearest integer. ‘Thus, in the first column of the preceding 
example we strike off from 174 the last two figures, and 
take for the remainder 2 instead of 1. 

The contracted process soon reduces to simple division. 
Thus, in the last example, the last two figures of the root 
were found by simply dividing 897 by 800. | 

To insure accuracy in the last figure, the last divisor 
must consist of at least two figures. Consider the trial 
divisor at any stage of the work. If we begin to contract, 
we strike off one figure from the trial divisor before finding 
the next figure of the root. Since the last divisor is to 
consist of two figures, the contracted process will give us 
two less figures than there are figures in the trial divisor. 

Thus, in 3 498, if we begin to contract at the third trial divisor, 
—.79,908, we can obtain three more figures of the root; if we begin 
to contract at the fourth trial divisor, —8,001,213, we can obtain five 
more figures of the root; and so on. 


The student should carefully compare the contracted 
process on page 486 with the uncontracted on page 484. 


501, When the root sought is a large number, we cannot 
find the successive figures of its integra/ portion by dividing 
the absolute term by the preceding coefficient, because 
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the neglect of the higher powers, which are in this case 
large numbers, leads to serious error. 


Let it be required to find one root of 
x*— 32+ lla — 4,842,624,131 =0. (1) 
By trial, we find that a root lies between 200 and 300. Dimin- 
ishing the roots of (1) by 200, we have 
y* + 80043 + 239,997 y? + 31,998,811 y — 3,242,741,931 =0. (2) 
If y=60, f(y) =— 273,064,071. 
If y=70, f(y) = + 471,570,139. 


The signs of f(y) show that a root lies between 60 and 70. Dimin- 
ishing the roots of (2) by 60, we obtain 


z* + 104023 + 405,597 2? + 70,302,451 2 — 273,064,071 = 0. (3) 

The root of this equation is found by trial to he between 3 and 4. 

Diminishing the roots by 3, we may find the remaining figures of the 
root by the usual process. 


502. Any root of a number can be extracted by Horner’s 
Method. 


Find the fourth root of 473. 
Here a* = 473, 

or xt§+O022 + 02? + 02 —473 =0. 
Calculating the root, « = 4.66353+. 


If the number be a perfect power, the root will be obtained ex- 
actly. 


503. From the preceding sections we obtain the following 
general directions for solving a numerical equation : 

I. Find and remove commensurable roots by §§ 492-493, 
if there are any such roots in the equation. 

II. Determine the situation, and then the first figure, 
of each of the incommensurable roots as in § 494. 


III. Calculate the incommensurable roots by Horner’s 


Method. 
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Exercise 143. 


Calculate to six places of decimals the positive roots ot 
the following equations : 


1. 2 —8x4—-1=0. 

e+ 22°—42—48=0. 
82°+327+ 82 —32=0. 

22° — 2627+ 1812 — 202=0. 
. 2 —127+7=0. 

a‘ — $2°+ 227— 182+ 55=—0. 


on Pp wD 


Calculate to six places of decimals the real roots of the 
following equations, when incommensurable: 


Ter = 00,400, 10. x? = 147,008,443. 
8. xv = 242,970,624. 11. 2 +227+20=0. 
Pee 0 i2cl. 12. 2 — 1027+ 84+ 120=0. 


‘Sturm’s THEOREM. 


504, The problem of determining the number and situa- 
tion of the real roots of an equation is completely solved 
by Sturm’s Theorem. In theory Sturm’s method is per- 
fect ; in practice its application is long and tedious. For 
this reason, the situation of the roots is in general more 
easily determined by the methods already given. 

Before passing on to Sturm’s Theorem itself we shall 
prove two preliminary theorems. 


505. Sign of f'(x). The function f'(#) is by definition 
(§ 476) the limit of the ratio of the increment of f(x) to the 
corresponding increment of 2, as the latter approaches 0 as 
a limit. 
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If we suppose the increment of x to be always positive, 
then the corresponding increment of f(x) may be positive 
or negative. If the increment of f(z) is positive, however 
small the increment of x may be, then in the limit f'(2) 
will be positive. But if for very small increments of 2, 
the increment of f(x) is always negative, then /’(x) will be 
. negative. 

In other words, f!(x) as poszteve or negative for any value 
of x according as the function £(x) 2s increasing or decreas- 
ing as x increases from this particular value of x | 

Referring to the graph of f(x), f'(@) will be positive as 
long as the curve is rising toward the right, and negative 

Y when the curve 
is sinking toward 
the right. At the 

x highest and low- 
est points, B and 

A, the derivative 

changes its sign, 

that is, it passes 
y! through the value 
0 at these points. The values of x corresponding to A and 
B are roots of the equation f(x) = 0. 






506. Signs of f(x) and f'(x). Leta be any real root of an 
equation f(x) =0, which has no equal roots. 

Let x change continuously from a —h, a value a little less 
than a, toa +h, a value a little greater than a. Then f(x) 
and f'(x) will have unlike signs immediately before x passes 
through the root, and lke signs invmediately after x passes 
through the root. 


For, in the graph, if f(x) is positive just before 2 passes 
through a root as at Pand &, the curve is sinking to the 
right, and therefore f(x) is negative, both before and after 
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the root is passed. But f(2) is positive before we reach the 
root and negative after we pass it. 

Again if f(x) is negative just before we reach a root, as 
at @, the curve is rising to the right, and therefore /’(z) is 
positive on both sides of the root, while f(a) changes its 
sign from — to + as we pass through Q. 

Hence, in both cases f(a) and f'(#) have unlike signs just 
before we reach a root, and like signs as soon as we have 
passed a root. 


507. Sturm’s Functions. The process of finding the H.C. F. 
of f(x) and f'(x) has been employed (§ 480) in obtaining 
the multiple roots of the equation f(x) =0. We use the 
same process in Sturm’s Method. 

Let f(x) =O be an equation which has no multiple 
roots ; let the operation of finding the H.C. F. of f() and 
J'(«) be carried on until the remainder does not involve z, 
the sign of each remainder obtained beng changed before rt 
ws used as a divisor. 

If there is a H.C.F., the equation has multiple roots. Remove 
them and proceed with the reduced equation. 

Represent by /)(2), f3(2), .....f,(2) the several remain- 
ders with their signs changed. These expressions with 
f'(x) are called Sturm’s Functions. 

Now, if D represents the dividend, d the divisor, g the 
quotient, and & the remainder, 


D=qd-+ R. 
Consequently, f (x) =q/' (x) —f,(2), 
f'(£) = Qh2(%) —Ss(2), 
Si (@) = Qafs(&) —A(@), 


fies (x) Bice ae ae (x) sae (x) ) 
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where 4), 2, .... Qn-1 represent the several quotients, or the 
quotients multiplied by positive integers. 


From these identities we have the following: 


I. Two consecutive functions cannot vanish for the same 
value of x. 

For example, suppose f,(x) and f3(x) to vanish for a par- 
ticular value of x. Give to x this value in all the identi- 
ties. By the third identity, f(x) will vanish; by the 
fourth, f,(@) will vanish; finally, f,(x%) will vanish; but 
this is contrary to the hypothesis that f(z)=0O has no 
multiple roots. 


II. When we give to x a value which causes any one 
function to vanish, the adjacent functions have opposite 
signs. 


Thus, if 4,(7) =0, from the third identity f, (x)= —f, (2). 


508. Sturm’s Theorem. We are now in a position to enun- 
ciate Sturm’s Theorem : 


Tf wn the series of functions 
f(x), 2)(X ig (X) eaten 


we give to x any particular value a, and determine the num- 
ber of variations of sign; then ge to x any greater value b, 
and determine the number of variations of sign; the number 
of variations lost is the number of real roots of the equation 


f(x) =0 between a and b. 


Let x increase continuously from a to 0. 


First: Take the case in which 2 passes through a root of 
any of the functions f'(x), f.(2), ..... f,1(@), for example, 
f,(x). The adjacent functions in this case have opposite 
signs. ,(a) itself changes sign, but this has no effect on 
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the number of variations; for if just before x passes through 
the root the signs are + + —, just after x passes through 
the root they will be -+- — —, and the number of variations 
is In each case one. 

Hence, there is no change in the number of variations of 
sign when wz passes through a root of any of the functions 


ete fa &) ya. et): 


Second: Take the case in which x passes through a root 
of f(z) =0. Since f(x) and f(z) have unlike signs just 
before x passes through the root, and like signs just after 
($ 506), there is one variation lost for each root of f(x) =0. 

Hence, the number of real roots between a and 6 1s the 
number of variations of sign lost as x passes from a to 6. 

To find the total number of real roots, we take zx first 
very large and negative, and then very large and positive. 
The sign of each function is then the sign of its first term. 


The student may not understand how it is that f(x) and /”(z) always 
have unlike signs just before x passes through a root. 

Let a and B be two consecutive roots of f(z)=0; let h be very 
small. Suppose that f(x) changes at a from + to —; then /”(a) is — 
(2 505). 


When w=a—h, f(«)=+4, J/(a) is —; 
v= a, f(%) = 0, jf/(x) is —. 


As x changes from a to B, f’(w) passes through an odd number of 
roots (¢ 494), and consequently changes sign. Hence, when = B—A, 
f(a) is —, f(x) is +; and f’(x) and f(x) again have unlike signs. 


509. Example. Determine the number and signs of the 
real roots of the equation 
g— 42+ 627?— 1272+1=0. 


Here f(x) = 403 — 124? + 12% —12. 
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Let us take for f/(x), however, the simpler expression 
e—32?+3e—3. 


We proceed as if to find the H.C.F., changing the sign of each 
remainder before using it as a divisor. 












Ll=s343 —70 1—4 +6212 - Die 
3— 9+ 9- 9 1 — 3/25 
3+ 1 i eee 
—10+ 9 — 13 ed ee 
cae! gee 
pobceenD 1-10 +37 
Ey pae 
111 — 27 
111 + 37 
64 
+ 64 


The coefficients of the several functions are in heavy type. In 
the ordinary process of finding the highest common factor we can 
change signs at pleasure. In finding Sturm’s functions we cannot 
do this as the sign is all important. We can, however, take out any 
positive factor. 


We now have f(x) =a*—423 + 62?-—122+1, 
J’ (e) = 0 — 327 + 32-3, 
f(z) =32+4+1, 


F(x) = + 64. 
When F(z) f(@) f(z) Arla) 
x = — 1000 + _ _ + 2 variations. 
z= 0 a _ + + 2 variations. 


x= + 1000 + + + + O variations. 


Hence the equation has two real positive roots; it must therefore 
have two imaginary roots. | 

The real roots will be found by @ 494 to lie one between 0 and 1, 
and one between 3 and 4. 
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Exercise 144. 


Determine by Sturm’s Theorem the number and situation 
of the real roots of the following equations : 


1. 2 —42?—11l27+48=0. 
e—62°+77—38=0. 
g—4e?+ 27+ 67+2=0. 

xt — 52° +102? —62 —21=0. 
st—2—2’?+6=0. 

. w—92*' —327+107—4=0, 
e+ Jot + 32° + 827?—1=0. 
g+a'— 227+ 382—-—2=0. 


ora TP w W 


510. The Oube Roots of Unity, The equation z* =1, or 
xz*— 1 =0 may be written 


(x —1)(2? +2 -+1)=0, 


The roots are 1, —4+4V—8, —4—4v—3. 


If either of the imaginary roots is represented by w, the 
other is found by actual multiplication to be w’; also 


w+o+tl=0. 


Every number w has three cube roots. If one of its roots 
"be u#, the others are wu? and wus, For the cube of any 
one of these is evidently w. 


611, The General Oubic. We shall write the general 
equation of the third degree in the form 


ax’ +362? + 3cx+d=0.. (1) 
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Before attempting to solve this we shall transform it 
into an equation in which the second term is wanting. 


Pitts 2 ee ete) 
a 





Substituting this ex- 
pression for #, and reducing, we obtain 
2+ 38(ac— b’)z+ (ad —d8abe+ 26°) =0, 
or, putting H=ac— 0’, G=a’d —8abe+ 26, 
2+3Hz+ G=0, (2) 
in (2) put 2= ub +08, 


(ut + 03) +3 H(ué + 0%) + G=0, 
which reduces to 
u+v+3(uiet + H)(ut + v8) + G=0. (3) 


Since we have assumed but one relation between uw and 
v, We can assume one more relation. Let us assume 


uty? = — H. (4) 
Equation (8) now reduces to w+v=— G. (ovo 
And (4) may be written uv = — TF. (6) 
Eliminating v, we obtain the quadratic 

w+ Gu= #’, | (7) 


called the reducing quadratic of the cubic. 


Solving this quadratic, we find 


Gy Gee 


cS 9 


(8) 
oi = GSN Gee 


: uU 2 
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Since wu and v differ only in having opposite signs before 
the radical, it will make no difference in the equation 
axz+b=2= ub -}- v? whether the radical be taken with 
the + sign in wu or in v. 

Again, when any one of the three values u® has been 
selected, the corresponding value of v? must be so taken 
that (4) is satisfied. Accordingly we obtain just three 
solutions for z, and consequently for x, corresponding to the 
three values of u?. The three values of z are 





1 Inf 1 Jae aah Yaé 
Jel eg rteers OR, ooo eee wus —- “i 
us wus wu 


where 1? is any one of the three cube roots of w. 


The above solution is known as Cardan’s. . 


Solve, by Cardan’s method, 
82° + 1227+ 127—2=0. 

Here a=3, 6=4. Putting z=3~2 + 4, we obtain 

| 2 —122— 34 =0, 

Soke ACT 
and the reducing quadratic is 
u? — 34u = — 64. 

Solving, w= 2'or 32; 


a » 22 _ 39 Grea: 
U 


Hence the values of z are 
V2 + V32, wV2 + wV32, wiV2 + wV32; 
or V2 + 2V4, aV2 + 2077/4, w V2 + 20V4; 
and the values of x are 


1(V2+2V4—4), 1(wV2 + 20? V4 —4), 3(w?V2 + 2w V4 — 4). 
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512, Discussion of the Solution, Cardan’s method furnishes 
a complete algebraic solution of the equation of the third 
degree, but is of little value in solving nwmerical equations. 

It may be shown that the expression G’ + 4 H°* is nega- 
tive, zero, or positive, according as the three roots of the 
given equation are real and unequal, two of them equal, 
or two imaginary and one real. The expression G+ 47%, 
whose value determines the nature of the roots, is called 
the Discriminant of the cubic. Consider the three cases. | 


I. All three roots real and unequal. In this case, 
G? +4 H* is negative, and its square root is imaginary. 
If we put A’ = — (G’+ 4H"), we have 


an b= (— ELEY ry -( = oan 








pa 


Since there is no general algebraic rule for extracting 
the cube root of an imaginary expression, the case of three 
real and unequal roots is known as the wrreducible case. 


II. Two of the roots equal. Then G’?+4H*=0, and 


aera hier) 


III. Two roots maginary. Then @+4 A? is positive, 


its square root is real, and we have 


(= civete mH) (= ee) 
2 





ax+-b= 

Hence, the general solution gives us the roots of a numer- 
ical cubic in a form in which their values can be readily 
computed only in the second and third cases. 

In the first case the roots may be calculated by Trigo- 
nometry. (See Wentworth’s College Algebra, § 535.) 

The real roots, however, are more easily found by 
Horner’s method. 


CHAPTER XXXVII. 
DETERMINANTS. 


518. Origin. Solving the two simultaneous equations 


Ax + by == Ci, 
Agt + by = Cy, 
we obtain ' 
pin Cb, en Cb, ee AC, pier AC 
a,b, Te ab, ab, aor Ay), 


Similarly, from the three simultaneous equations 
ax + bhy+tez= dy, 
age + by + cz = dh, 
ast + by + cz = ds, 


we obtain 


gee d,b.c; — db 5c, + dybsce, — d,b,c3 + ashe, — Asboe 


’ 
Ay,C3 — AybgCg + Ayb3e, — Agb,C3 + A3b,C, — a,b,c, 


with similar expressions for y and z. 


The numerators and denominators of these fractions are 
examples of expressions which often occur in algebraic 
work, and for which it is therefore convenient to have a 


special name; such expressions are called determinants, 


514, Definitions. Determinants are usually written ina 


compact form, called the square form. 


. * <4 .. a 
Thus, a,b, — a,b, is written i a 
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and Ay b4Cg — AybgCy + Agbs¢, — Agb,C3 + A3b,C, — Agdgcy 


is written 








ae 7 

This square form is sometimes written in a still more abbreviated 
form. Thus, the last two determinants are written | a, 0,] and 
[a, 5, cs. This last notation should, however, always suggest the 
square form; in any problem it will generally be advisable to write 
this abbreviated form in the complete square form. 


The individual symbols a, a, 0y, bs, ..... , are called ele- 
ments. 

A horizontal line of elements is called a row; a vertical 
line a column, 

The two lines a, 0,, ce; and as, b., ¢, are called diagonals ; 
the first the principal diagonal, the second the secondary 
diagonal, 

The order of a determinant is the number of elements in 
a row or column. 

Thus, the last two determinants are of the second and third orders, 
respectively. 

The expression of which the square form is an abbrevia- 
tion is called the expanded form, or simply the expansion, of 
the determinant. 

The several terms of the expansion are called terms of 


the determinant. 

a, a, 

bby 
REMARK. By some writers constituent is used where we use ele- 

ment, and element where we use term. 


Thus the expansion of Is ab, — ab. 








515, General Definition. In general, a determinant of the 
mth order is an expression involving 7’ elements arranged 
in n rows of n elements each; the expansion, that is, the 
expression for which the square form is an abbreviation, 
being found as follows: 
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Form all the possible products of n elements each that 
can be formed by taking one, and only one, element from 
each row, and one, and only one, element from each col- 
umn; prefix to each of the products thus formed either + 
or — (which sign is to be determined by a rule to be given 
in the following sections), and take the sum of all these 
products. 

Norr. Nearly all the properties of determinants can be obtained 
directly from this definition and the rule of signs (¢ 518 or @ 519). 
This will be the method followed in the present chapter. It is there- 


fore of the utmost importance that the student should thoroughly 
understand the present and the four following sections. 


516, Inversions of Order. In any particular determinant 
the letters and subscripts in the principal diagonal are said 
to be in the natural order. If the letters, or subscripts, are 
taken in any other order, there will be one or more wnver- 
sions of order. 

Thus, if 1, 2, 3, 4, 5 be the natural order, in the order 2, 3, 5, 1, 4, 
there will be four inversions: 2 before 1, 3 before 1, 5 before 1, 5 be- 
fore 4. 

Similarly, if a, 6, ¢, d be the natural order, in the order 3, d, a, ¢, 
there will be three inversions: 6 before a, d before a, d before ec. 


517. In any series of integers (or letters) let two adjacent 
integers (or letters) be interchanged; then, the number of 
inversions is either increased or diminished by one. 


For example, in the series 6 2 [5 1] 4 3 7, interchange 5 and 1. 

We now have 6 2[1 5] 43 7. 

The inversions of 5 and 1 with the integers before the group are 
the same in both series. 

The inversions of 5 and 1 with the integers after the group are 
the same in both series. 

In the first series 5 1 is an inversion ; in the second series 1 5 is not. 

Hence, the interchanging of 5 and 1 diminishes the number of 
inversions by one. 

Similarly, for any case. 
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518, Signs of the Terms. The principal diagonal term 
always has a + sign. 

To find the sign of any other term: Add together the 
number of inversions among the letters, and the number of 
inversions among the subscripts. If the total number is 
even, the sign of the term is +; if odd, —. 


Thus, in the determinant |a, 6, c, d,| consider the term ¢,a,d,),. 
There are in cadb three inversions; in 2341 three inversions; the 
total is six, an even number, and the sign of the term is +. 


519. In practice the sign of a term is easily found by 
one of the following special rules: 


RuuE I. Write the elements of the term in the natural 
order of letters ; uf the number of mversions among the sub- 
scrypts is even, the sign of the term is + ; of odd, —. 


RuuE II. Write the elements in the natural order of sub- 
scripts ; uf the number of inversions among the letters is even, 


the sign of the term is +; vf odd, —. 


Thus, in the determinant |a, b, c, d,| consider the term ¢,a,d,),. 
Writing the elements in the order of letters, we have a3b,c,d,. 
There are two inversions, viz.: 3 before 1, and 3 before 2; and the 
sign of the term is +. Or, write the elements in the order of sub- 
scripts, b,c,a,d,. There are two inversions, viz.: b before a, and ¢ 
before a; and the sign of the term is +. 


That these special rules give the same sign as the general rule of 
2 518 may be seen as follows: 


Consider the term c,a,d,b,. Its sign is determined by the total 


number of inversions in the two series eer Bring a, to the first 


position ; this interchanges in the two series ¢ and a, 2 and 3. In 
each series the number of inversions is increased or diminished by 
one (? 517), and the total is therefore increased or diminished by an 
even number. 

Interchange }, and d,, then interchange b, and ¢,; this brings }, to 
the second place, and the letters into the natural order. As before, 
the total number of inversions is changed by an even number. 


—— 
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The term is now written ab,c,d,, and the number of inversions 
differs by an even number from that found by the general rule of 
2518. Hence, the sign given by Rule I. agrees with the sign given 
by the general rule. 


520. If all the elements in any row (or column) are zero, 
the determinant is zero. For every term contains one of 
the zeros from this row (or column) (§ 515), and therefore 
every term of the determinant is zero. 

A determinant is unchanged if the rows are changed to 
columns and the columns to rows. For the rules (§§ 515, 
518) are unchanged if “row” is changed to ‘‘ column ”’ and 
“column” to “ row.” 


Thus, Cpe lavas sp 








621. A determinant of the third order may be conven- 
iently expanded as follows: 





~ 


Three elements connected by a full line form a positive 
term; three elements connected by a dotted line form a 
negative term. The expansion obtained from the diagram is 

Aybo0y + Agbyey + AgbiC2 — AyDsCy — MybyCs — Agora, 
which agrees with § 518. 
There is no simple rule for expanding determinants of 


orders higher than the third. 
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Exercise 145. 


Prove the following relations by expanding : 



























































1 & )_|% b, we. | OF One by b, 
ei Dies Oats by edi Gy Ce 
a, A, ay A; A A b, CC GY 
eb sele tan ina ier Cy Cg C,|=—1 OF oC, eee 
oe OT ane Py MR Yes De. Leama 
Find the values of: 
Dep Ae! Be ae 7 RS 5 A: 
3.12) 454 ee ao ee: 5. |—1l 2 -—8}. 
Brana G bY Sree 6—4 565 
6. Count the inversions in the series: 
5A Led: 2; (ab: Le BeG eae ad ac eb, 
oF leet oy ah. Ou D. 4a elas are Cc @ Bud=as 


7. In the determinant | a, 6,c,d,e,| find the signs of 
the following terms: 
0,0 4C5A3€.. AsD+ 050 ey. €1C4 QDs. 
Aad C34. byCseg, C1A,036,Ap. 


8. Write, with their proper signs, all the terms of the 
determinant | a, b, cs da |. 


9. Write with their proper signs, all the terms of the 
determinant | a 6, ¢; dy e;| which contain both a, and &; all 
the terms which contain both 6, and ¢;. 


Expand the determinants : 


wb 070 010054 Opa aa 
rat ba00 “4 0060 ra cabd 
Oaab sph i eon eet ' | Byam 
Obba bbaa abel 
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522. Number of Terms. Consider a determinant of the 
nth order. 

In forming a term we can take from the first row any 
one of m elements; from the second row any one of n—1 
elements; and soon. From the last row we can take only 
the one remaining element. 

Hence, the full number of terms is n(m — 1).....1, or |n. 


523. Interchange of Columns (or Rows). Jf two adjacent 
columns of a determinant A are interchanged, the determa- 
nant thus obtained is — A. 


For example, consider the determinants 


ea Oia us >-0, GQ, As Ay % 





ee 
es ac Cys Ci Cr Carer Canale 
ids dyn i eel dy fra, 





~ The individual elements in any row or column of A! are 
the same as those of some row or column of A, the only 
difference being in the arrangement of elements. Since 
every term of each determinant contains one, and only 
one, element from each row and column, every term of A’ 
must, disregarding the sign, be a term of A. 

Now the sign of any particular term of A’ is found from 
a series (§ 519, Rule I.) in which 3 2 is the natural order. 
The sign of the term of A which contains the same elements 
is found from a series in which 38 2 is regarded as an inver- 
sion. Consequently every term which in Al has a + sign 
has in A a — sign, and wice versa (§ 517). 


Therefore eS 


Similarly if any two adjacent columns or rows of aay 
determinant are interchanged. 
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624. In any determinant A, if a particular column is 
carried over m columns, the determinant obtained rs (— 1)"A. 


For, successively interchange the column in question 
with the adjacent column until it occupies the desired posi- 
tion. There will be m interchanges made, and since there 
will be m changes of sign (§ 523), the new determinant 
will be (— 1)™A. 

Similarly for a particular row. 


525. Jn any determinant A vf any two columns are inter- 
changed, the determinant thus obtained is — A. 


Let there be m columns between the columns in question. 

Bring the second column before the first. The second 
column will be carried over m-+ 1 columns, and the deter- 
minant obtained is (— 1)™*"A (§ 524). 

Bring the first column to the original position of the 
second. The first column will be carried over m columns, 
and the determinant obtained is (—1)"%(—1)™*'A, or 
(—1)"""A, 

Since 2m -+ 1 is always an odd number, this is — A. 

Similarly for two rows. 
GQ A 4g 
Netty Seg 


 & 


Ga G&G 
be.) Oyune 


6s) eg hie 


Gy Gaumnes 
Cs C 


bg by 


Thus, 




















526. Useful Properties. Jf two columns of a determinant 
are vdentical, the determinant vanishes. 
For, let A represent the determinant. 
Interchanging the two identical columns ought to change 
A into —A. But since the two columns are identical, the 
determinant is unchanged. 
“ni A=—A) 2A O05 eA 


Similarly, if two rows are identical. 
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527. If all the elements in any column be multiplied by 
any number mn, the determinant will be multiplied by m. 
For every term contains one, and only one, element from 
the column in question. Hence every term, and conse- 
quently the whole determinant, is multiplied by m. 
Similarly for a row. 

















Wi, Gey My th a, a md, mb, me, 
Pomemememee Oe) =m) b. b, b,) =) a 0, 6 
ae eae lr ee te i Be lla ages 
Dera G. <i aoc ‘a? @ Laan Pe 
Again,|ca b Bt |=—+|bca BF Bl=|1 BB 
tert Ale lied 2 A tees 




















528. If each of the elements in a column is the sum of 
two numbers, the determinant may be expressed as the 
sum of two determinants. 


Q+a Qe: as Cie aein mths 0 Oer Os 
Thus, | 6,;+ B b, . b3|=| 5, 6, 63)+ B 6, bs |. 
Aty  ¢ Cy Cy Cg yer 8 es 


For, consider any term, as (a,-+a)6,c;. This may be 
written a,b,c; + ab,c3. Hence, every term of the first de- 
terminant is the sum of aterm of the second determinant 
and a term of the third determinant. Consequently the 
first determinant is the sum of the other two determinants. 

Similarly for any other case. 


529. If the elements in any column (or row) are multi- 
plied by any number m, and added to, or subtracted from, 
the corresponding elements in any other column (or row), 
the determinant is unchanged. 


|e MA, A, As (le Poniite MA, A, Qs 
Thus, b, + mb, b, bs = by by b, Ss mb, b, bs . 


CE My) Cg. Cz Cr i Os WC, Cats Cy 
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The last determinant may be written 


Ont iamatte 
+ m|b, 6, 63}, and therefore vanishes (§ 526). 
at teh 








Hence, we have only the first determinant on the right- 
hand side. 


Similarly for any other case. 

This process may be applied simultaneously to two or 
more columns (or rows); but in this case care must be 
taken not to make two columns (or rows) identical (§ 526). 


The last property is of great use in reducing determi- 
nants to simpler forms. 


530. Examples. 






































bt+tea l btetaa l 
(1) |e+a 6 1l|=je+a+6 6 1 
a+b e¢ 1 atb+te el 
Laon 
=(a+6+c)|I b 1/=0. 
howe 
Begin by adding the second column to the first. 
14 ele bee ee Oe ae 
(2) }21. 22 16;=|5 6 JG) 2) 
23 29 17 oy Aes 6 6. ThE 
aims 2 
=215 8 1 |= 2(19) =88. 
6 6 —] 








Begin by subtracting the third column from the first and second 
columns. Then take out the factor 2, subtract 3 times the first col- 
umn from the third, and multiply out the result by ¢ 521. 
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Exercise 146. 














Show that 
Oe aD Oe: 

in ja 0 e¢|—2abe. 2.156 a al=—(a—d)(a-+ 8). 
lb ¢ O ie iT i 


b+e a a 












































Rs BAS oh 
4. |1 56 B\=(a—6)(6—c)(e—a). 
eee nC 
Find the values of 
See. 1 2 130120) 19° 413.416 
eee no). 1G, Joe. Oy) sh. 7.125. 16 28). 
oY Sead rhe LA eee 2 10) ak 
Show that | 
a a@ be 
8. |b 8 ac|=—(a—b\(b—c)(e—a)(ab+be+ ca). 
ec c ab 
a+2b a+t+4b a+6b 
9. |ja+38b at+5b a+7b/=0. 
a+46 a+t6b a+8b 
(a+ 6)? ‘oa ie 
10. a (6+ c¢) a = 2abe(a+6-+ ec). 
eae 6? (c+ ay 





531. Minors. If one row and one column of a determi- 
nant be erased, a new determinant of order one lower than 
the given determinant is obtained. This determinant. is 
called a first minor of the given determinant. 
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Similarly, by erasing two rows and two columns we ob- 
tain a second minor and so on. 


Thus, in the determinant |{a, 0, ¢,|, erasing the 
second row and third column, we obtain the first 














; a 3 ; ; : 
minor |“ “|, This minor is said to correspond to | ¢  ¢g 
RRS 
the element 0,, and is generally represented by A», ; so that, in this 
a a 
case, Ap, = Taos : 
| Cy 





In general, to every element corresponds a first minor 
obtained by erasing the row and column in which the given 
element stands. 


532, Theorem. J/ all the elements of the first row after 
the first element are zeros, the determinant reduces to aAq,. 
Consider the determinant 


0 
EPO tae bee B, 
Ci 4 le 


2 C4 


Every term of A contains one, and only one, element 
from the first row; and all the terms that do not contain 
a, contain one of the zeros, and therefore vanish. The terms 
that contain a, contain no other element from the first row 
or column, and, consequently, contain one, and only one, 
element from each row and column of the determinant 


Paes, ar 
Ca Cg Aer oor Aa,- 
Os Ogle 


Hence, disregarding the sign, each term of A consists of 
a, multiplied into a term of Ag,. 

Take any particular term of A, as a,b,e,d,; the sign is 
fixed (§ 519, Rule I.) by the number of inversions in the 
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series 1 4 3 2; the sign of the term 0,¢;d, of Ag, is fixed 
by the number of inversions in the series 43 2. Adding 
a, makes no new inversions among either the letters or the 
subscripts. Consequently the sign of the term in A is the 
same as the sign of the term in aAa,- 

Since this is true of every term of A, we have 


A == a,Aq,. 


Similarly for any determinant of like form. 


533, Terms containing an Element. From § 532 it appears 
that the sum of the terms which contain a, may be written 
a@Aq,. For, no one of the terms which contain a can con- 
tain any one of the elements ay, @s, ay, ....., and these terms 
are therefore unchanged if for dy, ds, M4, ..... in the given 
determinant we put zeros. 

If we carry the second column over the first, the deter- 
minant is changed to —A. By § 532 the sum of the terms 
of —A which contain a, is a,Aaq,, and the sum of the corre- 
sponding terms of A is therefore — a,Aq,. 

In general, for the element of the pth row and qth col- 
umn, we shall have to carry the pth row over p — 1 rows, 
and the gth column over g —1 columns in order to bring 
the element in question to the first row and first column. 
The new determinant is A if p+ q — 2 is even, and is — A 
if p+ q — 2 is odd (§ 524). Consequently, the sum of the 
terms of A which contain the element of the pth row and 
gth column is the product of that element by its minor; 
the sign being + if p+ q is even, and — if p+ q is odd. 

rena 2 Og % 

Thus, in | 0, 0, 06, 0,| the sum of the terms which contain 

rms ancy GC, | G18 Cyc. 


d, d, ds d, 
Here p=3, ¢=3, and p + q is even. 
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534. Oo-factors. Since every term contains one element 
from each row and column, if we add together the sum of 
the terms containing a, the sum of the terms containing a,, 
and so on, we shall obtain the whole expansion of the given 
determinant. 

Thus, in the determinant |a, 6, cs dy|, 

A = Aq, — a,Aq, + as4a, — AsAa,. 

The expressions Ag,, —Aa,, Ma, — Aa, are called the 
co-factors of the several elements a, a), a3, Qy, and are gen- 
erally represented by A,, A», A3, Ag. 

Hence, in the case of |a, 5, ¢; d,|, we may write 

A =a,A,+ a,A, + a3;A3+ a4Ay, 
“es b,B, + b, By 7 6B; ats b, By, 
=aA,+ 6B, + aC, +d,D,, 


and soon. Similarly for any determinant. 


535, Theorem. Jf the elements in any row are multiphed 
by the co-factors of the corresponding elements im another 
row, the sum of the products vanishes. 


Thus, in the determinant |a, 0, ¢; d|, 


GM UW, Ag % 


b, Bi +b, By 4+-, By 4b, B, =| 
Cy Ce ees 
dy dy d,s d, 


No one of the co-factors B,, B,, Bs, By, contains any of 
the elements 0,, 0,, 53, 6, These co-factors will, conse- 
quently, be unaffected if in the above identity we change 
by, 53, bs, 54 to A, Az, Ag, a. This gives 

Q, GU, Ag % 

aB, + a,b, + a,b; + 4B, = imesh =0. 
Cy Co Cy % 
d, d, ds ds 


Similarly for any other case. 
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536. Evaluation of Determinants, By using § 517, § 519, 
and § 534 we can readily obtain the value of any numer- 
ical determinant. 


bh) - co 
hr OO 
woh => 
CD RY 


Ex. Evaluate 
4 3 2 8 
From the first row subtract 3 times the second, from the third 
twice the second, from the fourth 4 times the second. The result is 


0 —8 ~—~2 —2 
1 3 2 1 
0 -—-5 —-1 1 
0 -9 -6 -l1 


which, by @ 534, reduces to 


—-8 -—2 -2 8 2 2 
—|—-5 —-1 1} or} 1. —1 | = 70 (¢ 521). 
—-9 -—6 —-1 be Ns 1 














537. Simultaneous Equations, Consider the simultaneous 


equations 
ae + by + cz = hy, 


Oye + by + 22 = he, 
asx + bsy + C32 = hs. 


One Drare, 
Write the determinant |a, 6, c¢,|, and let A,, A, A,, 
eee a. Ven 








B,, etc., be the co-factors in this determinant. 
Multiply the first equation by A,, the second by Ag, the 
third by A;, and add. The result is 


(mA, + a,A,+ a3A3) x = h,A,+ kh, A, + kAs, 
since (§ 535), b,A, + 6,4, + 6,A; = 0, 
and cA, +- C, A, + C,A3 == 0. 
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Hence (§ 534), we see that 














| aq b G4 ep Ope 
Fa, 0;°-"op eae eet iee | ote ; 
Cs bs Cy ke bs C3 | Ay z C3 | 
Also, — | hy bs |, ga Ln Oe a | 
2 | a by cs |" |'ay 5, cs | 


Similarly for any set of simultaneous equations of the 
first degree. : 


Exercise 147. 


1. In the determinant |a, 6, cs; d, write the co-factors 
of Qs, ie by, Cj, C4, dy, ds. 


2. Hxpress as a single determinant 


























ef g ie é'gd NB g 41 bf ee 

‘ST aeEere aie ale c.Ri iis 

g k sb Cee am be! ‘ : ai, k g| 
Expand : | | 

Pope Ac OS l @.jaaee 

ands 't oto s, a OF ae 1. & =a 
ele Gato Bey Aci ke b) oleae 

Dee iy is Re is glk 1 a, uae 
Find the value of: 

8209.2 ee | 27 #13174 
‘ BRS ie we 15 29 4 1. 4 bee 
0D, eae 16-19 3°17) °° 433 

2 2 ABS 3339-8188 Ley ae 


Solve the equations: 
82—4y+2z2z= 1 4x—Ty+ z2=16 
9. 24 8y—t2——2) 10. 382+ y= 10} 
O22 — DY cf 42 EF 52 —6y —38z2=103: 


a ao sl sia we ——— 


CHAPTER XXXVIII. 
COMPLEX NUMBERS. 


538, Representation of Pure Imaginaries. Represent V— 1 
by 2. Assuming the commutative and associative laws, 

7x b, that is, (+ 7)6=+ 0; ) 

) ; — 76 = (— ——— , 
gear cae kk god. 
Pe x UD = 1 == (4 1) 0 = bi; 

Pet tx Ot > = (+ 1)b —- 0b. 

Hence, two multiplications by 7 change 6 to — 46; that 
is, two multiplications by z turn the line represented by 6} 
through 180°; and four multiplications by 2 turn the line 
represented by 6 through 360°; and so on. 

We may therefore consistently assume that one multipli- 
cation by 2 turns the representative line through 90°, three 
multiplications by 2 through 270°, and so on. 


VY 





- If then we draw through O, the zero point of the line of 
real numbers, a line YY’ perpendicular to AX’, all pure 
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imaginaries will be represented by lengths on this line, 
just as all real numbers are represented by lengths on XX". 


589. Vectors. A directed straight line of definite length 
is called a vector. 

Two parallel vectors which have the same length, and 
extend in the same direction, are said to be equal vectors. 


540, Vector Addition, To add a vector CD to a vector 
D AL, we place C on B, keeping 
CD parallel to its original posi- 
tion, and draw AD. Then, 
AD=AB+BD 
7840p ae 
The addition here meant by 
the sign + is not addition of 
numbers, but addition of vectors, generally called geometric 
addition. It is identical with the composition of forces. 
From the dotted lines in the figure, and the known prop- 
erties of a parallelogram, it is seen that 


4AD=OD+ 4B. (2) 
From (1) and (2), AB+ CD=CD+4 AB. 


Consequently, vector addition is commutative (§ 31). It 
is easily seen that it is also assocratwe (§ 82). 


Uk lh liek ah Miran D 





B 


541, Complex Numbers. A complex number in general 
consists of a real part and an imaginary part, and may be 
written (§ 235) in the typical form a- bi, where a and 6 
are both real. 

If we understand the sign + to indicate geometric addi- 
tion, we shall obtain the vector which represents a+ &7 as 
follows : 
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Lay off a on the axis of reals from O to M. From M 
draw the vector I/P to represent 67. Then ‘the vector OP 
is the geometric sum of the vectors OM and MP, and 
represents the complex v 
number a+ &1. 

In the figure, the vec- 
tors OP, 0Q, OR, OS, 
respectively, represent the 
complex numbers 6 + 42, 
—6+52, —5—32, 3—5z, 

In the complex number 
a+ 62, a and 07 are repre- 
sented by vectors. Now 
vector addition is commu- 
tative. Consequently, a + b: = bi +a. 

This is also evident from the figure. 

The expression a-+ 2 is the general expression for all 
numbers. This expression is zero when a=0O and 6=0; 
is a real number when 6 = 0; a pure imaginary when a = 0; 
a complex number when a and 6 both differ from 0. 








542, Addition of Complex Numbers. Let a+ 7 and a!-+ 6% 
be two complex numbers. Their sum, a+ 02+ a! + b", 
may by the commutative law be written a+ a’! + (0+ 0')i. 

Let OA and OB be the |Y CG 
representative vectors of 
a+biand a!+b%. Take 

AC=and || to OB; 
then, OC=OA+OB. 

Draw the other lines 
in the figure. 

Then, 


OH=OF+ FH ve 
= OF+ 0OEF=a+a',0  B Cpe ee x 
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and HC= FA + KC= FA+ HB=bit5b%. 
\. OCS a +a! + (b+ bi = (a + bi) + (a + ON). 
But. OC=OA Le Oe 


Consequently, the geometric sum of the vectors of two com- 
plex numbers is the vector of ther sum. 

Since vector addition is commutative, it follows that the 
addition of complex numbers is commutative. 

The sum of two complex numbers is the geometric sum 
of the sum of the real parts and the sum of the imaginary 
parts of the two numbers. 


The preceding may be made clearer by a particular example. 
Find the sum of 2 + 31 and — 4 +7. 
2+31=OM and —4+1=OM’. If now we proceed from &, 
Y the extremity of OJ in the 
Mv direction of OM as far as 
the absolute value of OM’, 
— we reach the point 1”. 
Hence, OM’ =—-— 2+ 4i, 
the sum of the two given 
complex numbers. 
The same result is reached 
if we first find the value of 
XxX’ A’ A’ O A X %4(—4)=—2 Tigger 
we count from O two real units to A’’, and add to this sum 324+71=47; 
that is, count four imaginary units from A’’ on the perpendicular 
AY M. 


MW 


643, Modulus and Amplitude. Any complex number, 
a --+ bi, can be written in the form 


b : 
er 3 
ts Vae+h Va? + B 


The expressions ——— and - may be taken 
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as the sine and cosine of some angle 4, since they satisly 
the equation 


cos’ } + sin? d = 1. 


If we put r=vVa'+6?, the complex number may be 
written 


7 (cos @ +7sin $). 
Since r = -Va’?+ 0’, the sign of 7 is indeterminate. We 


shall, however, take vr always positive. 

The positive number ¢ is called the modulus, the angle d 
the amplitude, of the complex number a+ bv. 

Let OP be the representative vector of a+ bv. Since r 
is the positive value of Va? + 6, it is evident that 7 is the 
length of OP. Since 
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it follows that ¢ is the angle MOP. 

The above is easily seen to hold true when a and 6 are 
one or both negative. 

The modulus of a real number is its absolute value; the 
amplitude is 0 if the number is positive, 180° if the num- 
ber is negative. 

The modulus of a pure imaginary 2 is 6; the amplitude 
is 90° if } is positive, 270° if 6 is negative. 


644, Since the sum of the lengths of two sides of a 
triangle is greater than the length of the third side, it 
follows from §§ 540, 542, that the modulus of the sum of 


two complex numbers is less than the sum of the modult. 
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In one, case, however, that in which the representative 
vectors are collinear, the modulus of the sum is equal to 
the sum of the moduli. 


645, Multiplication by Real Numbers. Let a+ bi be any 
complex number. If the representative vector be multi- 
plied by any real number e¢, it is easily seen from a figure 
that the product is ca + cbr. 


Therefore, ce(a+ bt) = ca + chr. 


It follows that the multiplication of a complex number 
by a real number is distribute. 


Y Ex. To multiply —2+i% by 3: Take 
| OA=—2on OX’, anderect at A the per- 
pendicular AM= 7. Then OM=—241; 
and, by taking OW three times, the 
result is OM’ =—6+ 31, the product 
of (— 2 + 2) by 3. 
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546, Multiplication by Pure Imaginaries. We have seen 
(§ 538) that multiplying a real number, or a pure imaginary, 
by 2 turns that number through 90°. Let us consider the 
effect of multiplying a complex number by 2. 

By the commutative, associative, and distributive laws, 


aX r(cosd+ sin d) = r(tcos d — sin d) 
= r(— sin @ +2¢0s d) 

by Trigonometry, = r[cos(90° + #) + zsin (90° + @)]. 

Here, also, the effect of multiplying by 2 is to increase 
¢ to 6+ 90°; that is, to turn the representative vector 
in the positive direction through an angle of 90°. 

The effect of multiplying by a pure imaginary 07 will be 
to turn the complex number through a positive angle of 
90°, and also to multiply the modulus by 34. 
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547. Multiplication by a Complex Number. We come now 
to the general problem of the multiplication of one coinplex 
number by another: ‘This includes all other cases as par- 
ticular cases. 

Let r(cos?+czsind) and 7!(cos¢’+ sin ¢') be two 
complex numbers. By actual multiphcation their product 
1S 
rr'|cos cos ¢' — sin dsin d'+2(sin pcos '+ cos psin ¢’) J. 

By Trigonometry, this may be written | 


r7r'{cos(@ + $')+zsin (d+ ¢$')]. 


Therefore, the modulus of the product of two complex 
numbers is the product of their moduli; and the amplitude 
of the product is the swm of their amplitudes. 

Consequently, the effect of multiplying one complex 
number by another is to multiply the modulus of the first by 
the modulus of the second; and to turn the representative 
vector of the first through the amplitude of the second. 


548, Division by a Complex Number. The quotient 
r(cos@-+isin ¢) 
7! (cos ¢' + 7s1n ¢$') 


becomes, multiplying both terms by cos ¢'—7 sin @¢’, 
f rage 
“iLeos (6— $') +7 sin (P—$')]. 


Consequently, the modulus of the quotient of two com- 
plex numbers is obtained by dwding the modulus of the 
dividend by that of the divisor; and the amplhtude of the 
quotient, by. subtracting the amplitude of the divisor from 
that of the dividend. 
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